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Abstract
This paper introduces a new distribution by mixing the negative binomial distribution and exponential distribution namely negative
binomial-exponential (NB-E) distribution. It is given the probability distribution function of NB-E distribution and its characteristic
function by using Fourier-Stieltjes transform. In addition we present some properties of characteristic function fromNB-E distribution.
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1. INTRODUCTION

The negative binomial distribution is an important distribution
in statistics. The negative binomial distribution is obtained as
a mixture of Poisson and gamma distribution (Pudprommarat
et al., 2012), this paper also introduced a new mixture distribu-
tion by mixing negative binomial whose probability of success
parameter p = e−λ and Λ follows exponential distribution.
Mixture distribution in various research has been developed by
several researchers in term of univariate and multivariate anal-
ysis of mixture distribution negative binomial-invers Gaussian
(Gomez-Deniz et al., 2008), application of negative binomial-
beta distribution (Pudprommarat et al., 2012), mixture nega-
tive binomial-general exponential (Aryuyuen and Bodhisuwan,
2013), negative binomial-Crack distribution (Saengthong and
Bodhisuwan, 2013), the negative binomial-Erlang distribu-
tion with applications (Kongrod et al., 2014), exponential-beta
distributions (Nadarajah and Kotz, 2006), negative binomial-
Lindley distribution (Zamani and Ismail, 2010) and application
negative binomial-Lindley distribution (Shirazi et al., 2017).

Suppose that X has a probability density function f (x; λ )
and if parameter Λ is an absolutely continuous random variable
having probability density function f (λ ) then we will have
probability density function of mixture distribution as follows
(Lukacs, 1992)

fX (x) =
∫
∀λ
fX |Λ(x |λ ) fΛ(λ )dλ (1)

Let us de�ne X as a random variable that has a negative bino-
mial distribution with parameter r > 0 and p = e−λ where Λ

is a random variable that has an exponential distribution with
parameter θ , denoted X |λ ∼ NB(r , p = e−λ ) and λ ∼ E(θ)
then random variable X called random variable of negative
binomial-exponential (NB-E) distribution with parameter r
and θ , denoted by X ∼ NB-E(r , p = e−λ ).

In the present paper, we study the characteristic of NB-E
distribution, characteristic function of mixture distribution in
another research has been developed on scale mixtures of multi-
variate skew-normal distributions (Kim and Genton, 2011) and
Rayleigh mixture distribution (Karim et al., 2011). However,
it will be discussed in characteristic function and the property
of characteristic function of NB-E distribution. In Section
2, we will explain about probability density function of mix-
ture NB-E distribution. While some properties mixture NB-E
distribution will be given in Section 3.

2. THE PROBABILITY DENSITY FUNCTION OF
MIXTURE NEGATIVE BINOMIAL-EXPONENTIAL
DISTRIBUTION

The negative binomial distribution is a family of discrete prob-
ability distribution with parameter r dan p. Let X be a random
variable from negative binomial distribution with the form
(Forbes et al., 2011)

fX (x; r , p) =
(
r + x − 1

r

)
pr (1 − p)x (2)
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Figure 1. Parametric curves of characteristic function from
negative binomial distribution with r = 5 and various
parameters p = 0.2, 0.5, 0.7

for x = 0, 1, 2, 3 . . ., r > 0 and 0 ≤ p ≤ 1. The expectation
and variance of negative binomial distribution are given by

EX (X) =
r(1 − p)

p
(3)

V arX (X) =
r(1 − p)
p2

(4)

As for the moment generating function and characteristic func-
tion of the negative binomial distribution in the following forms

MX (t) = E [exp (tX)] =
(

p
(1 − (1 − p)et)

)r
(5)

ϕX (t) = E [exp (itX)] =
(

p(
1 − (1 − p)eit

) )r . (6)

The Figure 1 is the graph of parametric curves of char-
acteristic function from negative binomial distribution with
various parameter r. While the Figure 2 is the graph of para-
metric curves of characteristic function from negative binomial
distribution with various parameter p. The graph of these para-
metric curves of characteristic function are described in the
complex plane that shows a smooth line, this is to con�rm that
its characteristic function is continuous and never vanish on
the complex plane.

The exponential distribution has probability density func-
tion as follows Klugman et al. (2012)

fX (x; θ) = θe−θx (7)

Figure 2. Parametric curves of characteristic function from
negative binomial distribution with p = 0.5 and various
parameters r = 2, 7, 10

for 0 < x < ∞ and θ > 0. The k moment, expectation, and
variance of exponential as follows

EX
(
xk

)
=
k!
θ k
, (8)

EX (x) =
1
θ
, (9)

V arX (x) =
1
θ2
, (10)

We have the moment generating function and characteristic
function of the exponential distribution respectively as follows

MX (t) =
(
1 −

t
θ

)−1
(11)

ϕX (t) =
(
1 −

it
θ

)−1
(12)

The Figure 3 is the graph of parametric curves of char-
acteristic function from exponential distribution with various
parameter θ . The graph of its characteristic function is de-
scribed in the complex plane that shows a smooth line, this is
also to con�rm that this characteristic function is continuous
and never vanish on the complex plane.

De�nition 1. Let X be a random variable of a NB-E (r , θ) dis-
tribution, X ∼ NB-E(r , θ), when the negative binomial distribu-
tion have parameter r > 0 and p = e−λ , where λ is distributed
as exponential distribution with parameter θ > 0, i.e., X |λ ∼
NB(r , p = e−λ ) and λ ∼ E(θ).
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Figure 3. Parametric curves of characteristic function from
exponential distribution with various parameters
θ = 0.5, 50, 1000

Theorem 1. Let X ∼ NB-E(r , θ). The probability density function of X
is given by

fX (x; r , θ) =
(
r + x − 1

x

) x∑
n=0

(
x
n

)
(−1)n

(
1 +
(r + n)
θ

)−1
(13)

where x = 0, 1, 2, ... and r , θ > 0.

Proof. If X |λ ∼ NB
(
r , p = e−λ

)
and λ ∼ E(θ), the probability

density function of X can be obtained by using

fX (x; r , θ) =
∫ ∞

0
fX |Λ(x |λ ) fΛ(λ ; θ)dλ (14)

where fX |Λ (x |λ ) is de�ned by

fX |Λ(x |λ ) =
(
r + x − 1

r

)
e−λr

(
1 − e−λ

)x
(15)

It is used the series expansion (Abramowitz and Stegun, 1972)
so that we have(

1 − e−λ
)x
=

x∑
n=0

(
x
n

)
(−e−λ )n =

x∑
n=0

(
x
n

)
(−1)ne−λn (16)

According to Equation (16) we can rewrite Equation (15) as

fX |P (x |p) =
(
r + x − 1

r

) x∑
n=0

(
x
n

)
(−1)ne−λ (r+n) (17)

By substituting Equation (17) into Equation (14) we obtain

fX (x; r , θ) =
(
r + x − 1

r

) x∑
n=0

(
x
n

)
(−1)n

∫ ∞
0

e−λ (r+n) fΛ(λ ; θ)dλ

=

(
r + x − 1

r

) x∑
n=0

(
x
n

)
(−1)nMλ (−(r + n)) (18)

Substituting the moment generating function of exponential
distribution in Equation (11) to Equation (18), the probability
density function of NB-E(r , θ) is given as

fX (x; r , θ) =
(
r + x − 1

x

) x∑
n=0

(
x
n

)
(−1)n

(
1 +
(r + n)
θ

)−1
(19)

�

3. THE CHARACTERISTIC FUNCTION OF MIX-
TURE NEGATIVE BINOMIAL-EXPONENTIAL DIS-
TRIBUTION
The characterization of NB-E distribution will be stated on its
characteristic function and continuity property at the following
theorems and propositions.

Theorem 2. If X is a random variable NB-E distribution then the
characteristic function of X is described as follows

ϕX (t) =
θ

(r + θ)(1 − eit)r 2F1

(
r + θ + 1, r , r + θ + 2;

eit

eit − 1

)
(20)

where r , θ > 0

Proof. If X |λ ∼ NB-E(r , p = e−λ ) and λ ∼ E(θ), the character-
istic function of X can be obtained by using Fourier-Stieltjes
transform (see Lukacs (1992))

ϕX (t) =
∫ ∞

0
ϕX |Λ(t) fΛ(λ ; θ)dλ (21)

where ϕX |Λ(x |λ ) is de�ned by:

ϕX |Λ(t) =
(

e−λ(
1 − (1 − e−λ )eit

) )r (22)

and fΛ(λ ; θ) is de�ned by Equation (7), then Bain and Engel-
hardt (1992) have introduced the form to rewrite fΛ(λ ; θ) on
the following term

fΛ(λ ; θ) = θe−θλ , (23)

Next, by substituting Equation (22) and Equation (23) into
Equation (21), we obtain

ϕX (t) =
∫ ∞
0

(
e−λ(

1 − (1 − e−λ )eit
) )r θe−θλdλ

= θ

∫ 1

0
e−rλ

(
1 − (1 − e−λ )eit

)−r
e−θλ

de−λ

e−λ

= θ

∫ 1

0
e−λ (r+θ−1)

(
1 − (1 − e−λ )eit

)−r (
1 − eit

1 − eit

)−r
de−λ

=
θ

(1 − eit)r

∫ 1

0
e−λ (r+θ−1)

(
1 − (1 − e−λ )eit

1 − eit

)−r
de−λ

=
θ

(1 − eit)r

∫ 1

0
e−λ (r+θ−1)

(
1 − eit + e−λ eit

1 − eit

)−r
de−λ

=
θ

(1 − eit)r

∫ 1

0
e−λ (r+θ−1)

(
1 − e−λ

(
eit

eit − 1

))−r
de−λ

(24)

It is used de�nition of Gaussian hypergeometric as in Johnson
et al. (2005) in the following terms

2F1(a, b, c; x) =
Γ (c)

Γ (a)Γ (c − a)

∫ 1

0
ua−1(1 − u)c−a−1(1 − xu)−bdu

Γ (a)Γ (c − a)
Γ (c) 2F1(a, b, c; x) =

∫ 1

0
ua−1(1 − u)c−a−1(1 − xu)−bdu
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(25)

Equation (24) can be transformed by using Equation (25) then
we have

ϕX (t) =
θ

(1 − eit)r
Γ (r + θ)Γ (1)
Γ (r + θ + 1) 2

F1

(
r + θ, r , r + θ + 1,

eit

eit − 1

)
=

θ

(r + θ)(1 − eit)r 2F1

(
r + θ, r , r + θ + 1,

eit

eit − 1

)
(26)

�

Corollary 3. If r = 1 then characteristic function of NB-E dis-
tribution is characteristic function of geometric-exponential (G-E)
distribution as follows

ϕX (t) =
θ

(1 + θ)(1 − eit)r 2F1

(
1 + θ, 1, θ + 2,

eit

eit − 1

)
(27)

where θ > 0

Proof. If X |λ ∼ G(p = e−λ ) and λ ∼ E(θ), the characteristic
function of X can be obtained by using

ϕX (t) =
∫ ∞

0
ϕX |Λ(t) fΛ(λ ; θ)dλ (28)

where ϕX |Λ(x |λ ) is de�ned by

ϕX |Λ(t) =
e−λ(

1 − (1 − e−λ )eit
) (29)

and fΛ(λ ; θ) is de�ne by Equation (7), then we can rewrite by

fΛ(λ ; θ) = θe−θλ , (30)

Now, it is substituting Equation (29) and Equation (30) into
Equation (28), we obtain

ϕX (t) =
∫ ∞

0

e−λ(
1 − (1 − e−λ )eit

) θe−θλdλ
= θ

∫ 1

0
e−λ

(
1 − (1 − e−λ )eit

)−1
e−θλ

de−λ

e−λ

= θ

∫ 1

0
e−λ (r+θ−1)

(
1 − (1 − e−λ )eit

)−1 (
1 − eit

1 − eit

)−1
de−λ

=
θ

1 − eit

∫ 1

0
e−λ (r+θ−1)

(
1 − (1 − e−λ )eit

1 − eit

)−1
de−λ

=
θ

1 − eit

∫ 1

0
e−λθ

(
1 − eit + e−λ eit

1 − eit

)−1
de−λ

=
θ

1 − eit

∫ 1

0
e−λθ

(
1 − e−λ

(
eit

eit − 1

))−1
de−λ (31)

Equation (31) can be transformed by using Equation (25) then
we have

ϕX (t) =
θ(

1 − eit
)r Γ (r + θ)Γ (1)Γ (r + θ + 1) 2F1

(
1 + θ, 1, θ + 2,

eit

eit − 1

)
=

θ

(1 + θ)(1 − eit) 2
F1

(
1 + θ, 1, θ + 2,

eit

eit − 1

)
(32)

�

Proposition 4. Let ϕX (t) be a characteristic function of the random
variable X with NB-E distribution then ϕX (0) = 1

Proof. According to the Theorem 2 we can write characteristic
function of the random variable X as follows

ϕX (t) =
θ

(r + θ)(1 − eit)r 2F1

(
r + θ, r , r + θ + 1,

eit

eit − 1

)
(33)

Now, we can rewrite Equation (33) as follows

ϕX (t) = θ
∫ 1

0
e−λ (r+θ−1)

(
1 − (1 − e−λ )eit

)−r
de−λ (34)

Base on the Equation (34) if t = 0 then we have

ϕX (0) = 1 (35)

�

Proposition 5. If X is a random variable NB-E distribution then
the characteristic function of X is continuous

Proof. The continuity property is explained by using de�ni-
tion of uniform continuity, that is for every ε > 0 there exists
δ > 0 such that |ϕX (s) − ϕX (t)| < ε for |s − t | < δ where δ de-
pends only on ε. Then the uniform continuity of characteristic
function is obtained by the following way. First we write the
following equation

|ϕX (s) − ϕX (t)| =

���� θ

(r + θ)(1 − ei s)r 2F1

(
r + θ, r , r + θ + 1,

ei s

ei s − 1

)
−

θ

(r + θ)(1 − eit)r 2F1

(
r + θ, r , r + θ + 1,

eit

eit − 1

)����
=

���� θ

(r + θ)

[
1

(1 − ei s)r 2F1

(
r + θ, r , r + θ + 1,

ei s

ei s − 1

)
−

1
(1 − eit)r 2F1

(
r + θ, r , r + θ + 1,

eit

eit − 1

)] ���� (36)

Now let us de�ne h = s − t, so that for h → 0 we have the
following limit

lim
h→0

[
1(

1 − ei(h+t)
)r 2F1

(
r + θ, r , r + θ + 1,

ei(h+t)

ei(h+t) − 1

)
−

1(
1 − eit

)r 2F1

(
r + θ, r , r + θ + 1,

eit

eit − 1

)]
= 0. (37)

This hold for δ < ε where |ϕX (h + t) − ϕS(t)| < ε for |s − t | <
δ . Then ϕX (t) is uniformly continuous.

Based on the graphs presented in Figures 4 and 5, it can be
concluded that the characteristic function of NB-E distribution
is continuous, as well as it has discussed on Proposition 5. In
Figure 4 and 5, the shape of parametric curves form three
smooth lines and never vanish on the complex plane. �
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Figure 4. Parametric curves of characteristic function from
NB-E distribution with various parameters r = 0.5, 5, 10
where θ = 3

Figure 5. Parametric curves of characteristic function from
NB-E distribution with various parameters θ = 1, 5, 10 where
r = 2

4. CONCLUSIONS

The negative binomial-exponential (NB-E) distribution is the
mixture negative binomial distribution and exponential distri-
bution. The characterization of NB-E distribution is obtained
by using the property of characteristic function, where the char-
acteristic function is de�ned as the Gaussian hypergeometric
function. The characteristic function of this mixture NB-E
distribution has the continuity property, where the graph of the
parametric curves of characteristic function is in the smooth
line and never vanish on the complex plane.

REFERENCES

Abramowitz, M. and I. A. Stegun (1972). Handbook of Mathe-
matical Functions. Dover Publications Inc.

Aryuyuen, S. and W. Bodhisuwan (2013). The negative
binomial-generalized exponential (NB-GE) distribution. Ap-
plied Mathematical Sciences, 7; 1093–1105

Bain, L. J. and M. Engelhardt (1992). Introduction to Probability
and Mathematical Statistics Second Edition. Duxbury Press,
California

Forbes, C., M. Evans, N. Hastings, and B. Peacok (2011).
Statistical Distribution 4th ed. JOHN WILEY & SONS INC

Gomez-Deniz, M., J. M. Sarabian, and E. Caldern-Ojeda
(2008). Univariate and multivariate versions of the negative
binomial-inverse Gaussian distributions with applications.
Insurance: Mathematics and Economics, 42(1); 39–49

Johnson, N. L., A. W. Kemp, and S. Kotz (2005). Univariate
Discrete Distributions. JOHN WILEY & SONS INC

Karim, R., P. Hossain, S. Begum, and F. Hossain (2011).
Rayleigh Mixture Distribution. Journal of Applied Mathe-
matics, 2011; 1–17

Kim, H.-M. andM.G. Genton (2011). Characteristic functions
of scale mixtures of multivariate skew-normal distributions.
Journal of Multivariate Analysis, 102(7); 1105–1117

Klugman, S. A., H. H. Panjer, and G. E. Willmot (2012). Loss
Models. Wiley John + Sons

Kongrod, S., W. Bodhisuwan, and P. Payakkapong (2014).
THE NEGATIVE BINOMIAL-ERLANG DISTRIBU-
TION WITH APPLICATIONS. International Journal of
Pure and Applied Mathematics, 92(3)

Lukacs, E. (1992). Characteristic functions. Charles Gri�n &
Co., Ltd.

Nadarajah, S. and S. Kotz (2006). The beta exponential dis-
tribution. Reliability Engineering and System Safety, 91(6);
689–697

Pudprommarat, C., W. Bodhisuwan, and P. Zeephongsekul
(2012). A NewMixed Negative Binomial Distribution. Jour-
nal of Applied Sciences, 12(17); 1853–1858

Saengthong, P. and W. Bodhisuwan (2013). Negative
Binomial-Crack (NB-C)Distribution. Pure and AppliedMath-
ematics, 84(3); 213–230.

Shirazi, M., S. S. Dhavala, D. Lord, and S. Geedipally (2017).
A methodology to design heuristicsfor model selection based
on characteristics of data : Application to investigate when
the Negative Binominal Lindey(NB-L) is preferred over the
Negative Binominal (NB). Accident Analysis and Prevention,
107; 186–194

Zamani, H. and N. Ismail (2010). Negative Binomial-Lindley
Distribution and its Application. Mathematics and Statistics,
6(1); 4–9

© 2018 The Authors. Page 182 of 182


	INTRODUCTION
	THE PROBABILITY DENSITY FUNCTION OF MIXTURE NEGATIVE BINOMIAL-EXPONENTIAL DISTRIBUTION
	THE CHARACTERISTIC FUNCTION OF MIXTURE NEGATIVE BINOMIAL-EXPONENTIAL DISTRIBUTION
	CONCLUSIONS

