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AbstractA ring is a mathematical structure composed of a set with two binary operations that follow certain axioms. One important functionwithin a ring is the centralizing and commuting mapping, which has been extensively studied in recent decades. Commutingmappings are a special case of centralizing mappings. A module is a generalization of a ring. In this paper, we extend the concept ofcommuting mappings from ring to module structures. However, defining commuting mappings in modules presents a challenge, asmultiplication is required for their definition, yet modules do not have this operation. Additionally, constructing nonzero centralizingand commuting mappings on modules is a nontrivial task. To address these challenges, we employ the concept of idealizationas a framework for defining commuting mappings in modules. We also propose a method for constructing nonzero commutingmappings on modules by leveraging existing commuting mappings in rings. Specifically, if 𝛼 is a commuting mapping on a ring T ,then a corresponding commuting mapping 𝛼 ’ can be defined on the module by utilizing 𝛼 . Moreover, we establish that the finite sumof commuting mappings is also a commuting mapping and that a linear combination of commuting mappings is also a commutingmapping under certain conditions.
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1. INTRODUCTION

A ring is a mathematical structure composed of a set with two
binary opera- tions that follow certain axioms. Rings play a
fundamental role in various fields,including physics, chemistry,
economics, finance, coding theory, and cryptography. Among
the important functions in ring theory is the commuting map-
ping, which has been extensively studied in recent decades.
Commuting mappings are a special case of centralizing map-
pings, and both concepts have seen significant development in
algebra, particularly in areas such as commuting derivations,
additive commuting mappings, and their applications in Lie
theory and functional analysis. Moreover, the concept of com-
muting also finds meaningful applica- tions in graph theory
(Romdhini and Nawawi, 2025) , demonstrating the broad rele-
vance of this idea across mathematical domains.

Commuting mappings play a crucial role in algebraic struc-
tures and have been the subject of extensive research. The
study of these mappings has grown significantly, leading to
numerous advancements. Brešar (2004) developed a compre-
hensive theory of commuting mappings in rings and explored
their applications in Lie theory. Further contributions include

Khan (2019) , who studied commuting and centralizing involu-
tion mappings related to derivations in rings, and Hoque and
Paul (2013) , who examined commuting mappings in prime
Gamma rings, identifying conditions for commutativity. More
recently, Mahmood (2022) introduced a generalized concept
of commuting mappings for prime and semiprimary rings,
while Ebrahimi and Talebi (2015) investigated k- commuting
structures in algebraic extension modules. Research on alterna-
tive ring structures has also gained attention, with Ferreira and
Kaygorodov (2020) studying commuting mappings in alter-
native rings, followed by Ferreira et al. (2024) extending this
work to alternative division rings. Moreover, De Filippis et al.
(2024) extend the concept of derivation in prime rings.

While much of the existing research has focused on com-
muting mappings in rings, a module is a more general structure
that extends the concept of rings. In this paper, we aim to ex-
tend commuting mappings from ring structures to module
structures. However, this presents a fundamental challenge:
commuting mappings typically require a multiplication opera-
tion, which does not naturally exist in modules. Additionally,
constructing nonzero centralizing and commuting mappings
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on modules is nontrivial.
A potential solution to this challenge is the concept of ide-

alization, which extends a module N over a ring T to form T
(+)N. Originally introduced by Anderson and Winders (2009) ,
idealization defines multiplication operations between elements
of the extended structure. Subsequent research has explored
its various properties, including Loan (2017) , who studied the
canonical module structure, and Tran (2018) , who examined
the primary decomposition of homogeneous ideals in idealized
modules. Batanieh and Anderson (2014) also analyzed poly-
nomial identities in these modules. Inspired by these develop-
ments, we use idealization as a framework to define centralizing
and commuting mappings in module structures, effectively gen-
eralizing the definition of commutation from rings to modules.
This approach helps overcome the absence of a multiplica-
tion operation in modules, making it a promising method for
extending commuting mappings.

Another significant aspect of commuting mappings is deriva-
tion, a specialized type of mapping that has been widely stud-
ied in ring and module structures. Research on derivations
in rings includes works by Güven (2008) , Gölbaşı and Koç
(2011) , Ali et al. (2014) , Ali and Alhazmi (2017) , Mamouni
and Tamekkante (2021) , Aishwarya et al. (2023) , Benkovič
(2024) , and Thomas et al. (2024) . The concept of derivation
has also been explored in module structures, with contributions
from Bracic (2001) , Patra and Gurjar (2022) , Retert (2006) ,
Chen and Wang (2015) , Maubach (2003) , and Pogudin (2019) .
More recently, Fitriani et al. (2025) introduced f-derivation
on polynomial modules. In this paper, we employ idealization
to construct nonzero commuting mappings on modules and
polynomial modules by utilizing existing commuting mappings
in rings.

Previous research has primarily focused on centralizing and
commuting mappings in the framework of rings and Lie alge-
bras, with idealization being studied mainly within the frame-
work of commutative rings. Although, the extension of ideal-
ization to arbitrary rings and its use in defining centralizing and
commuting mappings in modules remain unexplored. This
paper aims to fill this gap by introducing a general framework
for commuting mappings on modules T (+)N. Specifically, we
extend the concept of centralizing and commuting mappings
from rings to modules, develop a method to construct new
commuting mappings on modules using existing commuting
mappings in rings, investigate the properties and characteriza-
tions of centralizing and commuting mappings on T (+)N over
arbitrary rings, demonstrate how a commuting mapping 𝛼 on a
ring T can be broadened to define a commuting mapping 𝛼’ on
the module T (+)N. Furthermore, we show that the finite sum
of commuting mappings is also a commuting mapping, and
under certain conditions, a linear combination of commuting
mappings also retains this property.

By extending the notion of commuting mappings to module
structures, our findings contribute to a deeper understanding
of algebraic structures and their applications, particularly in
functional analysis and related fields.

2. EXPERIMENTAL DESIGN

In this study, we employ a theoretical and algebraic approach
to extend the concept of commuting mappings from rings
to module structures. Our expe- rimental design consists of
the following methodological framework. We begin by estab-
lishing the foundational mathematical concepts necessary for
our study. These include definitions of commuting and cen-
tralizing mappings in ring theory, properties and axioms of
modules over arbitrary rings, the idealization technique T (+)N
as introduced by Anderson and Winders (2009) , providing a
structured approach to incorporating module elements within a
ring-like framework. In the next step, we develop a systematic
method to extend commuting mappings from rings to modules
by utilizing idealization. The steps include:
1. constructing the idealization structure T (+)N and defining
its operations;
2. establishing conditions under which a commuting mapping
𝛼 on a ring T induces a commuting mapping 𝛼’ on T (+)N;
3. verifying algebraic properties such as linearity, additivity,
and preservation of commutativity in the module structures.

Furthermore, to ensure a rigorous formulation, we apply
known results on commuting mappings in rings, particularly
those by Brešar (2004) and Khan (2019) , to derive compa-
rable outcomes for modules, the properties of derivations in
rings and modules, with particular reference to works by Güven
(2008) and Fitriani et al. (2025) , and techniques from polyno-
mial module theory to construct explicit examples of commut-
ing mappings in module structures.

In the last step, we investigate the properties of commuting
mappings on T (+)N. That is, conditions under which a finite
sum of commuting mappings remains a commuting mapping,
structural constraints that guarantee the linear combination of
commuting mappings retains commutativity and identifying
cases where centralizing mappings induce new commuting
mappings within module structures.

3. RESULTS AND DISCUSSION

The concept of idealization is defined as follows. Let T be
a commutative ring with identity, and let N be a unitary T
module. The idealization of N, denoted by T (+)N, is defined
as the direct sum T ⊕ N with addition given by

(𝜉 , 𝜇) + (𝜏 , 𝜂) = (𝜉 + 𝜏 , 𝜇 + 𝜂) (1)

and multiplication defined as

(𝜉 , 𝜇) (𝜏 , 𝜂) = (𝜉 𝜏 , 𝜉𝜂 + 𝜏 𝜇) (2)

T (+)N equipped with the operations defined in 1 and 2,
forms a commutative ring. Furthermore, T can be naturally
embedded into T (+)N via the map i from T to T (+)N, where
i(𝜉 ) = (𝜉 , 0), for all 𝜉 ∈ T (Anderson and Winders, 2009) .

Now, we recall the definition of a commuting map on a
ring.
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Definition 3.1. Let T be a ring and Y ⊆ T. A map 𝛼 : Y→
T is said to be a commuting (on Y ) if

𝛼 (𝜉 )𝜉 = 𝜉𝛼 (𝜉 ) (3)

for all 𝜉 ∈ Y (Brešar, 2004)
For any 𝜉 , 𝜏 ∈ T , the difference 𝜉 𝜏 - 𝜏𝜉 is referred to as

the commutator, denoted by [𝜉 , 𝜏]. According to Equation 3, a
map 𝛼 is called a commuting map if [𝛼(𝜉 ), 𝜉 ] = 0 for every 𝜉 ∈
T. In the following proposition, we will show that the sum and
scalar multiplication of commuting maps are also commuting
maps.

Proposition 3.2. Let T be a ring, and Y ⊆ T. If 𝛼 and 𝛿 are
commuting maps on Y, then 𝛼 + 𝛿 and 𝛼𝛿, where

(𝛼 + 𝛿) (𝜉 ) = 𝛼 (𝜉 ) + 𝛿 (𝜉 ) (4)

and

(𝛼𝛿) (𝜉 ) = 𝛼 (𝜉 )𝛿 (𝜉 ) (5)

for all 𝜉 ∈ T, are commuting maps on Y.
Proof. Let 𝜉 ∈ Y . Based on Equation 4 and 5, we obtain:

(𝛼 + 𝛿) (𝜉 )𝜉 = (𝛼 (𝜉 ) + 𝛿 (𝜉 ))𝜉
= 𝛼 (𝜉 ) + 𝛿 (𝜉 )𝜉
= 𝜉𝛼 (𝜉 ) + 𝛿 (𝜉 )
= 𝜉 ((𝛼 + 𝛿)𝜉 )

(𝛼𝛿) (𝜉 )𝜉 = (𝛼 (𝜉 )𝛿 (𝜉 ))𝜉
= 𝛼 (𝜉 )𝛿 (𝜉 )𝜉
= 𝜉𝛼 (𝜉 )𝛿 (𝜉 )
= 𝜉 (𝛼𝛿) (𝜉 )

This shows that 𝛼 + 𝛿 and 𝛼 𝛿 are commuting maps on Y.
Now, we giveT (+)N as aT-module, whereT is an arbitrary

ring as follows.
Proposition 3.3. Let T be a ring with unity and N be an

unitary T-module. Then T (+)N equipped with coordinate-
wise addition forms an Abelian group.

Proof. We will prove that ⟨T (+)N⟩ is an Abelian group.

1. Given any (𝜉 , 𝜇), (𝜏 , 𝜂 ) ∈ T (+)N. We have (𝜉 , 𝜇)+(𝜏 , 𝜂 ) =
(𝜉 +𝜏 , 𝜇 +𝜂 ) ∈ T (+)N.

2. There exist (0T , 0N) so that (0T , 0N) + (𝜉 , 𝜇) = (𝜉 , 𝜇) +
(0T , 0N) = (𝜉 , 𝜇), for every (𝜉 , 𝜇) ∈ T (+)N.

3. Given any (𝜉 , 𝜇) ∈ T (+)N. There exists (-𝜉 , -𝜇) ∈ T ⊕ N
so that (-𝜉 , -𝜇) + (𝜉 , 𝜇) = (𝜉 , 𝜇) + (-𝜉 , -𝜇) = (0T , 0N).

So, <T (+)N, +> is an Abelian group.

Proposition 3.4. Let T be a ring with unity and N be an
unitaryT -module. Then the direct sum T (+)N equipped with
coordinate-wise addition and scalar multiplication defined by

𝜅 (𝜉 , 𝜇) = (𝜅𝜉 , 𝜅 𝜇) , (6)

for every 𝜅 ∈ T, (𝜉 , 𝜇) ∈ T (+)N, forms a T -module.
Proof. In the Proposition 3.3, we proved that <T (+)N, +>

forms an Abelian group. Now, we show that T (+)N is a T
-module.

1. Given any 𝜅 ∈ T,; (𝜉 , 𝜇), (𝜏 , 𝜂 ) ∈ T(+)N. Based on Equation
6, we obtain:

𝜅 ((𝜉 , 𝜇) + (𝜏 , 𝜂)) = 𝜅 (𝜉 + 𝜏 , 𝜇 + 𝜂)
= (𝜅 (𝜉 + 𝜏) , 𝜅 (𝜇 + 𝜂))
= (𝜅𝜉 + 𝜅𝜏 , 𝜅 𝜇 + 𝜅𝜂)
= (𝜅𝜉 , 𝜅 𝜇) + (𝜅𝜏 , 𝜅𝜂)
= 𝜅 (𝜉 , 𝜇) + 𝜅 (𝜏 , 𝜂)

2. Given any 𝜅1, 𝜅2 ∈ T, ; (𝜉 , 𝜇) ∈ T(+)N:

(𝜅1 + 𝜅2) (𝜉 , 𝜇) = ((𝜅1 + 𝜅2)𝜉 , (𝜅1 + 𝜅2) 𝜇)
= (𝜅1𝜉 + 𝜅2𝜉 , 𝜅1 𝜇 + 𝜅2 𝜇)
= (𝜅1𝜉 , 𝜅1 𝜇) + (𝜅2𝜉 , 𝜅2 𝜇)
= 𝜅1 (𝜉 , 𝜇) + 𝜅2 (𝜉 , 𝜇)

3. Given any 𝜅1, 𝜅2 ∈ T, ; (𝜉 , 𝜇) ∈ T(+)N:

(𝜅1𝜅2) (𝜉 , 𝜇) = ((𝜅1𝜅2)𝜉 , (𝜅1𝜅2) 𝜇)
= (𝜅1 (𝜅2𝜉 ) , 𝜅1 (𝜅2 𝜇))
= 𝜅1 (𝜅2𝜉 , 𝜅2 𝜇)
= 𝜅1 (𝜅2 (𝜉 , 𝜇))

4. Given any (𝜉 , 𝜇) ∈ T(+)N:

1(𝜉 , 𝜇) = (1𝜉 , 1𝜇)
= (𝜉 , 𝜇)

So, T (+)N forms a T -module.
Now, recall the following definition of polynomial modules

over polynomial ring T [x]. Let T be a ring and N be a module
over T . We define T [x] and N[x] in 7 and 8.

T [x] = {q : ℕ ∪ {0} →T | supp(q) finite} (7)

and
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N [x] = {𝜎 : ℕ ∪ {0} → N | supp(𝜎) finite} (8)

Next, we define the following two operations:

(𝜎1 + 𝜎2) (n) = 𝜎1 (n) + 𝜎2 (n) , (9)

and

(q𝜎) (n) =
∑︁
k+l=n

q(k)𝜎 (l) , (10)

for all 𝜎1 , 𝜎2 ∈ N [x] , q ∈ T [x], and n ∈ ℤ+. N [x] is an
T [x] module with operations in 9 and 10 (Varadarajan, 2001) .
On the other hand, the structure of polynomial module N [x]
over a polynomial ringT [x] can be expressed as Equation 11.

N [x] =
{

k∑︁
l=0

nlx
l

����� k ∈ ℤ+ , nl ∈ N
}
. (11)

Then, according to Faisol et al. (2019), for any
∑d
c=0 tcx

c ∈
T [x] and

∑k
l=0 nlx

l ∈ N [x], the scalar multiplication is defined
by

(
k∑︁
l=0

nlx
l

) (
d∑︁
c=0

tcxc
)
=

(
k+d∑︁
v=0

svxv
)
, (12)

where sv =
∑
l+c=v nl tc. With operation in 12, N [x] is a

polynomial module overT [x].
Before constructing the moduleT (+)N as a module over

T , we give the proof thatT (+)N , withT an arbitrary ring and
N a module overT , is a non-associative ring which is in the
following proposition.

Proposition 3.5. LetT be a ring with 1 andN be an unitary
T-module. ThenT (+)N with operations as follows:

(𝜉 , 𝜇) + (𝜏 , 𝜂) = (𝜉 + 𝜏 , 𝜇 + 𝜂) (13)

(𝜉 , 𝜇) (𝜏 , 𝜂) = (𝜉 𝜏 , 𝜉𝜂 + 𝜇𝜏) (14)

Proof. We prove thatT (+)N is a non-associative ring with
identity. In the Proposition 3.3, we proved that ⟨T (+)N , +⟩
forms an Abelian group. Now, given any (𝜉 , 𝜇) , (𝜏 , 𝜂), (𝜎 , 𝜔)
∈ T(+)N. Based on Equation 13 and 14, we have:

(𝜉 , 𝜇) ((𝜏 , 𝜂) + (𝜎 , 𝜔)) = (𝜉 , 𝜇) (𝜏 + 𝜎 , 𝜂 + 𝜔)
= (𝜉 (𝜏 + 𝜎) , 𝜉 (𝜂 + 𝜔)+

(𝜏 + 𝜎) 𝜇)
= (𝜉 𝜏 + 𝜉𝜎 , 𝜉𝜂 + 𝜉𝜔+

𝜏 𝜇 + 𝜎 𝜇)
= (𝜉 𝜏 , 𝜉𝜂 + 𝜏 𝜇) + (𝜉𝜎 ,

𝜉𝜔 + 𝜎 𝜇)
= (𝜉 , 𝜇) (𝜏 , 𝜂) + (𝜉 , 𝜇) (𝜎 , 𝜔)

[(𝜏 , 𝜂) + (𝜎 , 𝜔)] (𝜉 , 𝜇) = (𝜏 + 𝜎 , 𝜂 + 𝜔) (𝜉 , 𝜇)
= ((𝜏 + 𝜎)𝜉 , (𝜏 + 𝜎) 𝜇+

𝜉 (𝜂 + 𝜔))
= (𝜏𝜉 + 𝜎𝜉 , 𝜏 𝜇 + 𝜎 𝜇+

𝜉𝜂 + 𝜉𝜔)
= (𝜏𝜉 , 𝜏 𝜇 + 𝜉𝜂) + (𝜎𝜉 ,

𝜎 𝜇 + 𝜉𝜔)
= (𝜏 , 𝜂) (𝜉 , 𝜇) + (𝜎 , 𝜔) (𝜉 , 𝜇)

We can conclude thatT (+)N is in a non-associative ring.
The multiplication operation onT (+)N in Equation 14 is

not associative. We can see this in the following explanation.
Given any (𝜉 , 𝜇) , (𝜏 , 𝜂) , (𝜎 , 𝜔) ∈ T (+)N . Based on Equation
14, we have:

(𝜉 , 𝜇) ((𝜏 , 𝜂) (𝜎 , 𝜔)) = (𝜉 , 𝜇) ((𝜏𝜎 , 𝜏𝜔 + 𝜎𝜂))
= (𝜉 𝜏𝜎 , 𝜉 (𝜏𝜔 + 𝜎𝜂) + 𝜏𝜎 𝜇)
= (𝜉 𝜏𝜎 , 𝜉 𝜏𝜔 + 𝜉𝜎𝜂 + 𝜏𝜎 𝜇).

On the other hand,

((𝜉 , 𝜇) (𝜏 , 𝜂)) (𝜎 , 𝜔) = (𝜉 𝜏 , 𝜉𝜂 + 𝜏 𝜇) (𝜎 , 𝜔)
= (𝜉 𝜏𝜎 , 𝜉 𝜏𝜔 + 𝜎 (𝜉𝜂 + 𝜏 𝜇))
= (𝜉 𝜏𝜎 , 𝜉 𝜏𝜔 + 𝜎𝜉𝜂 + 𝜎𝜏 𝜇).

Note that (𝜉 , 𝜇) ((𝜏 , 𝜂) (𝜎 , 𝜔)) and ((𝜉 , 𝜇) (𝜏 , 𝜂))−(𝜎 , 𝜔)
not need to be equal, unlessT is commutative. The next ex-
ample illustrates this condition whenT is not commutative.

Example 3.6
Consider M2×2 (ℤ) as a module over itself. Choose

(𝜉 , 𝜇) =

( [
1 3
−1 0

]
,
[
−1 2
−1 0

] )
, (𝜏 , 𝜂) =

( [
2 0
1 3

]
,
[
2 1
3 0

] )
,

(𝜎 , 𝜔) =
( [
2 −2
1 −1

]
,
[
2 1
0 3

] )
∈ T (+)N .
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We have:

((𝜉 , 𝜇) (𝜏 , 𝜂)) (𝜎 , 𝜔)

=

(( [
1 3
−1 0

]
,
[
−1 2
−1 0

] ) ( [
2 0
1 3

]
,
[
2 1
3 0

] ))
( [
2 −2
1 −1

]
,
[
2 1
0 3

] )
=

( [
1 3
−1 0

] [
2 0
1 3

]
,
[
1 3
−1 0

] [
2 1
3 0

]
+

[
2 0
1 3

] [
−1 2
−1 0

] ) ( [
2 −2
1 −1

]
,
[
2 1
0 3

] )
=

( [
5 9
−2 0

]
,
[
9 5
−6 1

] ) ( [
2 −2
1 −1

]
,
[
2 1
0 3

] )
=

( [
5 9
−2 0

] [
2 −2
1 −1

]
,
[
5 9
−2 0

] [
2 1
0 3

]
+

[
2 −2
1 −1

] [
9 5
−6 1

] )
=

( [
19 −19
−4 4

]
,
[
40 40
11 2

] )
.

On other hand

(𝜉 , 𝜇) ((𝜏 , 𝜂) (𝜎 , 𝜔)) =
( [ 1 3
−1 0

]
,
[
−1 2
−1 0

] )
( [2 0
1 3

]
,
[
2 1
3 0

] )
( [2 −2
1 −1

]
,
[
2 1
0 3

] )
=

( [ 1 3
−1 0

]
,
[
−1 2
−1 0

] )
( [4 −4
5 −5

]
,
[
5 4
1 11

] )
=

( [19 −19
−4 4

]
,
[
8 45
−5 6

] )
This shows that

(𝜉 , 𝜇) ((𝜏 , 𝜂) (𝜎 , 𝜔)) ≠ ((𝜉 , 𝜇) (𝜏 , 𝜂)) (𝜎 , 𝜔)

and hence the multiplication operation onT (+)N is not asso-
ciative.

If T is commutative, we have the following property of
T (+)N .

Corollary 3.7 LetT be a commutative ring with identity
and N be a unitaryT-module. ThenT (+)N with operations
as follows:

(𝜉 , 𝜇) + (𝜏 , 𝜂) = (𝜉 + 𝜏 , 𝜇 + 𝜂) (15)

(𝜉 , 𝜇) (𝜏 , 𝜂) = (𝜉 𝜏 , 𝜉𝜂 + 𝜏 𝜇) , (16)

for every (𝜉 , 𝜇) + (𝜏 , 𝜂) ∈ T (+)N , is a ring with identity.
Proof. We proved that T (+)N is a non-associative ring

with identity in the Proposition 3.5. Given any (𝜉 , 𝜇) , (𝜏 , 𝜂),
(𝜎 , 𝜔) ∈ T (+)N . Based on Equation 15 and 16, we have:

(𝜉 , 𝜇) ((𝜏 , 𝜂) (𝜎 , 𝜔)) = (𝜉 , 𝜇) ((𝜏𝜎 , 𝜏𝜔 + 𝜎𝜂))
= (𝜉 𝜏𝜎 , 𝜉 (𝜏𝜔 + 𝜎𝜂) + 𝜏𝜎 𝜇)
= (𝜉 𝜏𝜎 , 𝜉 𝜏𝜔 + 𝜉𝜎𝜂 + 𝜏𝜎 𝜇)
= (𝜉 𝜏𝜎 , 𝜉 𝜏𝜔 + 𝜎𝜉𝜂 + 𝜎𝜏 𝜇)
= ((𝜉 , 𝜇) (𝜏 , 𝜂)) (𝜎 , 𝜔).

This result shows that the multiplication operation on T
(+)N is an associative whenT is commutative.

Furthermore, we give ideas for commuting and centralizing
maps on modules. Furthermore, we provide some properties
of this map onT (+)N . We begin discussions by defining cen-
tralizing and commuting maps onT (+)N as aT-module. This
definition is a generalization of Definition 3.1.

Definition 3.8 LetT be a ring, N be aT-module, and let
𝛼 : T (+)N → T (+)N be a map. We call 𝛼 is a centralizing
map onT (+)N intoT (+)N if:

[𝛼 (𝜉 , 𝜇) , (𝜉 , 𝜇)] ∈ Z (T (+)N ) , (17)

for all (𝜉 , 𝜇) ∈ T (+)N .
As a special case of a centralizing map, if [𝛼 (𝜉 , 𝜇) , (𝜉 , 𝜇)] =

0 in Equation 17, we have the definition of a commuting map
as follows.

Definition 3.9 Let T be a ring, N be a T-module, and
𝛼 :T (+)N →T (+)N be a map. We call 𝛼 a commuting map
ofT (+)N intoT (+)N if:

[𝛼 (𝜉 , 𝜇) , (𝜉 , 𝜇)] = 0, (18)

for all (𝜉 , 𝜇) ∈ T (+)N .
Based on Definition 3.9, every commuting map is a cen-

tralizing map on T (+)N as a T-module. Moreover, 𝛼 is a
commuting map ofT (+)N intoT (+)N if and only if

𝛼 (𝜉 , 𝜇) (𝜉 , 𝜇) − (𝜉 , 𝜇)𝛼 (𝜉 , 𝜇) = 0.

Let 𝛼 (𝜉 , 𝜇) = (𝜏 , 𝜂), where (𝜏 , 𝜂) ∈ T (+)N . Based on Equa-
tion 18, we have:

(𝜏 , 𝜂) (𝜉 , 𝜇) − (𝜉 , 𝜇) (𝜏 , 𝜂) = 0
(𝜏𝜉 , 𝜏 𝜇 + 𝜉𝜂) − (𝜉 𝜏 , 𝜉𝜂 + 𝜇𝜏) = 0
(𝜏𝜉 − 𝜉 𝜏 , 𝜏 𝜇 + 𝜉𝜂 − 𝜉𝜂 − 𝜇𝜏) = 0

(𝜏𝜉 , 𝜏 𝜇 + 𝜉𝜂) = (𝜉 𝜏 , 𝜉𝜂 + 𝜇𝜏).

Next, we discuss the examples of commuting maps on
T (+)N in the following proposition.

Proposition 3.10 LetT be a ring and N be a module over
T . The following mappings are commuting (centralizing) map-
ping onT (+)N .

© 2025 The Authors. Page 694 of 697



Fitriani et. al. Science and Technology Indonesia, 10 (2025) 690-697

1. 𝛼 (𝜉 , 𝜇) = (0, 0);
2. id(𝜉 , 𝜇) = (𝜉 , 𝜇);
3. 𝛿 (𝜉 , 𝜇) = (0, 𝜇);
4. 𝛾 (𝜉 , 𝜇) = (𝜆 , 𝜇) , 𝜆 ∈ T , for every (𝜉 , 𝜇) ∈ T (+)N .
Furthermore, 𝛾 is a commuting (centralizing) map when

T is commutative.
Proof. It is easy to show that 𝛼 , id, and 𝛿 are commuting

maps. Now, we will prove that 𝛾 is also a commuting map
whenT is commutative. Let (𝜉 , 𝜇) ∈ T (+)N . Then, we have

[𝛾 (𝜉 , 𝜇) , (𝜉 , 𝜇)] = (𝜆 , 𝜇) (𝜉 , 𝜇) − (𝜉 , 𝜇) (𝜆 , 𝜇)
= (𝜆 𝜉 , 𝜆 𝜇 + 𝜉 𝜇) − (𝜉𝜆 , 𝜉 𝜇 + 𝜆 𝜇)
= (𝜆 𝜉 − 𝜉𝜆 , 𝜆 𝜇 + 𝜉 𝜇 − 𝜉 𝜇 − 𝜆 𝜇)
= (0, 0) , ifT is commutative.

Now, we constructT [x] (+)N [x] as follows:

T [x] (+)N [x] =T [x]⊕N [x] = {(q , 𝜎) | q ∈ T [x] , 𝜎 ∈ N [x]}.

Then, we define:

(q , 𝜎) + (q′ , 𝜎 ′) = (q + q′ , 𝜎 + 𝜎 ′) , (19)

where

(q+q′) (n) = q(n)+q′ (n) , and (𝜎+𝜎 ′) (n) = 𝜎 (n)+𝜎 ′ (n) ,

for every q , q′ ∈ T [x] , 𝜎 , 𝜎 ′ ∈ N [x] , and n ∈ ℤ+. With
operation in 19, T [x] (+)N [x] form an Abelian group and
henceT [x] (+)N [x] become a module overT [x] (Varadarajan,
2001) .

Furthermore, in the following example, we will define a
commuting map usingT [x] (+)N [x].

Example 3.11 LetT be the set of all invertible 2 × 2 ma-
trices under matrix addition and matrix multiplication. Then

T [x] =
{

n∑︁
i=1

Aixi | Ai ∈ T , n ∈ ℕ

}
.

We define 𝜃 :T [x] →T [x],

𝜃

(
n∑︁
i=0

aixi
)
= S , (20)

where

S =

[
n 0
0 n

]
∈ T , n ∈ ℤ, n ≥ 1.

Based on Equation 20, it is easy to prove that

n∑︁
i=0

aixi𝜃

(
n∑︁
i=0

aixi
)
= 𝜃

(
n∑︁
i=0

aixi
)

n∑︁
i=0

aixi , (21)

for every
∑n
i=0 aix

i ∈ T [x]. Hence, 𝜃 is a commuting map
onT [x]. Then, we define

𝜃 ′ :T [x] (+)N [x] →T [x] (+)N [x] , where

𝜃 ′
©­«
n∑︁
i=0

aixi ,
k∑︁
j=0

m jx j
ª®¬ =

©­«𝜃
(
n∑︁
i=0

aixi
)
,
k∑︁
j=0

m jx j
ª®¬ .

for every
∑n
i=0 aix

i ∈ T [x] and
∑k
j=0 m jx

j ∈ N [x], we
will show that 𝜃 ′ is a commuting map onT (+)N . Given any(∑n

i=0 aix
i ,

∑k
j=0 m jx

j
)
∈ T [x] (+)N [x]. Based on Equation

21, we have:

©­«
n∑︁
i=0

aixi ,
k∑︁
j=0

m jx j
ª®¬ 𝜃 ′ ©­«

n∑︁
i=0

aixi ,
k∑︁
j=0

m jx j
ª®¬

=
©­«
n∑︁
i=0

aixi ,
k∑︁
j=0

m jx j
ª®¬ ©­«𝜃

(
n∑︁
i=0

aixi
)
,
k∑︁
j=0

m jx j
ª®¬

=

(
n∑︁
i=0

aixi 𝜃

(
n∑︁
i=0

aixi
)
,
n∑︁
i=0

aixi
k∑︁
j=0

m jx j

+ S ©­«
k∑︁
j=0

m jx j
ª®¬
)

On the other hand,

𝜃 ′
©­«
n∑︁
i=0

aixi ,
k∑︁
j=0

m jx j
ª®¬ ©­«

n∑︁
i=0

aixi ,
k∑︁
j=0

m jx j
ª®¬

=

(
S ,

k∑︁
j=0

m jx j
) ©­«

n∑︁
i=0

aixi ,
k∑︁
j=0

m jx j
ª®¬

=
©­«
n∑︁
i=0

aixiS ,
©­«
n∑︁
i=0

aixi ,
k∑︁
j=0

m jx j
ª®¬ + S ©­«

k∑︁
j=0

m jx j
ª®¬ª®¬

So, we have

©­«
n∑︁
i=0

aixi ,
k∑︁
j=0

m jx j
ª®¬ 𝜃 ′ ©­«©­«

n∑︁
i=0

aixi ,
k∑︁
j=0

m jx j
ª®¬ª®¬

= 𝜃 ′
©­«©­«

n∑︁
i=0

aixi ,
k∑︁
j=0

m jx j
ª®¬ª®¬ ©­«

n∑︁
i=0

aixi ,
k∑︁
j=0

m jx j
ª®¬

This result shows that 𝜃 ′ is a commuting map onT [x] (+)N [x].
Based on Example 3.11, the following theorem shows the

connection between the commuting maps on ringT and the
commuting maps onT (+)N as aT-module.

Theorem 3.12. LetT be a ring and N be anT-module.
If 𝛼 is a commuting map onT , then

𝛼′ :T (+)N →T (+)N , where 𝛼′ (𝜉 , 𝜇) = (𝛼 (𝜉 ) , 𝜇) (22)

is a commuting map onT (+)N .
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Proof. Assume that 𝛼 is a commuting map on ringT . Let
(𝜉 , 𝜇) ∈ T (+)N . Based on Equation 22, we have:

[𝛼′ (𝜉 , 𝜇) , (𝜉 , 𝜇)] = [(𝛼 (𝜉 ) , 𝛼 (𝜇)) , (𝜉 , 𝜇)]
= (𝛼 (𝜉 ) , 𝜇) (𝜉 , 𝜇) − (𝜉 , 𝜇) (𝛼 (𝜉 ) , 𝜇)
= (𝛼 (𝜉 )𝜉 , 𝛼 (𝜉 ) 𝜇 + 𝜉 𝜇) − (𝜉𝛼 (𝜉 ) ,

𝜉 𝜇 + 𝛼 (𝜉 ) 𝜇)
= (𝛼 (𝜉 )𝜉 − 𝜉𝛼 (𝜉 ) , 𝛼 (𝜉 ) 𝜇 + 𝜉 𝜇−

𝜉 𝜇 − 𝛼 (𝜉 ) 𝜇)
= (0, 0) ,

since 𝛼 is a commuting map on T. Hence, 𝛼′ is commuting
map onT (+)N .

We will give the properties of commuting maps onT (+)N
in the following propositions. In the Proposition 3.13, we inves-
tigate the properties of a commuting map in ring (T (+)N )n =
{(𝜉1 , 𝜇1) , (𝜉2 , 𝜇2) , . . . , (𝜉n , 𝜇n) | 𝜉i ∈ T , 𝜇i ∈ N for every i
= 1, 2, . . . , n , n ∈ ℕ}.

Proposition 3.13. LetT be a ring. If 𝛼1 , 𝛼2 , . . . , 𝛼n are
commuting maps on T (+)N , then ⊕𝛼i is a commuting map
on (T (+)N )n.

Assume that 𝛼1 , 𝛼2 , . . . , 𝛼n are commuting maps on T
(+)N. We define ⊕ni=1𝛼i from (T (+)N )n to itself, where

⊕ni=1𝛼i ((𝜉1 , 𝜇1) , . . . , (𝜉n , 𝜇n)) = (𝛼1 (𝜉1 , 𝜇1) , . . . ,
𝛼n (𝜉n , 𝜇n)).

(23)

We will show that ⊕ni=1𝛼i is a commuting map on (T (+)N )n.
Let ((𝜉1 , 𝜇1) , (𝜉2 , 𝜇2) , . . . , (𝜉n , 𝜇n)) ∈ (T (+)N )n. Based

on Equation 23, we have:

⊕ni=1𝛼i ((𝜉1 , 𝜇1) , . . . , (𝜉n , 𝜇n))
((𝜉1 , 𝜇1) , . . . , (𝜉n , 𝜇n))

= ⊕ni=1 (𝛼i ((𝜉1 , 𝜇1) , . . . , (𝜉n , 𝜇n))
((𝜉1 , 𝜇1) , . . . , (𝜉n , 𝜇n)))

= ((𝜉1 , 𝜇1) , (𝜉2 , 𝜇2) , . . . , (𝜉n , 𝜇n)) ⊕ni=1 𝛼i ((𝜉1 , 𝜇1) ,
(𝜉2 , 𝜇2) , . . . , (𝜉n , 𝜇n)).

This shows that ⊕𝛼i is a commuting map on (T (+)N )n.
In the following proposition, we show that we can construct

a new commuting map in a ringT , a finite sum of commutation
maps that is also a commuting map in a ringT .

Proposition 3.14. LetT be a ring. If 𝛼1 , 𝛼2 , . . . , 𝛼n are
commuting maps onT (+)N , then

∑n
i=1 𝛼i , where(

n∑︁
i=1

𝛼i

)
(𝜉 , 𝜇) =

n∑︁
i=1

(𝛼i (𝜉 , 𝜇)) (24)

is a commuting map onT (+)N .

Proof. Given any (𝜉 , 𝜇) ∈ T (+)N . Based on Equation 24,
we have:

(𝜉 , 𝜇)
(
n∑︁
i=1

𝛼i

)
(𝜉 , 𝜇) = (𝜉 , 𝜇)

(
n∑︁
i=1

(𝛼i (𝜉 , 𝜇))
)

= (𝜉 , 𝜇) (𝛼1 (𝜉 , 𝜇)) + . . . +
(𝜉 , 𝜇) (𝛼n (𝜉 , 𝜇))

= (𝛼1 (𝜉 , 𝜇)) (𝜉 , 𝜇) + . . . +
(𝛼n (𝜉 , 𝜇)) (𝜉 , 𝜇)

= (𝛼1 + . . . + 𝛼n) (𝜉 , 𝜇) (𝜉 , 𝜇)

=

(
n∑︁
i=1

𝛼i

)
(𝜉 , 𝜇) (𝜉 , 𝜇)

This shows that
∑n
i=1 𝛼i is a commuting map onT (+)N .

Now, in Proposition 3.15 we prove that the linear combina-
tion of commuting maps in a ringT is also a commuting map
under certain conditions.

Proposition 3.15. Let n ≥ 1 be a fixed integer andT be a
ring. If 𝛼i is a commuting map onT (+)N , i = 1, 2, . . . , n and

𝜅 (𝜉 , 𝜇) = (𝜉 , 𝜇)𝜅 , (25)

for every 𝜅 ∈ T , then
∑n
i=1 𝜅i𝛼i is a commuting map onT (+)N .

Proof. Given any 𝜅i ∈ T for i = 1, 2, . . . , n and (𝜉 , 𝜇) ∈
T (+)N . According to Equation 25, we have:

(𝜉 , 𝜇)
(
n∑︁
i=1

𝜅i𝛼i

)
(𝜉 , 𝜇) = (𝜉 , 𝜇) (𝜅1𝛼1 (𝜉 , 𝜇) + · · · +

𝜅n𝛼n (𝜉 , 𝜇))
= 𝜅1 (𝜉 , 𝜇)𝛼1 (𝜉 , 𝜇) + · · · +

𝜅n (𝜉 , 𝜇)𝛼n (𝜉 , 𝜇)
= 𝜅1𝛼1 (𝜉 , 𝜇) (𝜉 , 𝜇) + · · · +

𝜅n𝛼n (𝜉 , 𝜇) (𝜉 , 𝜇)

=

(
n∑︁
i=1

𝜅i𝛼i

)
(𝜉 , 𝜇) (𝜉 , 𝜇).

This shows that
∑n
i=1 𝜅i𝛼i is a commuting map onT (+)N .

4. CONCLUSIONS

If T is an arbitrary ring, then T (+)N is a non asscociative ring.
By defining the scalar multiplication operation, we get T (+)N
is a module over R. We can define centralizing and commut-
ing maps in T (+)N by using the multiplication operation in
idealization concept. This definition is a generalization of cen-
tralizing and commuting mapping in rings. Furthermore, if 𝛼
is a commuting mapping on a ring T , then a corresponding
commuting mapping 𝛼’ can be defined on the module by utiliz-
ing 𝛼. Moreover, we proved that the finite sum of commuting
mappings is also a commuting mapping and that a linear com-
bination of commuting mappings is also a commuting mapping
under certain conditions.

© 2025 The Authors. Page 696 of 697



Fitriani et. al. Science and Technology Indonesia, 10 (2025) 690-697

5. ACKNOWLEDGEMENT

The first author wish to thank the Directorate General of Higher
Education, Research, and Technology of The Ministry of Ed-
ucation, Culture, Research, and Technology of the Republic
of Indonesia for this research support and funding under the
Research Contract Number: 057/E5/PG.02.00.PL/2024.

REFERENCES

Aishwarya, S., B. S. Kedukodi, and S. P. Kuncham (2023). 𝛾-
Derivations in Rings. Palestine Journal of Mathematics, 12(1);
432–441

Ali, S. and H. Alhazmi (2017). On Generalized Derivations
and Commutativity of Prime Rings with Involution. Inter-
national Journal of Algebra, 11(6); 291–300

Ali, S., B. Dhara, and M. S. Khan (2014). On Prime and
Semiprime Rings with Additive Mappings and Derivations.
Journal of Computational Mathematics, 2(3); 48–55

Anderson, D. D. and M. Winders (2009). Idealization of a
Module. Journal of Commutative Algebra, 1(1); 3–56

Batanieh, M. and D. D. Anderson (2014). Idealization and
Polynomial Identities. Glasnik Matematički, 49(69); 47–51

Benkovič, D. (2024). A Note on Generalized Jordan n-
Derivations of Unital Rings. Indian Journal of Pure and Applied
Mathematics, 55(2); 623–627

Bracic, J. (2001). Representations and Derivations of Modules.
Irish Mathematical Society Bulletin, 47; 27–39

Brešar, M. (2004). Commuting Maps: A Survey. Taiwanese
Journal of Mathematics, 8(3); 361–397

Chen, Z. and B. Wang (2015). Commuting Derivations and
Automorphisms of Certain Nilpotent Lie Algebras over
Commutative Rings. Communications in Algebra, 43(5);
2044–2061

De Filippis, V., P. Gupta, S. K. Tiwari, and B. Prajapati (2024).
Centralizing Identities Involving Generalized Derivations in
Prime Rings. GeorgianMathematical Journal, 31(4); 587–605

Ebrahimi, S. and S. Talebi (2015). Semicentralizing Maps and
k-Commuting Maps of Module Extension Algebras. Journal
of Mathematical Extensions, 9(2); 9–25

Ferreira, B. L. M., H. Julius, and D. Smigly (2024). Com-
muting Maps and Identities with Inverses on Alternative
Division Rings. Journal of Algebra, 638; 488–505

Ferreira, B. L. M. and I. Kaygorodov (2020). Commuting
Maps on Alternative Rings. Ricerche di Matematica, 71; 67–
78

Fitriani, I. E. Wijayanti, A. Faisol, and S. Ali (2025). On f -

Derivations on Polynomial Modules. Journal of Algebra and
Its Applications, 24(6); 2550155

Gölbaşı, Ö. and E. Koç (2011). Generalized Derivations on
Lie Ideals in Prime Rings. Turkish Journal of Mathematics,
35(1); 23–28

Güven, E. (2008). On (𝜎 , 𝜏)-Derivations in Prime Rings.
International Journal of Contemporary Mathematical Sciences,
3(26); 1289–1293

Hoque, M. F. and A. C. Paul (2013). Prime Γ-Rings with
Centralizing and Commuting Generalized Derivations. In-
ternational Journal of Algebra, 7(13); 645–651

Khan, A. N. (2019). Centralizing and Commuting Involution
in Rings with Derivations. Communications of the Korean
Mathematical Society, 34(4); 1099–1104

Loan, N. T. H. (2017). On Canonical Modules of Idealizations.
Journal of Commutative Algebra, 9(1); 107–117

Mahmood, A. H. (2022). Generalized Commuting Mapping in
Prime and Semiprime Rings. Iraqi Journal of Science, 63(8);
3600–3604

Mamouni, A. and M. Tamekkante (2021). Commutativity of
Prime Rings Involving Generalized Derivations. Palestine
Journal of Mathematics, 10(2); 407–413

Maubach, S. (2003). The Commuting Derivation Conjecture.
Journal of Pure and Applied Algebra, 179(1–2); 159–168

Patra, A. and R. V. Gurjar (2022). On Minimum Number of
Generators for Some Derivation Modules. Journal of Pure
and Applied Algebra, 226(11); 107105

Pogudin, G. (2019). A Primitive Element Theorem for Fields
with Commuting Derivations and Automorphisms. Selecta
Mathematica, 25(4); 1–19

Retert, K. (2006). Sets of Commuting Derivations and Sim-
plicity. Communications in Algebra, 34(8); 2941–2963

Romdhini, M. U. and A. Nawawi (2025). Relation Between
the First Zagreb and Greatest Common Divisor Degree
Energies of Commuting Graph for Dihedral Groups. Science
and Technology Indonesia, 10(1); 1–8

Thomas, A. B., N. P. Puspita, and Fitriani (2024). Derivation
on Several Rings. BAREKENG: Journal of Mathematics and
Its Applications, 18(3); 1729–1738

Tran, A. N. (2018). Primary Decomposition of Homogeneous
Ideal in Idealization of a Module. Studia Scientiarum Mathe-
maticarum Hungarica, 55(3); 345–352

Varadarajan, K. (2001). Noetherian Generalized Power Series
Rings and Modules. Communications in Algebra, 29(1); 245–
251

© 2025 The Authors. Page 697 of 697


	INTRODUCTION
	EXPERIMENTAL DESIGN
	RESULTS AND DISCUSSION
	CONCLUSIONS
	ACKNOWLEDGEMENT

