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Abstract
The censored quantile regression model is derived from the censored model. This method is used to overcome problems in
modeling censored data as well as to overcome the assumptions of linear models that are not met. The purpose of this study
is to compare the results of the analysis of the quantile regression method with the censored quantile regression method for
censored data. Both methods were applied to generated data of 150, 500, and 3000 sample size. The best model is then chosen
based on the smallest absolute bias and the smallest standard error as an indicator of the goodness of the model. This study
proves that the censored quantile regression method tends to produce smaller absolute bias and a smaller standard error than
the quantile regression method for all three group data specified. Thus it can be concluded that the censored quantile regression
method could result in an acceptable model for censored data.
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1. INTRODUCTION

A good parameter estimator is a BLUE (Best Linear Unbias Esti-
mator). A BLUE will be obtained if it meets all the assumptions
of the linear model. The Ordinary Least Squares (OLS), as an esti-
mator method that is often used, is not always a BLUE estimator.
In real events, there are some cases where the assumptions of
normality and homoscedasticity are not met when there is zero
value data or outlier data. In such cases, the OLS cannot be used
(Delviyanti et al., 2018).

Then the quantile method appears as one of the parame-
ter estimation methods that can overcome unful�lled assump-
tions such as normality and homoscedasticity assumptions. This
method uses a parameter estimation approach by separating or
dividing data into quantiles, namely by using conditional quan-
tile functions on data distribution and minimizing the asymmet-
rical absolute weighted remainder.

The next problem has often encountered data where the
independent variable is available, while the value of the response
variable y is below c (left sensor), and the value of y is above
c (right sensor). Constant c is the threshold (sensor point). In
many cases, the sensor threshold is zero. Multiple censorships
are also possible if the value of the response variable is only
available for observations where c < y < d, c and d become
two thresholds (Davino et al., 2013). The parameter estimation
method used to overcome problems with censored data and the
BLUE assumptions that are not met is the censored quantile

regression method.
Several studies that have been carried out relating to cen-

sored quantile regression include Gustavsen and Rickertsen
(2013) approaching censored quantile regression in research on
adjusting Value Added Tax (VAT) rates to promote healthy diets
in Norway. The study of this important and interesting, Buchin-
sky (1994) and Fitzenberger et al. (2002) model the conditional
wage distribution using censored quantile regression. Machado
et al. (2006) and Fitzenberger and Wilke (2006) consider using
CQR (censored Regression Quantile) for the duration analysis.
Quantile regression with censoring and endogeneity has been
studied by (Chernozhukov et al., 2015). The censored regression
model has also been carried out by Leiker (2012) who studies
the comparison of estimators of censored regression methods
with Maximum Likelihood Estimation (MLE).

This study aims to illustrate the comparison between classical
quantile regression method and censored quantile method to
the censored data where normality assumption is violated. The
indicators for the best method are based on the lowest of absolute
bias value and a standard error value. This study used three sets
of generated data of size 150, 500 and 3000. Such of this study
never been done by any researchers before.
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2. EXPERIMENTAL SECTION

2.1 Materials
2.1.1 Quatile Regression
Regression analysis is a tool in the development of statistics used
in many �elds of life (Muharisa et al., 2018). Quantile regression
introduced by Koenker and Bassett Jr (1978). Quantile regres-
sion is the development of statistical tools used to explain the
relationship between response and predictor variables (Yanuar
et al., 2019a). The quantile method is a technique of dividing a
group of data into several parts after the data is sorted from the
smallest to the largest Yanuar et al. (2017).

Consider the following linear model (Lin et al. (2012); Yu and
Moyeed (2001); Oh et al. (2016).

yi = xTi � + "i , i = 1, 2, ..., n (1)

where yi is the response variable, xi is the independent vari-
able, and "i is an error, and � �(0,1) is a certain quantile level. Con-
ditional quantile regression is as follows (Yanuar et al. (2019b);
Chernozhukov and Hong (2002)):

Q� (yi |xi) = xTi �(�), i = 1, 2, ..., n (2)

where Q� (yi |xi) represents the conditional quantile � − tℎ of
the Y response given x and the parameter �(�) is an unknown
functional vector. Estimated point �(�) from parameter � �(�) is
obtained by minimizing the objective function (Feng et al. (2015);
Yanuar et al. (2016); Buhai (2005)):

min�(�)
n
∑
i=1

�� (yi − xTi �(�)) (3)

where�� is the loss function, the loss function of quantile
regression is as follows:

�� (") = "�, if u ≤ 0, and �� (") = "(� − 1), if "<0 (4)

2.1.2 Censored Regression Quantile
The regression model based on the preceding discussion is re-
ferred to as the censored regression model or the Tobit model
(Greene, 2008).To overcome censored data a special model is
called a Tobit model which is stated as (Odah et al. (2017); Wang
et al. (2009); Koenker (2008):

y∗ = xTi � + �i , i = 1, 2, 3..., n (5)

where y∗ is a latent variable containing the true value of
the response variable for all observations, x is the explanatory
variable and �i is error. Relationship analysis of censored data
occurs if explanatory variables are available. Still, the value of
the dependent variable is only known in observations where

the dependent variable is larger (right censored) or smaller (left-
censored) than the threshold value c (Davino et al., 2013).

For left-censored cases, it is de�ned as follows:

yi = y∗i , if y∗i >c

yi = c, if y∗i ≤ c

It can be written as y = max (c, y∗)

y = max(c, xTi �) (6)

The CQR (Censored Regression Quantile) model is derived
from the Tobit model. The left-censored LAD (Least Absolute
Deviation) estimate is the � value by minimizing:

S(�) =
1
n

n
∑
i=1

|yi − max(0, xTi �)| (7)

The CQR model can be derived by extending the model in
Equation (7) to other interesting quantiles and taking into ac-
count that max(0, �0+�1x) is a monotonous transformation of
y.

The CQR model for left-censored cases becomes:

Q� (ŷ|x) = max[0, xTi �(�)] (8)

As a result, the CQR estimator is obtained by minimizing:

S(�) =
n
∑
i=1

�� |yi − max[0, xTi �(�)]| (9)

2.1.3 The Best Indicator of Prediction Model
The standard error is de�ned as the standard deviation of the
sample mean. This statistical measure can see the accuracy of
the sample estimator against population parameters. The smaller
the standard error value, the more probable the sample shows
its accuracy, and the number of samples in�uences the standard
error value. This statement means that the more samples the
smaller the standard error, the more samples can represent the
population. Mathematically the formula of the standard error is
as follows:

SE(�) =
SD(�)
√
n

(10)

where SE (�) is standard error of � , SD (�) is standard devia-
tion of (�) and n is the number of study samples.

© 2020 The Authors. Page 80 of 84



Sarmada et. al. Science and Technology Indonesia, 5 (2020) 79-84

2.2 Data
This study uses generated data of 150, 500, and 3000 sample
sizes by using Software R version 1.1463. The data used in this
study consisted of two independent variables (X1 and X2) and
dependent variables (Y ). Data for the independent variables (X1
and X2) are generated from a normal distribution with (X1 ∼ N
(0.2)) and (X2 ∼ N (0.1)). Whereas the response variable (Y ), is
the value set Y = 0.5 X1 + 1.5 X2 + ", where " ∼ cℎisq (0.5) means
the normality assumption is violated. The response variable is
generated randomly and meet scenarios as a variable contain-
ing censored data. Censored data scenarios are engineered by
assigning data below zero (left-censored) as censored data.

3. RESULTS AND DISCUSSION

The estimation results of each model parameter for each quantile
selected using the censored and quantile regression methods are
presented in Tables 1,2 and 3 as follows:

In Table 1 it can be seen that the estimated parameters �1
and �2 for quantile regression have been signi�cant at the � =
0.05 level except for the quintile 0.9 where the �1 � parameter is
not signi�cant. Then for the 4th and 5th columns are the results
of guesses with the censored quantile regression method for
both parameters. From these two columns, it is known that the
alleged parameters �1 and �2 in all quantiles are signi�cant at
the level of � = 0.05 except for �1 at quantile � 0.9. Based on the
results of the alleged parameters with the two methods, it can
be concluded here that the quantile regression method and the
censored quantile regression method tend to produce the same
guessed results.

Next, the two methods are applied for the 500 exchange data
generation. The estimated parameters are presented in Table 2.

In Table 2 the second and third columns can be obtained
information that the estimated parameters �1 and �2 for quantile
regression has been signi�cant at the level � = 0.05 for each
selected quartile. The same results were also obtained for the
alleged parameter �1 and �2 allegations with the censored quan-
tile regression method. It can be seen in columns 4 and 5 in table
2 above.

Then the two methods are applied for 3000 exchange trip
generation data. The estimated parameters are presented in
Table 3.

Based on table 3 it can be seen that the estimated parameters
�1 and �2 for quantile regression has been signi�cant at the level
of � = 0.05 in each quantile this can be seen in column 2 and
column 3. Then, the estimated parameter results for censored
quantile regression which show that the parameters �1 and �2
have been signi�cant at the level � = 0.05 in each quantile. It
can be shown in column 4 and column 5.

Based on Tables 1,2 and 3, the �1 parameters for quantile and
censored quantile regression have been signi�cant in each quan-
tile by selecting a 5% signi�cance level, except in the table for
150 generation data, �1 in the quantile regression and censored
quantile is not signi�cant, can be seen in Table 1, column 2, and
4 at quantile 0.9. then the parameter �2 for quantile regression

and censored quantile is signi�cant at each quantile by selecting
a 5% signi�cance level and a positive value which means that all
independent variables x a�ect y signi�cantly.

Then both methods are applied for 150-degree trip generation
data. The goodness of �t of the model is based on the absolute
value of bias and the standard error. The result of both criteria
is presented in Table 4.

Based on Table 4 it is known that the absolute bias values
for �1 and �2 in all selected quantiles are smaller than the quan-
tile regression results. These results inform that the estimated
parameter in the censored quantile regression is closer to the
true value. Then, for the alleged standard error �1 and �2 the
censored quantile regression results tend to be smaller than the
quantile regression results. Based on the alleged absolute bias
value and the estimated standard error value, it can be concluded
that the censored quantile regression is better than the quantile
regression for 150 pieces of data.

Furthermore, both methods are applied for 500-degree trip
generation data. The absolute value of bias and the standard
error for both methods are presented in Table 5.

Based on Table 5 it is known that the absolute bias values for
�1 and �2 on all selected quantiles are smaller than the quantile
regression results. This informs that the estimated parameter in
the censored quantile regression is closer to the true value. Then,
for the alleged standard error �1 and �2the censored quantile
regression results tend to be smaller than the quantile regression
results. Based on the alleged absolute bias value and the esti-
mated standard error value, it can be concluded that the censored
quantile regression is better than the quantile regression for 500
data.

Then the two methods are applied for 3000 trip generation
data. To see the goodness of the model based on the absolute
value of bias and the standard error presented in Table 6.

Based on Table 6, it is known that the absolute bias values
for �1 and �2 in all selected quantiles are smaller than the quan-
tile regression results. This result informs that the estimated
parameter in the censored quantile regression is closer to the
true value. Then, for the alleged standard error �1 and �2 the
censored quantile regression results tend to be smaller than the
quantile regression results. Based on the alleged absolute bias
value and the estimated standard error value, it can be concluded
that the censored quantile regression is better than the quantile
regression for 3000 pieces of data.

Based on Tables 4,5 and 6 by taking samples of 150, 500 and
3000, respectively, information can be obtained about the good-
ness of the model in the trip generation data, by looking at the
absolute bias value where absolute bias is the di�erence between
the estimated parameter values and the actual parameter val-
ues. At each quantile, the absolute bias values for the �1 and
�2 parameters of the censored quantile regression are smaller
than the quantile regression results. These results mean that
the value of the censored quantile regression parameter is more
likely to produce an estimated value close to the actual value.
Furthermore, the alleged error standard for each selected sample
size also produces linear results. The default value of errors in
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Table 1. Parameter estimation for n=150

Quantile Quantile Regression Censored Regression Quantile
�1 �2 �1 �2

0.1 0.34463* 0.96472* 0.49998* 1.49995*
0.25 0.32798* 0.81871* 0.49874* 1.49517*
0.5 0.32192* 0.85485* 0.49439* 1.46964*
0.75 0.26694* 0.84395* 0.35997* 1.28251*
0.9 0.20029 0.81145* 0.24335 1.13395*

* Signi�cant at the 5% level

Table 2. Parameter estimation for n=500

Quantile Regression Quantile Censored Regression Quantile
�1 �2 �1 �2

0.1 0.22300* 0.71296* 0.50003* 1.50010*
0.25 0.25805* 0.78768* 0.50133* 1.50726*
0.5 0.26287* 0.76243* 0.50108* 1.56972*
0.75 0.28410* 0.78003* 0.46517* 1.57564*
0.9 0.31266* 0.82605* 0.64391* 1.70754*

* Signi�cant at the 5% level

Table 3. Parameter estimation for n=3000

Quantile Regression Quantile Censored Regression Quantile
�1 �2 �1 �2

0.1 0.27620* 0.82913* 0.50000* 1.50004*
0.25 0.27221* 0.81115* 0.50041* 1.49978*
0.5 0.27217* 0.81092* 0.50158* 1.49584*
0.75 0.30504* 0.82298* 0.51545* 1.52908*
0.9 0.33883* 0.88136* 0.55131* 1.53972*

* Signi�cant at the 5% level

Table 4. Absolute bias and standard error n=150

Quantile Absolute Bias Standard Error
Quantile Censored Quantile Quantile Censored Quantile

�1 �2 �1 �2 �1 �2 �1 �2
0.1 0.15537 0.53528 0.00002 0.00005 0.01799 0.03327 0.00101 0.00145
0.25 0.17202 0.68129 0.00126 0.00483 0.02938 0.05434 0.00256 0.00722
0.5 0.17808 0.64515 0.00561 0.03036 0.04898 0.09057 0.01956 0.03572
0.75 0.23306 0.65605 0.14003 0.21749 0.07183 0.13282 0.06149 0.16509
0.9 0.29971 0.68855 0.25665 0.36605 0.11212 0.20733 0.15635 0.27046
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Table 5. Absolute bias and standard error n=500

Quantile Absolute Bias Standard Error
Quantile Censored Quantile Quantile Censored Quantile

�1 �2 �1 �2 �1 �2 �1 �2
0.1 0.277 0.78704 0.00003 0.0001 0.008 0.01727 0.00022 0.00076
0.25 0.24195 0.71232 0.00133 0.00726 0.01602 0.03459 0.00212 0.00479
0.5 0.23713 0.73757 0.00108 0.06972 0.02108 0.0455 0.0085 0.02776
0.75 0.2159 0.71997 0.03483 0.07564 0.0288 0.06219 0.04272 0.09691
0.9 0.18734 0.67395 0.14391 0.20754 0.06351 0.13711 0.12388 0.26797

Table 6. Absolute bias and standard error n=3000

Quantile Absolute Bias Standard Error
Quantile Censored Quantile Quantile Censored Quantile

�1 �2 �1 �2 �1 �2 �1 �2
0.1 0.2238 0.67087 0 0.00004 0,00417 0.00848 0.00002 0.00007
0.25 0.22779 0.68885 0.00041 0.00022 0,00635 0.01292 0.00059 0.00154
0.5 0.22783 0.68908 0.00158 0.00416 0,00743 0.01513 0.00557 0.01145
0.75 0.19496 0.67762 0.01545 0.02908 0,00918 0.01867 0.02193 0.04434
0.9 0.16117 0.61864 0.05131 0.03972 0,02280 0.04641 0.02681 0.08018

censored quantile regression tends to be smaller than the results
of quantile regression. It can be concluded here that censored
quantile regression (CQR) is a better estimating method than
quantile regression. Especially in the case of censored data.

4. CONCLUSIONS

This study aims to �nd the estimated value of the parameters
by using quantile regression and CQR with censored data, and
this study is applied to 3 de�ned data sizes, namely 150 data
generated, respectively, and 3000 data. In this study, the inde-
pendent variables generated are normally distributed and with
abnormal errors. The results obtained on the three data sizes
generated indicate that the estimated value of the parameters in
the CQR tends to be better than the quantile regression. This
result is indicated by the prediction value of the standard error
and, the absolute value of the bias in censored quantile regres-
sion tends to be smaller. In other words, it can be concluded
that the scattered quantile regression method is better than the
quantile method.
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