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Abstract
Alluvial cliff with high slope and step has been known to cause curving sliding plane. This phenomenon is adopted as a knowledge,
but it has never been studied theoretically. In this paper, mathematics derivation phenomenon is proposed using special model of
fracture criterion g-f . The quantity of g is Af 1

2with A is a friction coefficient of stress f 1
2 . The failure model was substituted to

the corresponding Mohr circle resulting the expected curve. The curve was used to measure the observed field profile to obtain the
friction coefficient A.
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1. INTRODUCTION

Landslide is the most common disaster in steep slope area and
it is particularly occurred in rainy season (Fan et al., 2017;
Permanasari et al., 2020; Gariano and Guzzetti, 2016; Alvioli
et al., 2014). Landslide de�ned generally as the movement of
rock, debris and soil down to slope driven by gravity and pre-
conditioned by the landform (Permanasari et al., 2020). The
topic of landslides is widely studied from various disciplines
(Shanmugam and Wang, 2015). But, reports and publication
of landslides mostly described the process and qualitatively
analyzed the role of water and clays which causes less friction
coe�cient along the sloping rock body (Wu et al., 2017; Saito
et al., 2017; Wu et al., 2016; Alsubal et al., 2019). Other
studies mostly only do landslide dynamics modeling, perform
simulations to gain knowledge of how the transport process in
landslides (Li et al., 2012; Dai et al., 2014; Shi et al., 2016).
To the best of our knowledge, the quantitative analysis of pa-
rameters of the before and after disaster has not been studied
through mechanism model (De-Blasio, 2011; Zhang et al.,
2016; Bin et al., 2020; Padmaja et al., 2021). Therefore, in
this paper we developed the mechanism model to obtain the
parameters of the landslide disaster using fracture criterion
g-f. The procedure to develop the model is as follow:

1. Strat by observing the �eld phenomena
2. Constructing theoretical models by applying physical

laws in equations and with rigorous calculus to produce theo-

retical behavior.
3. If the theoretical behavior forms geometry that cor-

responds to the the actual phenomena (�eld data), then the
theoretical equations can be used to measure �eld parameters.

4. Elaborating this theory description with all results com-
prehensively, to have further results for mitigation.

In this paper, the authors introduce a comprehensive model
of a cli� with height H, under heavy rainfall that saturates
the soil–rock system and produce curved sliding plane. The
model is two dimensional (x-y), due to failure is determined
by two principal stresses namely maximum stress (fmax) and
minimum stress (fmin) (Figure 1).

Figure 1. Sketch of a Step Function Cli�
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2. THE MODEL

The model is a continuum soil–rock system. It is sliced into a
slab dx at point x and at position y, where the expected fractures
occur.

2.1 Flow of Thought Towards Mechanism: Mathematical
Physics Model of Curved Collapse

2.1.1 The Intersection of Mohr’s Circle and g = f (f)
In the Mohr-Coloumb theory it is explained that the cracking
process in solids occurs due to a combination of the critical
state of normal stress and shear stress acting on the material
(Figure 2) (Das , 2016; Labuz and Zhang , 2012).

Figure 2. Soil Elements with Normal Stress and Shear Stress
Acting on The Element (a), Force Diagram on The EFB (b)

From the rules of mechanics, what is added according to
the direction is the force, not the stress (Wesley., 2013). This
means that stress must be multiplied by the area of the �eld, as
an Equation 1 and 2 below:

EB = EF cos i (1)

FB = EF sin i (2)

By adding up the components of the force acting in the
direction N and T, we get:

f (EF ) = fxEF sin2 i +fyEF cos2 i +2gxyEF sin i cos i

or

f = fx sin2 i + fy cos2 i + 2gxy sin i cos i

or

f =
fy + fx
2

+
fy − fx

2
cos 2i + gxy sin 2i (3)

Then for the component g :

g = −fx (EF ) sin i cos i + fy (EF ) sin i cos i−

gxy (EF ) cos2 i + gxy (EF ) sin2 i

or

g = fy sin i cos i − fx sin i cos i − gxy (cos2 i − sin2 i)

or

g =
gy − gx

2
sin 2i − gxy cos 2i (4)

In the case where the planes AB and AD are major and
minor planes, the normal stress and shear stress in the plane
EF can be obtained by substituting gxy=0 in equations 3 and 4,
where fy=f1 and fx=f3 so that we get value of f and g as in
Equation 5 and 6.

f =
f1 + f3
2

+ f1 − f3

2
cos 2i (5)

g =
f1 − f3

2
sin 2i (6)

where fmax=f1 and fmin=f3 so that we get the value of f
and g as in Equation 7 and 8

f =
fmax + fmin

2
+ fmax − fmin

2
cos 2i (7)

g =
fmax − fmin

2
sin 2i (8)

then we substitute the two equations above,

cos2 2i + cos2 2i = 1

then obtained, Equation 9 is a circle as a potential crack
�eld.

(
f2 − fmax + fmin

2

)2
+ g2 =

(fmax − fmin

2

)2
(9)

Based on Mohr’s theory, a triaxial measurement method
was developed to measure rock/soil properties by measuring
the direction of cracks when the sample is pressed from three
directions (Figure 3) (Lelovic and Vasovic , 2020; Helwany,
2020). Where the triaxial test is to provide an external force
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Figure 3. Triaxial Test Sample Illustration

or stress to produce cracks in rock or solid soil according to
Mohr’s criteria (Murthy, 2002).

By recording fmax (vertical) and fmin (horizontal) measure-
ments of the angle between cracks and fmin are carried out.
Then by drawing on the g-f axis, namely drawing fmax and
fmin and the center point of the circle, Mohr’s circle can be
drawn with fmax−fmin

2 as the radius. With several experiments
with samples from the same place with di�erent combinations
of fmax and fmin , the locus points of the curve g=f(f). Because
the measurement is made from small fmax to increase, it will
get one point of tangency for each experiment which is the
tangent point of Mohr’s circle on the candidate g=f(f). From
many experiments carried out for one type of sample, it is
obtained on average using equation 10 below (Das, 2002):

g = c + f tan q (10)

Where : c = cohesion q = internal stress angle g = shear
stress f = normal stress

2.1.2 (fmax , fmin) and g = f (f) Model
For the model fmax , fmin , on a collapsed cli�, the condition
of almost collapse is used because it is saturated with water
(Thompshon and Huppert, 2007), with the outer side of the
cli� being subjected to fmin = horisontal stress = 0 because there
is no external support and the vertical side is lithostatic pressure
(hydrostatic on soil/rock) i.e. fmax = verticalstress = dg*height.
Because fmin = 0 then Mohr’s circle will pass through the
center of the circle or pass through the point (0,0) so that the
outermost layer in a certain thickness will collapse �rst.

For the model g=f(f) based on the fact that there will be
an upward curved crack, then fmax will decrease and the crack
angle will also decrease. So from the condition (0,0) where
the angle i is large, it decreases to the right in the direction of
tan i =dg/df , then the g=f(f) curve is curved from a large to
a small angle resembling a half-parabola open in the direction
of an enlarged f (Figure 4)

Figure 4.Mohr Intersection Point

It was observed that the crack angle i getting closer to
the surface is getting bigger as the fmax decreases. This phe-
nomenon provides input that referring to the de�nition of the
Mohr Coloumb diagram and the i or 2i relationship then,
small i at high fmax at the bottom and large i at small fmax
low at the top near the surface. From this situation, if it is
connected, it becomes connected (envelope) the intersection
point between Mohr’s circle (fmax = dg ∗ hei ght and fmin =
0)which passes through (0,0) will be in the form of a sketch of
the curve that has a parabolic shape that opens in the direction
of increasing f.

Mathematically, the relationship between g-f can be writ-
ten as Equation 11:

g = constantxf
1
n (11)

Since Mohr’s circle equation is a quadratic in g and f and
in order to be solved quadratic (parabolic model), we model as:

g = Ag
1
2 (12)

2.2 Starting with x = 0, y = 0 i.e The Outer Slab Contacts
with Free Surface (Air)

When water saturation increases on the cli� and reaches a
condition immediate to liquefaction (Garry, 2004), the density
of soil is d at the bottom element su�ers vertical lithostatic
stress = dgh with g is the gravitational acceleration constant. At
this outer wall, the bottom element has no stress (stress along
x�0) thus, we have maximum stress fmax= dgh and for any x
and y fmax=dg (H − y). The rupture or collapse process is the
breaking of the slab dx. The cli� will collapse from left to right
and resulting in the curving bottom part (Figure 5)

2.3 Mohr Diagram Application
Based on the conditions of fmax=dg (H − y) and fmin=0, the
Mohr circle can be drawn with the angle i is between fmin
direction (x-axis) and the fracture plane (Figure 6). By follow-
ing the geometry of g (shear stress along fracture plane ) – f
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Figure 5. Step Function Model of Cli� Body and The
Ruptured Goes from Left (Outer Slab) to Right

(normal stress on fracture plane) the Mohr’s equation circle is
is shown in Equation 13 :

y =
[
f − 1

2
dg (H − y)2

]
+ g2 =

[
1
2
dg (H − y)2

]
(13)

with

f =
1
2
dg (H − y) + 1

2
dg (H − y) cos cos2 2i)

g =
1
2
dg (H − y) sin sin 2i

Figure 6.Mohr’s Circle Equation 12

The fracture angle of this problem is,

tan tan 2i =
g

f − 1
2 dg (H − y)

Since of fmin is in direction of x axis, this will simplify the
calculus because :

tan tan i =
dy
dx

Where dy
dx is the slope direction of curving fracture line

If the value of y in equation 12 a to d is di�erent, then the
magnitude of the Mohr circle will also be di�erent (Figure 7).

Figure 7.Mohr’s Circle Equation 12 for Several y Values

2.4 Applying The Coulomb Fracture Criterion g − f

Before the model was considered, the analysis of the curving
fracture (Figure 1 and 2) show that: When f is small, the
position is near the surface, the fracture angle i is high, goes
to c

2 and, when f is large, the position is around the bottom,
the fracture angle i is low

By substituted the conditions above into the Mohr’s equa-
tion (Equation 1), the Mohr’s circle (Figure 4) became a half
parabola curve g-f as it is shown in Equation 12.

g = Af
1
2

The form of the above equation compatible with the Mohr
Circle which contains f2 and g2 as shown in Figure 7. Where
the coe�cient A can be interpreted as a friction coe�cient in
the terms of f

1
2 or A = dg

df
1
2
.

2.5 Intercepting The Mohr Circle with The g − f Model
Figure 9 is showing how the intersection between the g-f and
the Mohr circle.

The g-f curve intersects at two points and can be seen in
Figure 10 below:

1. The origin where it gives 2i∗=c→i∗= c
2 . This is the

fracture along y or the vertical fracture plane that cause slide
dx collapses

2.The point where gives 2i<c or <i c
2 . This is the fracture

at the bottom which will continuously from curving fracture
plane.

In this step the g=Af
1
2 is used for calculation of producing

i and then dy
dx to get the curve equation. Substituting equation
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Figure 8. A Sketch of g-f Model Equation

Figure 9. Intersection Between g-f Curve and Mohr Circle

13 into 12 gives value f in Equation 14 and g in Equation 15:

[
f − 1

2
dg (H − y)

]2
+ A2f =

[
1
2
dg (H − y)

]2
(14)

f2 − dg (H − y)f + A2f = 0

And since f is no always (f ≠ 0), then:

f = dg (H − y) − A2

Then for g :

g = Af
1
2 = A[dg (H − y) − A2] 12 (15)

Figure 10. The Positions of Two Fracture Planes

From de�nition f and g we can get the value of tan2 i in
Equation 16 below:

tan 2i =
g

f − 1
2 dg (H − y)

=
A[dg (H − y) − A2] 12
[ 12 dg (H − y) − A2]

tan 2i =
A[dg (H − y) − A2] 12

[dg (H − y) − A2 − 1
2 dg (H − y) − A2]

(16)

Trigonometry gives :

tan tan 2i =
2 tan i

1 − tan2 i

Produces quadratic equation of :

(tan tan 2i) tan2 i + 2 tan tan i − tan tan 2i = 0

tan tan i12 =
−2±
√
4 + 4 tan2 2i
2 tan tan 2i

=

−1±
√
1 + tan2 2i
tan tan 2i

(17)

If i goes to c
2 or y=H, and g=Af

1
2=A

[
dg (H − y) − A2

]2
has no physical meaning because if dg (H − y) = 0 the terms
under square roots are negative. The condition dg (H − y) −
A2 = 0 gives restriction:

dg (H − y) − A2 ≥ 0, A2 ≥ dh(H − y) (18)

Then, y ≤ H − A2
dg , the highest y that is following the curve.

The calculation of i then becomes :

© 2022 The Authors. Page 5 of 8
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tan tan tan i12 =

(
− 1
tan tan 2i

±

√
1

tan2 2i
+ 1

)
=

1
tan tan 2i

±

√
1 + tan2 2i
tan2 2i

= − 1
tan tan 2i

±

√
sec2 2i
tan2 2i

=
1

tan tan 2i
±

√√√ 1

cos2 i sin2 i
cos2 i

tan tan i12 = − 1
tan tan 2i

± 1
sin sin 2i

tan tan i1 = − 1
tan tan 2i

± 1
sin sin 2i

tan tan i2 = − 1
tan tan 2i

− 1
sin sin 2i

(19)

From the equation (4) :

1
tan tan 2i

=

1
2 dg (H − y) − A

2

A
[
dg (H − y) − A2

] 1
2

sin sin 2i =

A
[
dg (H − y) − A2

] 1
2√[

A2
(
dg (H − y) − A2

) ]
+

[
1
2 dg (H − y) − A2

]2
sin sin 2i =

A
[
dg (H − y) − A2

] 1
2[

A2
(
dg (H − y) − A4

)
+

[
1
2 dg (H − y)

]2
− dg (H − y)A2 + A3

] 1
2

sin sin 2i =
A

[
dg (H − y) − A2

] 1
2

1
2 dg (H − y)

1
sin sin 2i

=

1
2 dg (H − y)

A
[
dg (H − y) − A2

] 1
2

(20)

tan tan i2 = −

[
1
2 dg (H − y) − A

2
]

A
[
dg (H − y) − A2

] 1
2

+
1
2 dg (H − y)

A
[
dg (H − y) − A2

] 1
2

=
A[

dg (H − y) − A2
] > 0, 0 < i1 <

n
c
applicable

tan tan i2 = −

[
1
2 dg (H − y) − A

2
]

A
[
dg (H − y) − A2

] 1
2

+
1
2 dg (H − y)

A
[
dg (H − y) − A2

] 1
2

=

−
[
dg (H − y) − A2

]
A

[
dg (H − y) − A2

] 1
2

=
1
A

[
dg (H − y) − A2

] 1
2
< 0,

c

2
< i, c not applicable (21)

2.6 Solution For y(x): The Curve of Sliding Plane for 0 < i1 < c
2

The solution y(x) for curve sliding plane for 0 < i1 < c
2 can be

derived from equation 18 following mathematical procedure below:

tan tan i1 =
A[

dg (H − y) − A2
] 1
2

=
dy
dx

(22)

Adx =
[
dg (H − y) − A2

] 1
2 dy

let assume that Z =

[
dg (H − y) − A2

]
dZ = −dgdy

Adx = − 1
dg
Z
1
2 dZ

(23)

−Adgdx = Z
1
2 dZ

−Adgx + C1 =
2
3
Z
1
2

−Adgx + C1 =
2
3

[
dg (H − y) − A2

] 3
3

x = 0

y = 0

C1 =
2
3

[
dg (H − y) − A2

] 3
2 , A2 ≤

√
dgH

= −Adgx + 2
3

[
dg (H − y) − A2

] 3
2 − 2

3

[
dgH − A2

] 3
2

x = − 2
3Adg

[
dg (H − y) − A2

] 3
2 + 2

3Adg

[
dgH − A2

] 3
2

Using data (Xi , Zi ) and chosen H and A with,

yi ≤ H −
A2

dg
, A2 <

√
dgH

Using y as independent variable, x in equation 23 can be calculated
and then the curve can be drawn (see illustrated in Figure 11)

Equation 10 can be used as theoretical reference for general curve
�tting of the �eld data of (xi , yi ) by modifying into linear regression
through the equation with variable:

W = Uy + V

dx
dy

=
1
A

[
dg (H − y) − A2

] 1
5

(
dx
dy

)2
= − dg

A2
y + dg

A2
H − 1

(24)
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Permanasari et. al. Science and Technology Indonesia, 7 (2022) 1-8

Figure 11. Relationship Between y and x in The 11 with
Example H=30 and A= 250

The linear plot is between
(
dx
dy

)2
vs y. Where U,V can be deter-

mining by this �tting as the slope and interception: From Equation
24 A can be estimated:

U = − dg
A2
, A = −

√
dg
U

(25)

From V , H can be estimate:

V =
dgH
A2
− 1, H = ( V + 1) A

2

dg

Where A in equation 25 is the coe�cient that appears in the
near-collapse condition and H in equation 25 is height of the slope.

2.7 Application of The Model In Evaluating Field Deformation
After Sliding

Sincemost place show curving sliding plane so that we should convince
ourselves that the distribution of Coulomb failure at the curving plane
should follow:

g = Af
1
2

Figure 12. Example Data Preparation from dy/dx Inverted
Into dx/dy

In implementing the model, there a several stages as follows:
1. Determining position of vertical edge of the curving plane.
2. Make best estimate of density d (almost liquefaction) from the

material dropped left in the bottom plane. This can be also estimated
from laboratory experiment.

3. CalculatedW =

(
dx
dy

)2
from (x1 , yi ) data and make sure that

there is no dyi
dxi
� 0 because will give very large value when it is inverted

to be dx
dy (see Figure 12).

4. Do linier regression �tting inW versus y data. The case below
are the curve �tting applied in two landslide areas.

3. DISCUSSION

3.1 Landslide Mechanism and Di�culty to Get Complete Data
Required by The Theory

Conclude from the above discussion that any curving sliding plane in
believed coming from intersection between Mohr Circle of lithostatic
maximum stress with g-f criterion of g=Af

1
2 . Is used intersecting

g-f with Mohr Coulomb circles. Not like in the concept that Mohr
circle is the envelope of triaxial measurement (f is rising from a small
value) (Heckston and Rutter, 2016; Liu, 2020). The collapse process
with fmax reaching dg (H − y), it means Coulomb circle suddenly
large and intersect g-f , more over the g-f models g = Af

1
2 from

(g = 0, f=0). Therefore this will give condition with two fracture
angle 2i=c (intersection at origin) then produce i= c

2 this the vertical
angle of slicing rapture and <i< c

2 that the angle cause curving sliding
plane. Landslide occur in the heavy rainfall (Duc, 2013), no one has
given a prediction before. The cli� would collapse and was sliding, so
that no one witnessed the earth move. When realizing that happened
so that it cannot get complete observed fact data.

3.2 Meaning of Coe�cient A Related to The Practical Knowledge
of Sliding

Coe�cient A is the coe�cient that appears in the near-collapse condi-
tion. A can be correlated to the loss of cohesion of the soil and water
mixture on the cli� (Permanasari , 2017). Theoretically, the volume
of mass mixture above the curved slip plane mixed with the volume
of rainwater is what causes landslides. It should be noted that result
A and the comparison between aggregate and water volume is one
of the suggestions for early warning of collapse. In heavy rains that
last for a long time, it is possible that the amount of water reaches a
critical state which causes landslides.

4. CONCLUSIONS

Mathematical analysis using a special model g-f has been carried out
to derive the collapse mechanism and derive an equation that proves
the collapse is curved with the equation:

x =
2

3Adg

[
dg (H − y) − A2

] 3
2 + 2

3Adg

[
dgH − A2

] 3
2
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