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AbstractThe commuting graph for a finite groupG , ΓG , has a set of verticesG \ Z (G), where Z (G) is the center of G, and vp ,vq ∈ G \ Z (G)in which vp ≠ vq , are adjacent whenever vpvq = vqvp . The entries of the first Zagreb matrix (Z1) of ΓG are either the summation of thedegrees of two adjacent vertices, or zero for non-adjacent vertices and also for the diagonal entries. Meanwhile, the entries of thegreatest common divisor degree matrix (GCDD) of ΓG are the greatest common divisor of the degrees of two adjacent verticesand zero otherwise. The Z1-energy is determined by the sum of absolute eigenvalues of the corresponding Z1-matrix, whereas
GCDD-energy is the sum of absolute eigenvalues of theGCDD-matrix. In this study, we find the spectral radius and the energiesof ΓG for dihedral groups of order 2n,D2n , associated with Z1- andGCDD-matrices. It is found that Z1-energy is equal to twice
GCDD-energy, whereasGCDD-energy is similar to maximum and minimum degree energies that were reported earlier in previousliterature.
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1. INTRODUCTION

A central idea in spectral graph theory is to associate matri-
ces with graphs, notably, the adjacency matrix by knowing the
corresponding eigenvalues. Converting a chemical molecule
into a graph and measuring 𝜋-electrons energy in the molecule,
Gutman (1978) discovered the energy of a finite graph as the
summation of absolute eigenvalues. The graph energy bounds
can be seen in Filipovski and Jajcay (2021) . For simple graphs,
Das et al. (2018) supplied the bounds of energy corresponding
to the degree-based matrices. Moreover, the fact that the en-
ergy is never equal to an odd integer (Bapat and Pati, 2004) or
its square root (Pirzada and Gutman, 2008) is very important
in this research topic.

Furthermore, the graph’s spectra also emphasize the dis-
cussion of spectral radius. As defined by (Horn and Johnson,
1985) , a spectral radius for a graph ΓG is the greatest of the
absolute eigenvalues associated with the graph matrices. Sev-
eral graphs have been studied for the spectral radius problem,
for instance in Ganie and Shang (2022) . According to Chat-
topadhyay et al. (2018) , the spectral radius can be related to
power graphs for dihedral groups. In addition, the graphs on n
vertices with an energy more than the energy of the complete

graph can be categorized as hyperenergetic, or in other words
when it is more than 2(n − 1) (Li et al., 2012) .

This paper discusses the simple graph whose vertices are
group elements and whose edges are defined by the commuta-
tivity between elements, which is called the commuting graph
and is denoted by ΓG . The commuting graph for a group G
has the vertex setG \ Z (G) and vr , vs ∈ G \ Z (G) are adjacent
whenever vrvs = vsvr (Brauer and Fowler, 1955) .

Significant progress in recent years has been in the area
of algebraic graph theory specifically on commuting graphs.
For example, discussion on the spectral and energy of ΓG for
the dihedral groups based on degree exponent sum (Romdhini
et al., 2022) , maximum and minimum degree (Romdhini and
Nawawi, 2022) matrices. Meanwhile, the greatest common
divisor degree energy of some simple graphs was investigated
by Ramkumar and Nagarajan (2017) and its bounds (Ramku-
mar and Nagarajan, 2018) . Furthermore, Rad et al. (2018)
explored the bounds of Zagreb energy for simple graphs and
gave the definition of the first Zagreb and second Zagreb ma-
trices of order n × n associated with graphs. Later, Bhat and
Shetty (2024) showed the first Zagreb energy for k-half graph
and discussed its applications in their subsequent work (Shetty
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and Bhat, 2024) . Meanwhile, the discussion on hypergraph
can be seen in Sharmila et al. (2023) and the connection be-
tween Laplacian energy and the first Zagreb index has been
discussed in Hameed et al. (2022) . Shao et al. (2021) pre-
sented four types of degree-based energies: Zagreb, harmonic,
geometric-arithmetic, and sum-connectivity energies for trees.
In addition, Jahanbani et al. (2022) presented the new bounds
of Zagreb energy of a graph.

Throughout this paper, we focus on the dihedral group of
order 2n, D2n = ⟨a, b : an = b2 = e, bab = a−1⟩. The centre of
D2n is either Z (D2n) = {e} for odd n, or Z (D2n) = {e, a n2 } if
n is even (Aschbacher, 2000) . The centralizer of ai in D2n
is CD2n (ai ) = {a j : 1 ≤ j ≤ n} whereas for aib is either
CD2n (aib) = {e, aib} for odd n, orCD2n (aib) = {e, a n2 , aib , a n

2+i b}
for even n. The discussion of this paper is devoted to the com-
muting graph for D2n , where n ≥ 3.

This paper first discusses several existing results that aid the
computation of our findings, then goes on to Section 3 which
provides the formulas of energy of ΓG for dihedral groups
D2n , where n ≥ 3, associated with the first Zagreb and greatest
common divisor degree matrices. Section 4 further discusses
the relationship between Z1- andGCDD− energies of ΓG for
D2n , n ≥ 3, and also supplies some properties.

2. PRELIMINARIES

Let dvp be the degree of vertex vp.
Definition 2.1. (Rad et al., 2018) The n × n first Zagreb

matrix of ΓG is given by Z1 (ΓG ) = (Z1pq ) in which (p, q)-th
entry is

Z1pq =

{
dvp + dvp , if vp ≠ vq and they are adjacency
0, otherwise.

Definition 2.2. (Ramkumar and Nagarajan, 2017) The
n × n greatest common divisor degree matrix of ΓG is given by
GCDD(ΓG ) = (gcddpq) in which (p, q)-th entry is

gcddpq =


gcd(dvp , dvp ) , if vp ≠ vq and they are adjac

-ency
0, otherwise.

The following are the essential results to formulate the
characteristic polynomials of ΓG .

Lemma 2.3 (Ramane and Shinde, 2017) If r , s, t , and u
are real numbers, and In is an n × n identity matrix and n × n
matrix Jn in which all entries are 1, then����(𝜆 + r)In1 − r Jn1 −t Jn1×n2

−u Jn2×n1 (𝜆 + s)In2 − s Jn2

����
can be formulated simply as

(𝜆 + r)n1−1 (𝜆 + s)n2−1 ((𝜆 − (n1 − 1)r) (𝜆 − (n2 − 1)s)−
n1n2tu) ,

with 1 ≤ n1 , n2 ≤ n and n1 + n2 = n.
Theorem 2.4. (Gantmacher, 1959) If a square matrixM =[

M1 M2
M3 M4

]
can be partitioned into submatricesM1 ,M2 ,M3 ,M4,

where |M1 | ≠ 0, then

|M | =
����M1 M2

0 M4 −M3M−1
1 M2

����
= |M1 |

��M4 −M3M−1
1 M2

�� .
Lemma 2.5. (Brauer and Fowler, 1955) Let Kn represent

the complete graph with n vertices. ( J − I)n is the adjacency
matrix of Kn with its spectrum

{
n − 1)1 , (−1)n−1

}
.

The following results focus on the vertex degree of ΓG for
G = D2n \ Z (D2n) = G1 ∪ G2, where G1 = {ai : 1 ≤ i ≤
n} \ Z (D2n) andG2 = {aib : 1 ≤ i ≤ n}.

Theorem 2.6. (Romdhini et al., 2022) In ΓG for G =

G1 ∪G2, the degree of vertex

1. ai in ΓG is dai =

{
n − 3 for odd n and
n − 3 for even n

2. aib in ΓG is daib =

{
0 if n is odd
1 if n is even

Theorem 2.7. (Romdhini et al., 2022) In ΓG for D2n ,
1. ifG = G1 and m = |G1 |, then ΓG � Km,

2. ifG = G1 then ΓG �

{ −
Kn if n is odd
1 − regular graph if n is even

We denote the energy of ΓG as E(ΓG ). Graphs with n ver-
tices having energy greater than E(Kn) (or > 2(n − 1)) can be
classified as hyperenergetic (Li et al., 2012) . Since ΓG contains
2n − 1 and 2n − 2 vertices for odd and even n, respectively,
hence ΓG associated with the GCDD and Z1-matrices satisfy
the following adequate conditions to be categorized as hyper-
energetic graphs:

E(ΓG ) >
{
4(n − 1) , for odd n
4(n − 1) − 2 for even n

3. RESULTS AND DISCUSSION

The following theorem must be proved in order to formulate a
matrix’s characteristic polynomial. Additionally, we simplify
the determinants of the characteristic formula of ΓG by using
row and column operations. As a result, we define the subse-
quent notations: (i) the i-th row is called Ri ; (ii) the updated
i-th row is represented by Ri ’; (iii) the i-th column is called Ci ;
and (iv) the updated i-th column is represented by Ci ’.

Theorem 3.1. If r is a real number, n is even, and I n
2

is an
n
2 × n

2 identity matrix, then the characteristic polynomial of an
n × n matrix

M =

[
0 n
2

rI n
2

rI n
2

0 n
2

]
,

can be expressed as follows

PM (𝜆 ) = (𝜆 + r) n2 (𝜆 − r) n2 .
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Proof. Let r be a real number. The determinant |𝜆 In −M | is
the characteristic formula of M as given below

PM (𝜆 ) =
���� 𝜆 I n2 −rI n

2

−rI n
2

𝜆 I n
2

���� ,
In order to find the determinant, we have to simplify PM (𝜆 ) as
an upper triangular matrix with row and column operations as
follows:
Step 1: Replace R n

2+iby R′
n
2+i

= R n
2+i − Ri , for all 1 ≤ i ≤ n

2 .

Hence, we derive that PM (𝜆 ) becomes:

PM (𝜆 ) =
���� 𝜆 I n

2
−rI n

2

−(𝜆 − r)I n
2

(𝜆 + r)I n
2

���� ,
Step 2: Substitute Ci by C′

i = Ci + C n
2+1, where 1 ≤ i ≤ n

2 .
Consequently, we obtain PM (𝜆 ) as an upper triangular, so that

PM (𝜆 ) =
����(𝜆 − r)I n

2
−rI n

2

0 n
2

(𝜆 + r)I n
2

���� ,
Knowing that the determinant is the product of the entries of
the main diagonal, it can be immediately concluded that

PM (𝜆 ) = | (𝜆 − r)I n
2
| | (𝜆 + r)I n

2
| = (𝜆 + r) n2 (𝜆 − r) n2 .

3.1 Zagreb Energy
Theorem 3.2. Let EZ1 (ΓG ) be the first Zagreb energy of ΓG .

1. IfG = G1, then EZ1 (ΓG )
{
4(n − 2)2 for odd n
4(n − 2)2 for even n

2. IfG = G2, then EZ1 (ΓG )
{
0 for odd n
2n for even n

Proof.
1. When n is odd andG = G1, by Theorem 2.7 (1), one can

see that ΓG � Km, where m = |G1 |, excluding e in Z (D2n).
In addition, by Theorem 2.6 (1), every vertex of ΓG has
degree n − 2. By Definition 2.1, the first Zagreb matrix
of order (n − 1) × (n − 1) of ΓG in which its entries are
either (p, q)-th entry is z1pq = (n−2) + (n−2) = 2(n−2)
for distinct adjacent vp and vq , or, zero otherwise, is given
below

Z1 (ΓG ) =

a
a2
...

an−1



a a2 · · · an−1

0 2(n − 2) · · · 2(n − 2)
2(n − 2) 0 · · · 2(n − 2)

...
...

. . .
...

2(n − 2) 2(n − 2) · · · 0


= 2(n − 2)


0 1 · · · 1
1 0 · · · 1
...

...
. . .

...
1 1 · · · 0


= 2(n − 2) · A(Kn−1)

where A(Kn−1) is the adjacency matrix of K(n − 1). By
Lemma 2.5, EA(Kn−1) is |n−2| + (n−2) | −1| = 2(n−2),
then the first Zagreb energy of ΓG will be 2(n−2) ·2(n−
2) = 4(n − 2)2.

Considering even n and G = G1, by Theorem 2.7 (1)
we have ΓG � Km for m = |G1 | = n − 2, excluding e and
a
n
2 in Z (D2n). Consequently, each vertex has a degree
n − 3. Now using Definition 2.1, we then obtain an
(n − 2) × (n − 2) matrix Z1 (ΓG ) = (Z1pq ) in which (p, q)-
th entry is Z1pq = (n−3) + (n−3) = 2(n−3), for adjacent
vp and vq and zero otherwise, and it is written as follows:

Z1 (ΓG ) = a · · · a
n
2 −1 a

n
2+1 · · · an−1

a
...

a
n
2 −1

a
n
2+1

...
an−1



0 · · · 2(n − 3) 2(n − 3) · · · 2(n − 3)
...

. . .
...

...
. . .

...
2(n − 3) · · · 0 2(n − 3) · · · 2(n − 3)
2(n − 3) · · · 2(n − 3) 0 · · · 2(n − 3)

...
. . .

...
...

. . .
...

2(n − 3) · · · 2(n − 3) 2(n − 3) · · · 0


= 2(n − 3)


0 1 · · · 1
1 0 · · · 1
...

. . .
...

1 1 · · · 0


Based on Lemma 2.5, EA(K(n − 2)) = 2(n − 3), then
EZ1 (ΓG ) will be 2(n − 3) · 2(n − 3) = 4(n − 3)2.

2. When n is odd andG = G2, by Theorem 2.7, ΓG �
−
Kn , in

which every vertex has a degree zero. By Definition 2.1, it
is clear that n×n matrix Z1 (ΓG ) = [0]. The characteristic
polynomial of ΓG is det(𝜆 In − [0]) and the roots are zero
with multiplicity n. It implies EZ1 (ΓG ) = n · 0 = 0.
Considering n is even andG = G2, from Theorem 2.7,
ΓG is a 1-regular graph. In other words, there is only one
edge between aib and a

n
d2+1 b. This implies that an n × n

matrix Z1 (ΓG ) is as follows:

Z1 (ΓG ) =

b
ab
...

a
n
2 −1b
a
n
2 b

a
n
2+1b
...

an−1b

b ab · · · a n2 −1b a n2 b a n2+1b · · · an−1b

0 0 · · · 0 2 0 · · · 0
0 0 · · · 0 0 2 · · · 0
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 2
2 0 · · · 0 0 0 · · · 0
0 2 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
0 0 · · · 2 0 0 · · · 0


=
[
0 n
2

2I n
2

2I n
2

0 n
2

]
Following Theorem 3.1 with r = 2, hence the characteristic

formula of Z1 (ΓG ) is

PZ1 (ΓG ) (𝜆 ) = (𝜆 + 2) n2 (𝜆 − 2) n2 .

Therefore, we can show the first Zagreb energy of ΓG as follows:

EZ1 (ΓG ) = ( n
2
) |2| + ( n

2
) | − 2| = 2n.

Theorem 3.3. In ΓG whereG = G1 ∪G2 ⊂ D2n ,

© 2025 The Authors. Page 3 of 8
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1. for odd n , PZ1 (ΓG ) (𝜆 ) = (𝜆 + 2(n − 2))n−2𝜆 n (𝜆 − 2(n −
2)2), and

2. for even n , PZ1 (ΓG ) (𝜆 ) = (𝜆 + 2(n − 3))n−3 (𝜆 − 2(n −
3)2) (𝜆 + 2) n2 (𝜆 − 2) n2 .

Proof.
1. According to Theorem 2.6, when n is odd, dai = n−2 and
daib = 0, for every 1 ≤ i ≤ n. Now since Z (D2n) = {e}
andG = G1 ∪G2 , ΓG has 2n − 1 vertices that consist of
n−1 vertices of ai , for every 1 ≤ i ≤ n−1, and n vertices
from aib, for every 1 ≤ i ≤ n. Hence by using Definition
2.1, we derive matrices of size (2n − 1) × (2n − 1):

Z1 (ΓG ) = a a2 · · · an−1 b ab · · · an−1b
a
a2

...
an−1

b
ab
...

an−1b



0 2(n − 2) · · · 2(n − 2) 0 0 · · · 0
2(n − 2) 0 · · · 2(n − 2) 0 0 · · · 0

...
...

. . .
...

...
...

. . .
...

2(n − 2) 2(n − 2) · · · 0 0 0 · · · 0
0 0 · · · 0 0 0 · · · 0
0 0 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 0


.

Z1 (ΓG ) can be partitioned into four blocks as follows:

Z1 (ΓG ) =
[
2(n − 2) ( J − I)n−1 0(n−1) × n

0n × (n − 1) 0n

]
.

The characteristic formula of Z1 (ΓG ) is

PZ1 (ΓG ) (𝜆 ) = |𝜆 I2n−1 − Z1 (ΓG ) |

=

���� (𝜆 + 2(n − 2))In−1 − 2(n − 2) Jn−1
0n×(n−1)

0(n−1)×n
𝜆 In

����.
Using Lemma 2.3, with r = 2(n − 2) , s = t = u = 0, n1 =
n − 1 and n2 = n, we get

2. Considering even n, consequently, by Theorem 2.6, we
provide dai = n − 3 and daib = 1, for every 1 ≤ i ≤ n.
Now since Z (D2n) = {e, a n2 }, then ΓG contains 2n − 2
vertices, whereG = G1 ∪G2. It contains n − 2 vertices of
ai , with ≤ i < n

2 , n2 < i ≤ n, and n vertices of aib, where
1 ≤ i ≤ n. Again, by Definition 2.1, matrix Z1 (ΓG ) of
size (2n − 2) × (2n − 2) is
In other words,

Z1 (ΓG ) =
2(n − 3) ( J − I)n−2 0n−2)× n

2
0n−2)× n

2

0n−2)× n
2

0 n
2

2I n
2

0n−2)× n
2

2I n
2

0 n
2


Then PZ1 (ΓG ) (𝜆 ) is
PZ1 (ΓG ) (𝜆 ) = |𝜆 I2n−2 − Z1 (ΓG ) |���� (𝜆 + 2(n − 3))In−2 − 2(n − 3) Jn−2 0(n−2)× n

2

0(n−2)× n
2

𝜆 I n
2

0(n−2)× n
2

−2I n
2

0(n−2)× n
2

−2I n
2

𝜆 I n
2

����
According to Theorem 2.4 withM1 = (𝜆+2(n−3))In−2−
2(n − 3) Jn−2 ,M2 = 0(n−2)×n , M3 = 0n×(n−2) , and M4 =[
𝜆 In/2 −2In/2
−2In/2 𝜆 I n

2

]
then we get the form P(Z1 (ΓG )) (𝜆 ) =���� M1

0
M2

M4 −M3M−1
1 M2

���� = |M1 |
��M4 −M3M−1

1 M2
�� (since

M3 = 0). Now we need to obtain |M1 |. By Lemma 2.3
with r = s = t = u = 2(n − 3), and n1 = n2 =

(n−2)
2 , we

obtain

|M1 | = (𝜆 + 2(n − 3))n−3 (𝜆 − 2(n − 3)2).

Meanwhile for |M4 |, by the same argument of the proof
of Theorem 3.2 (2) for even n, then

|M4 | = (𝜆 + 2) n2 (𝜆 − 2) n2 .

Therefore,

P(Z1 (ΓG )) (o) = (𝜆 + 2(n − 3))n−3 (𝜆 − 2(n − 3)2)
(𝜆 + 2) n2 (𝜆 − 2) n2 .

Theorem 3.4. In ΓG for G = G1 ∪ G2 ⊂ D2n , the Z1-
spectral radius of ΓG is

𝜌Z1 (ΓG ) =

{
(2(n − 2)2 , for odd n
2(n − 3)2 , for even n.

Proof.
1. It is clear from Theorem 3.3 (1) that three eigenvalues

can be obtained from PZ1 (ΓG ) (𝜆 ), for the odd n.𝜆1 = 0
of multiplicity n , 𝜆2 = −2(n − 2) of multiplicity n − 2
and a single 𝜆3 = 2(n − 2)2 are its eigenvalues. Hence,

Spec(ΓG ) = {(2(n − 2)2)1 , (0)n , (−2(n − 2))n−2}.
(1)

The largest modulus of 𝜆 i for i = 1, 2, 3 is Z1-spectral
radius of ΓG as follows

𝜌Z1 (ΓG ) = 2(n − 2)2.

2. By Theorem 3.3 (2), it is apparent that there are four
eigenvalues that can be obtained for the even n case. The
first is 𝜆1 = −2(n−3) with multiplicity n-3, the other two
eigenvalues are 𝜆2 , 3 = ±2 of multiplicity n

2 , respectively.
The last eigenvalue is a single 𝜆4 = 2(n − 3)2. The
spectrum of ΓG becomes

Spec(ΓG ) ={(2(n − 3)2)1 , (2)
n
2 , (−2) n2 ,

(−2(n − 3))n−3}.

By choosing the largest modulus eigenvalue we can ob-
tain the Z1-spectral radius of ΓG as follows

𝜌Z1 (ΓG ) = 2(n − 3)2.

© 2025 The Authors. Page 4 of 8
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Z1 (ΓG ) =

a
a2

...
an−1

b
ab
...

a
n
2 −1b
a
n
2 b

a
n
2+1b
...

an−1b

a a2 · · · a
n
2 −1 a

n
2 a

n
2+1 · · · an−1 b ab · · · an−1b

0 2(n − 3) · · · 2(n − 3) 0 0 · · · 0 0 0 · · · 0
2(n − 3) 0 · · · 2(n − 3) 0 0 · · · 0 0 0 · · · 0

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

2(n − 3) 2(n − 3) · · · 0 0 0 · · · 0 0 0 · · · 0
0 0 · · · 0 2 0 · · · 0 0 0 · · · 0
0 0 · · · 0 0 2 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 2 0 0 · · · 0
0 0 · · · 0 2 0 · · · 0 0 0 · · · 0
0 0 · · · 0 0 2 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 2 0 0 · · · 0



=

[
0 n
2

2I n
2

2I n
2

0 n
2

]

Theorem 3.5. In ΓG for G = G1 ∪ G2 ⊂ D2n , the first
Zagreb energy of ΓG is

EZ1 (ΓG ) =
{
(4(n − 2)2 , for odd n
4(n − 3)2 + 2n , for even n.

Proof.
1. The first Zagreb energy for ΓG can be found by calculat-

ing the sum of the modulus of eigenvalues from Spec(ΓG )

EZ1 (ΓG ) =(n − 2) | − 2(n − 2) | + (n) |0|+
|2(n − 2)2 | = 4(n − 2)2.

2. Similarly, for even n, we can obtain EZ1 (ΓG ) using Spec
(ΓG ),

EZ1 (ΓG ) =(n − 3) | − 2(n − 3) | + |2(n − 3)2 |

+ ( n
2
) | − 2| + ( n

2
) |2| = 4(n − 3)2 + 2n.

3.2 Greatest Common Divisor Degree Energy
Theorem 3.6. LetGCDD(ΓG ) be the greatest common divisor
degree matrix of ΓG .

1. IfG = G1, thenEGCDD (ΓG ) =
{
(2(n − 2)2 , for odd n
2(n − 3)2 , for even n.

2. IfG = G2, then EGCDD (ΓG ) =
{
0, for odd n
n , for even n.

Proof.
1. When n is odd and G = G1. It follows by Theorem

2.7 (1), ΓG � Km, where m = |G1 |. Consequently,
every vertex of ΓG will have a degree of n − 2 . The
next step is to construct an (n − 1) × (n − 1) great-
est common divisor degree matrix of ΓG using Defini-
tion 2.2, GCDD(ΓG ) = Z1pq in which (p, q)-th entry is
gcddpq = gcd(n − 2, n − 2) = n − 2 for distinct adjacent

vp and vq , or, zero otherwise:

GCDD(ΓG )

=

a
a2
...

an−1

a a2 · · · an−1
0 n − 2 · · · n − 2

n − 2 0 · · · n − 2
...

...
. . .

...
n − 2 n − 2 · · · 0


= (n − 2)


0 1 · · · 1
1 0 · · · 1
...

...
. . .

...
1 1 · · · 0


= (n − 2) · A(Kn−1) ,

where A(K(n − 1)) is the adjacency matrix of K(n − 1).
In other words,GCDD(ΓG ) is the product of n − 2 and
A(Kn−1). Again, by Lemma 2.5, EA(Kn−1) is |n − 2| +
(n−2) | −1| = 2(n−2), consequently theGCDD-energy
of ΓG is (n − 2) · 2(n − 2) = 2(n − 2)2.
Considering even n andG = G1, as shown in Theorem
2.7 (1), ΓG is isomorphism to Km with m = |G1 | = n − 2.
This implies that each vertex has a degree n − 3. Now
from Definition 2.1,GCDD(ΓG ) can then be constructed
as an (n − 2) × (n − 2) matrix, which entries are either
gcddpq = gcd(n − 3, n − 3) = n − 3, for adjacent vp and
vq , or zero otherwise:
Z1 (ΓG ) =
a
...

a
n
2 −1

a
n
2+1

...
an−1

a · · · a
n
2 −1 a

n
2+1 · · · an−1

0 · · · n − 3 n − 3 · · · n − 3
...

. . .
...

...
. . .

...
n − 3 · · · 0 n − 3 · · · n − 3
n − 3 · · · n − 3 0 · · · n − 3
...

. . .
...

...
. . .

...
n − 3 · · · n − 3 n − 3 · · · 0


© 2025 The Authors. Page 5 of 8
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= (n − 3)


0 1 · · · 1
1 0 · · · 1
...

...
. . .

...
1 1 · · · 0


= (n − 3) · A,
According to Lemma 2.5, EA(2) = 2(n − 3), then the
greatest common divisor degree energy of ΓG , EGCDD (ΓG )
is (n − 3) · 2(n − 3) = 2(n − 3)2.

2. Considering odd n and G = G2. Theorem 2.7 (2) con-
firms that ΓG �

−
Kn which then implies the degree of all

vertices is zero. Thus, we have an n×nmatrixGCDD(ΓG ) =
[0]
EGCDD (ΓG ) = 0.
When n is even andG = G2. Based on Theorem 2.7 (2),
ΓG is isomorphic to a regular graph of degree one, which
has only an edge between aib and a

n
2+1b. Then following

Definition 2.2, we have an n × n matrix GCDD(ΓG ) =
[gcddpq] in which (p, q)-th entry is gcddpq = gcd(1, 1) =
1, for adjacent vp and vq , and zero otherwise. Thus, we
have

GCDD(ΓG ) =

b
ab
...

a
n
2 −1b
a
n
2 b

a
n
2+1b
...

an−1b

b ab · · · a
n
2 −1b a

n
2 b a

n
2+1b · · · an−1b

0 0 · · · 0 1 0 · · · 0
0 0 · · · 0 0 1 · · · 0
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 1

1 0 · · · 0 0 0 · · · 0
0 1 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
0 0 · · · 1 0 0 · · · 0



.

=

[
0 n
2

I n
2

I n
2

0 n
2

]
Following Theorem 3.1 with r = 1, PGCDD (ΓG ) (𝜆 ) is

PGCDD (ΓG ) (𝜆 ) = (𝜆 + 1) n2 (𝜆 − 1) n2

Therefore, we can show theGCDD-energy of ΓG as the
following:

EZ1 (ΓG ) =
n
2
|1| + n

2
| − 1| = n

Theorem 3.7. In ΓG whereG1 ∪G2 ⊂ D2n ,
1. for odd nPGCDD (ΓG ) (𝜆 ) = (𝜆 +n−2)n−2𝜆 n (𝜆 − (n−2)2),

and
2. for even nPGCDD (ΓG ) (𝜆 ) = (𝜆+n−3)n−3 (𝜆−(n−3)2) (𝜆+
1) n2 (𝜆 − 1) n2 .

Proof.
1. For the odd case, we know from Theorem 2.6 that and ,

where . Since , then we have vertices for , where . Then
by using Definition 2.2, for two distinct adjacent vertices,
the entries of are , and zero otherwise, which implies

GCDD(ΓG ) =
a
a2

...
an−1

b
ab
...

an−1b

a a2 · · · an−1 b ab · · · an−1b

0 n − 2 · · · n − 2 0 0 · · · 0
n − 2 0 · · · n − 2 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
n − 2 n − 2 · · · 0 0 0 · · · 0
0 0 · · · 0 0 0 · · · 0
0 0 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 0


.

GCDD(ΓG ) can be partitioned into four blocks as fol-
lows:

GCDD(ΓG ) =
[
(n − 2) ( J − I)n−1 0(n−1)×n

0n×(n−1) 0n

]
.

Here the characteristic formula ofGCDD(ΓG ) is

PGCDD (ΓG ) (𝜆 ) = |𝜆 I2n−1 −GCDD(ΓG ) |

=

����(𝜆 + n − 2)In−1 − (n − 2) Jn−1 0(n−1)×n
0n×(n−1) 𝜆 In

���� .
Using Lemma 2.3, with r = n−2, s= t = u = 0, n1 = n−1
and n2 = n, we get

PGCDD (ΓG ) (𝜆 ) = (𝜆 + n − 2)n−2𝜆 n (𝜆 − (n − 2)2).

2. The combination of Theorem 2.6 and GCDD-matrix
definition, we obtain that dai = n − 3 and daib = 1, for
every 1 ≤ i ≤ n, where n is even. ForG = G1 ∪G2, there
are 2n − 2 vertices for ΓG , due to Z (D2n) = {e, a n2 }, then
there are 2n −2 vertices for ΓG . It contains n −2 vertices
of ai , with 1 ≤ i < n

2 , n2 < i ≤ n, and n vertices of aib,
with 1 ≤ i ≤ n. By Definition 2.1, GCDD(ΓG ) can be
constructed as the following
In other words, it can be written by

GCDD(ΓG ) =
[ (n − 3) ( J − I)n−2 0(n−2)× n

2

0 n
2 ×(n−2) 0 n

2

0 n
2 ×(n−2) I n

2

0(n−2)× n
2

I n
2

0n/2

]
Then we obtain PGCDD (ΓG ) (𝜆 ) from the following de-
terminant

PGCDD (ΓG ) (𝜆 ) = |𝜆 I2n−2 −GCDD(ΓG ) |

=

���� (𝜆 + n − 3)In−2 − (n − 3) Jn−2
0 n
2 ×(n−2)
0 n
2 ×(n−2)

0(n−2)× n
2

0(n−2)× n
2

𝜆 I n
2

−I n
2

𝜆 I n
2

−I n
2

����
© 2025 The Authors. Page 6 of 8
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GCDD(ΓG ) =

a
a2

...
an−1

b
ab
...

a
n
2 −1b
a
n
2 b

a
n
2+1b
...

an−1b

a a2 · · · a
n
2 −1 a

n
2 a

n
2+1 · · · an−1 b ab · · · an−1b

0 n − 3 · · · n − 3 0 0 · · · 0 0 0 · · · 0
n − 3 0 · · · n − 3 0 0 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
n − 3 n − 3 · · · 0 0 0 · · · 0 0 0 · · · 0
0 0 · · · 0 0 0 · · · 0 1 0 · · · 0
0 0 · · · 0 0 0 · · · 0 0 1 · · · 0
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 1 0 0 · · · 0
0 0 · · · 0 1 0 · · · 0 0 0 · · · 0
0 0 · · · 0 0 1 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 1 0 0 · · · 0



=

[
0 n
2

I n
2

I n
2

0 n
2

]

According to Theorem 2.4 with M1 = (𝜆 + n − 3)In−2 −
(n − 3) Jn−2, M2 = 0( (n−2)×n) , M3 = 0n×(n−2) , and

M4 =

[
𝜆 I n

2
−I n

2

−I n
2

𝜆 I n
2

]
then we get the form PZ1 (ΓG ) (𝜆 ) =���� M1 M2

0 M4 −M3M−1
1 M2

���� = |M1 | |M4−M3M−1
1 M2 | (since

M3 = 0). Now we need to obtain |M1 |. By Lemma 2.3
with r = s = t = u = n − 3, and n1 = n2 = (n − 2)/2, we
obtain

|M1 | = (𝜆 + n − 3)n−3 (𝜆 − (n − 3)2)

Meanwhile for |M4 |, Using the same reasoning as in The-
orem 3.6’s proof for even n, then

|M4 | = (𝜆 + 1)n/2 (𝜆 − 1)n/2

Therefore,

PGCDD (ΓG ) (𝜆 ) =(𝜆 + n − 3)n−3 (𝜆 − (n − 3)2)
(𝜆 + 1) n2 (𝜆 − 1) n2

Considering the fact from Theorem 3.7, we can briefly
conclude the two following theorems as their implications.

Theorem 3.8. In ΓG forG = G1 ∪G2 ⊂ D2n , the GCDD-
spectral radius of ΓG is

𝜌GCDD (ΓG ) =

{
(n − 2)2 , for odd n
(n − 3)2 , for even n

Proof.
1. For the odd n case, based on Theorem 3.3 (1), the char-

acteristic formula of GCDD(ΓG ) contains three eigen-
values: 𝜆1 = −(n − 2) of multiplicity n − 2, 𝜆2 = 0 of
multiplicity n and a single 𝜆3 = (n − 2)2. Then, GCDD-
spectrum is

Spec(ΓG ) = {(n − 2)2 , 0n , (−(n − 2))n−2}

Taking the largest of 𝜆 i , for i = 1, 2, 3, then we have

𝜌GCDD (ΓG ) = (n − 2)2

2. On the other hand, for even n, Theorem 3.7 (2) shows
that PGCDD (ΓG ) (𝜆 ) has four eigenvalues: 𝜆1 = −(n − 3)
of multiplicity n − 3, 𝜆2 = (n − 3)2 of multiplicity 1, and
the last two are 𝜆3,4 = ±1, each of multiplicity n/2. Here
the spectrum of ΓG is

Spec(ΓG ) = {(n−3)2 , 2n/2 , (−2)n/2 , (−(n−3))n−3}

Hence, GCDD-spectral radius for ΓG is

𝜌GCDD (ΓG ) = (n − 3)2

Theorem 3.9. In ΓG forG = G1 ∪G2 ⊂ D2n , the GCDD-
energy of ΓG is

EGCDD (ΓG ) =
{
2(n − 2)2 , for odd n
2(n − 3)2 + n , for even n

Proof.
1. Taking the eigenvalues from Spec(ΓG ) for odd n, we

obtain the greatest common divisor degree energy of ΓG
as follows:

EGCDD (ΓG ) =(n − 2) | − (n − 2) | + (n) |0|
+ |(n − 2)2 | = 2(n − 2)2

2. Using Spec(ΓG ) for even n, we get

EGCDD (ΓG ) = (n − 3) | − (n − 3) | + |(n − 3)2 |

+ n
2
| − 1| + n

2
|1| = 2(n − 3)2 + n

3.3 Discussions
Based on the results from Theorems 3.2, 3.5, 3.6, and 3.9,
for odd n, the energy of ΓG forG = G1 ∪G2 ⊂ D2n is equal to
the energy of ΓG forG = G1, due to one component of ΓG is
isomorphism with the complete graph on n−1 vertices, and all
other components are isolated vertices. Meanwhile, for even
n, the energy of ΓG forG = G1 ∪G2 ⊂ D2n is the sum of the
energy of ΓG forG = G1 and forG = G2, since ΓG consists of
disconnected two components.

© 2025 The Authors. Page 7 of 8
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By contrasting the outcomes of Theorems 3.5 and 3.9, we
can determine the following:

Corollary 3.10. In ΓG whereG = G1 ∪G2 ⊂ D2n ,
EZ1 (ΓG ) = 2 · EGCDD (ΓG ).

Furthermore, we also obtain the classification of GCDD-
and Z1-energies of ΓG for D2n, whereG = G1 ∪G2 ⊂ D2n.

Corollary 3.11. In ΓG forG = G1 ∪G2 ⊂ D2n , ΓG corre-
sponds with theGCDD and Z1- matrices are hyperenergetic.

Corollary 3.12. Both EZ1 (ΓG ) and EGCDD (ΓG ) are never
odd numbers, and they also never represent the square root of
an odd integer.

The claim in Corollary 3.12 is consistent with the well-
known information from Pirzada and Gutman (2008) and
Bapat and Pati (2004) . Moreover, Romdhini and Nawawi
(2022) have formulated the maximum degree (MaxD) and
minimum degree (MinD) energies of ΓG for D2n , and here we
can conclude the relationship as follows:

Corollary 3.11. In ΓG whereG = G1 ∪G2 ⊂ D2n ,
EGCDD (ΓG ) = EMaxD (ΓG ) = EMinD (ΓG ).

4. CONCLUSION

The energy of the commuting graph forD2n associated with Z1
andGCDD-matrices have been investigated in this study. We
have verified the relationship between both energies, as well as
between both energies and previous literature. The obtained
energies are identified as hyperenergetic. Moving forward, our
future research will identify the graph energy where the vertex
set is defined on the ring, such as the prime ideal graph, and
extend the graph matrices, for instance, transmission-based
matrices.
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