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Abstract

The commuting graph for a finite group G, I', has a set of vertices G \ Z(G), where Z(G) is the center of G, and v,v, € G \ Z(G)
in which v, # v, are adjacent whenever v,v, = v,v,. The entries of the first Zagreb matrix (Z1) of I'; are either the summation of the
degrees of two adjacent vertices, or zero for non-adjacent vertices and also for the diagonal entries. Meanwhile, the entries of the
greatest common divisor degree matrix (GCDD) of I'; are the greatest common divisor of the degrees of two adjacent vertices
and zero otherwise. The Z | -energy is determined by the sum of absolute eigenvalues of the corresponding 7 -matrix, whereas
G CDD-energy is the sum of absolute eigenvalues of the G CDD-matrix. In this study, we find the spectral radius and the energies
of I'; for dihedral groups of order 2, Dq,,, associated with Z; - and G C DD-matrices. It is found that Z; -energy is equal to twice
G CDD-energy, whereas G CDD-energy is similar to maximum and minimum degree energies that were reported earlier in previous

literature.
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1. INTRODUCTION

A central idea in spectral graph theory is to associate matri-
ces with graphs, notably, the adjacency matrix by knowing the
corresponding eigenvalues. Converting a chemical molecule
into a graph and measuring 7-electrons energy in the molecule,
Gutman (1978) discovered the energy of a finite graph as the
summation of absolute eigenvalues. The graph energy bounds
can be seen in Filipovski and Jajeay (2021). For simple graphs,
Das et al. (2018) supplied the bounds of energy corresponding
to the degree-based matrices. Moreover, the fact that the en-
ergy is never equal to an odd integer (Bapat and Pati, 2004) or
its square root (Pirzada and Gutman, 2008) is very important
in this research topic.

Furthermore, the graph’s spectra also emphasize the dis-
cussion of spectral radius. As defined by (Horn and Johnson,
1985), a spectral radius for a graph T'; is the greatest of the
absolute eigenvalues associated with the graph matrices. Sev-
eral graphs have been studied for the spectral radius problem,
for instance in Ganie and Shang (2022). According to Chat-
topadhyay et al. (2018), the spectral radius can be related to
power graphs for dihedral groups. In addition, the graphs on n
vertices with an energy more than the energy of the complete

graph can be categorized as hyperenergetic, or in other words
when it is more than 2(n — 1) (Li et al., 2012).

This paper discusses the simple graph whose vertices are
group elements and whose edges are defined by the commuta-
tivity between elements, which is called the commuting graph
and is denoted by I';. The commuting graph for a group G
has the vertex set G \ Z(G) and v,, v; € G \ Z(G) are adjacent
whenever v,v; = v,v, (Brauer and Fowler, 1955).

Significant progress in recent years has been in the area
of algebraic graph theory specifically on commuting graphs.
For example, discussion on the spectral and energy of I'g for
the dihedral groups based on degree exponent sum (Romdhini
et al., 2022), maximum and minimum degree (Romdhini and
Nawawi, 2022) matrices. Meanwhile, the greatest common
divisor degree energy of some simple graphs was investigated
by Ramkumar and Nagarajan (2017) and its bounds (Ramku-
mar and Nagarajan, 2018). Furthermore, Rad et al. (2018)
explored the bounds of Zagreb energy for simple graphs and
gave the definition of the first Zagreb and second Zagreb ma-
trices of order n X n associated with graphs. Later, Bhat and
Shetty (2024) showed the first Zagreb energy for k-half graph
and discussed its applications in their subsequent work (Shetty
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and Bhat, 2024). Meanwhile, the discussion on hypergraph
can be seen in Sharmila et al. (2023) and the connection be-
tween Laplacian energy and the first Zagreb index has been
discussed in Hameed et al. (2022). Shao et al. (2021) pre-
sented four types of degree-based energies: Zagreb, harmonic,
geometric-arithmetic, and sum-connectivity energies for trees.
In addition, Jahanbani et al. (2022) presented the new bounds
of Zagreb energy of a graph.

Throughout this paper, we focus on the dihedral group of
order 2n, D9, = {a, b : " = b = ¢, bab = a~'). The centre of
Dy, is either Z(Dy,) = {e} for odd n, or Z(Dg,) = {e, a?} if
n is even (Aschbacher, 2000). The centralizer of @’ in Dy,
is Cp,, (a') = {a’ : 1 < j < n} whereas for a'b is either
CDQH(aib) = {e, a'b} for odd n, or CDZ,l(aib) ={e,a%,a'b, a%ib}
for even n. The discussion of this paper is devoted to the com-
muting graph for Dy,, where n > 8.

This paper first discusses several existing results that aid the
computation of our findings, then goes on to Section 8 which
provides the formulas of energy of I'; for dihedral groups
Dy, where n > 3, associated with the first Zagreb and greatest
common divisor degree matrices. Section 4 further discusses
the relationship between Z;- and GCDD- energies of I'g for
Dg,, n > 3, and also supplies some properties.

2. PRELIMINARIES

Let d,, be the degree of vertex v,.

Definition 2.1. (Rad et al., 2018) The n x n first Zagreb
matrix of I'g is given by Z;(I'c) = (Z1,,) in which (p, ¢)-th
entry is

dy, + dy,,
leqz{ p +

0, otherwise.

if v, # v, and they are adjacency

Definition 2.2. (Ramkumar and Nagarajan, 2017) The
n X n greatest common divisor degree matrix of I'; is given by
GCDD(T) = (geddyy) in which (p, ¢)-th entry is

ng (d“l),, ’ dv,, ) i
geddyy =

if v, # v, and they are adjac
-ency

0, otherwise.

The following are the essential results to formulate the
characteristic polynomials of T;.

Lemma 2.3 (Ramane and Shinde, 2017) If r, s, ¢, and «
are real numbers, and I, is an n X n identity matrix and n X n
matrix J, in which all entries are 1, then

A +r),, —rdy,

—u JnQan

_tJn] Xng

(A +95)y —sdy,
can be formulated simply as

(A +r)" "N A +9)"7 (A = (m = Dr)(A = (ng = 1)s5)—
ningtu),
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with 1 < ny,n9 < n and ny +ng = n.
Theorem 2.4. (Gantmacher, 1959) If a square matrix M =

M, M
! 2| canbe partitioned into submatrices My, My, Mg, My,
Ms M,
where [M1| # 0, then

M, My
0 My —M3M1_1M2

= [My| |My — MsM [ M| .

M| =

Lemma 2.5. (Brauer and Fowler, 1955) Let K,, represent
the complete graph with n vertices. (J — I), is the adjacency
matrix of K,, with its spectrum {n -l (—1)”‘1}.

The following results focus on the vertex degree of T'; for
G = Dy, \ Z(Dg,) = G; UGy, where G; = {a’ : 1 < i <
n} \ Z(Dsg,) and Gy = {a’b : 1 <i < n}.

Theorem 2.6. (Romdhini et al., 2022) In I'g for G =
G1 U Gy, the degree of vertex
n—38 foroddnand

n—-38 forevenn
0 ifnisodd
1 ifniseven

Theorem 2.7. (Romdhini et al., 2022) In T for Dy,
1. ifG=Gyandm = |G1|,_then I'c =K,

KVI
1 — regular graph

1. ¢ inT¢ is dy, z{

2. d'binTy is dop =

ifn is odd

2. ifG =Gy then I = ]
if nis even
We denote the energy of I'; as E(I'g). Graphs with n ver-
tices having energy greater than E(K,,) (or > 2(n — 1)) can be
classified as hyperenergetic (Li et al., 2012). Since I'g contains
2n — 1 and 2n — 2 vertices for odd and even n, respectively,
hence I'; associated with the GCDD and Z;-matrices satisfy
the following adequate conditions to be categorized as hyper-

energetic graphs:

4(n-1), for odd n

4(n-1)—-2 forevenn

ETg) > {

3. RESULT'S AND DISCUSSION

The following theorem must be proved in order to formulate a
matrix’s characteristic polynomial. Additionally, we simplify
the determinants of the characteristic formula of ' by using
row and column operations. As a result, we define the subse-
quent notations: (i) the i-th row is called R;; (ii) the updated
i-th row is represented by R;’; (iii) the i-th column is called C;;
and (iv) the updated i-th column is represented by C;’.

Theorem 3.1. If 7 is a real number, 7 is even, and Iz is an
§ X g identity matrix, then the characteristic polynomial of an
n X nm matrix

M:[Og TI;]’

ri Ox
2 2
can be expressed as follows

Py(Q)= (A +r)8(A —1r)2.

Page 2 of 8



Romdhini and Nawawi

Proof. Let r be a real number. The determinant |11, — M| is
the characteristic formula of M as given below

Py (1) =

Aln —rl
2 2
—rln Al |’
2 2

In order to find the determinant, we have to simplify Py; (1) as

an upper triangular matrix with row and column operations as

follows:

Step 1: Replace Ry,;by R}, . = Ryy; — R;, forall 1 <i < 3.
2

Hence, we derive that Py; (1) becomes:

Aln
g

—TI‘LI
P)W(/l): —(/l—?‘)]% : '7

(/l +7‘)1%

Step 2: Substitute C; by C! = C; + C%H, where 1 <7 < 3.
Consequently, we obtain Py; (1) as an upper triangular, so that

(/1 —7”)[%

_TIE
PM(/U=' 0. 2 ‘
5

(/1 +T)I%

Knowing that the determinant is the product of the entries of
the main diagonal, it can be immediately concluded that

Py(2) = (A =) [[(A+ 1)y = (A +7)2 (A =7)%.

3.1 Zagreb Energy
Theorem 3.2. Let E7, (I'g) be the first Zagreb energy of I';.

4(n-2)* foroddn
L. IfG = Gy, then Ez, (T :
1 en Z]( C) {4(71_2)1 foreven n
0 foroddn

2n foreven n

9. If G = Gy, then Ez, (Tg) {

Proof.
1. When 7 is odd and G = G, by Theorem 2.7 (1), one can
see that T'g = K,,,, where m = |G|, excluding e in Z(Dg,,).
In addition, by Theorem 2.6 (1), every vertex of I'; has
degree n — 2. By Definition 2.1, the first Zagreb matrix
of order (n — 1) x (n — 1) of I'; in which its entries are
either (p, ¢)-thentryisz;, = (n-2)+(n-2) =2(n-2)
for distinct adjacent v, and vy, or, zero otherwise, is given

below
. a a2 an—l
% 0  2n-9 9n -2)
Z1(Tg) = : 2(n-2) 0 2(n-2)
an‘—l . .
9n-2) 2n-2) 0
0 1 -1
=2(n-2) =2(n-2)-A(Ky-1)

where 4(K,_1) is the adjacency matrix of K(n — 1). By
Lemma 2.5, E 4(K,—1) is [n = 2|+ (n—2)| - 1| = 2(n - 2),
then the first Zagreb energy of T'¢ will be 2(n —2) - 2(n —
2) =4(n - 2)%.

© 2025 The Authors.

Science and Technology Indonesia, 10 (2025) 1-8

Considering even n and G = G1, by Theorem 2.7 (1)
we have I'; = K, form = |G| = n — 2, excluding e and
a? in Z(Ds,). Consequently, each vertex has a degree
n — 3. Now using Definition 2.1, we then obtain an
(n—2) x (n—2) matrix Z,(T'¢) = (Z1,,) in which (p, q)-
thentryis Z;, = (n-3)+(n-3) = 2(n-3), for adjacent
v, and v, and zero otherwise, and it is written as follows:

Z1Tg)= a ot gl e
a 10 2n-38) 2(n-38) 2(n = 3)]
a1l |2 '_ 3) - () 2(n - 3) 2(n - 3)
astl [2(n-38) 2(n—3) 0 2(n - 3)
a1 l2m-38) 9n-3) 2n-38) - 0
o 1 --- 1
0o --- 1
=2(n-38)
11 -+ 0

Based on Lemma 2.5, E4(Kn - 2)) = 2(n — 3), then
E; (I'g) willbe 2(n - 3) - 2(n = 3) =4(n - 3)2.

2. When n is odd and G = Gg, by Theorem 2.7, ' =K,, in
which every vertex has a degree zero. By Definition 2.1, it
is clear that n xn matrix Z1 (I') = [0]. The characteristic
polynomial of T is det (11, — [0]) and the roots are zero
with multiplicity n. It implies £z, (I'g) =n-0=0.
Considering 7 is even and G = Gg, from Theorem 2.7,
I'c is a 1-regular graph. In other words, there is only one
edge between a'b and a@1b. This implies that an 7 X n
matrix Z(I'g) is as follows:

n n n
b bab---a? Ybatbas*h - " 1b

b 00 --- 020 - 0]
00 --- 002 -~ 0
a%;lb :
26 = "y, 0 00 0 9
w1, |20 00 0 0
a 0 2 0 0 0 0
n;l
a"=b g 9 0 0 0
0. 9
= 2 2
9l, O
2 2

Following Theorem 8.1 with r = 2, hence the characteristic
formula of Z; (I') is

Pz, (Te)(A) = (A +2)2(2 - 2)%.
Therefore, we can show the first Zagreb energy of I'; as follows:
n n
Ez,(T6) = (3121 + (5)] - 21 = 2.

Theorem 3.3. In ' where G =G| UGy C Dy,
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1. forodd n, Pz, (T¢)(A) = (2 +2(n - )" 22"(A - 2(n —
2)?2), and

2. for even n, Pz, (Tg)(A1) = (1 +2(n — 8))"3(1 — 2(n -
3)2)(1+2)% (1 —2)%.

Proof.

1. According to Theorem 2.6, when n is odd, d,; = n—2 and
d,i, =0, for every 1 < i < n. Now since Z(Dg,) = {e}
and G = G1 U Gy, I' has 2n — 1 vertices that consist of
n—1 vertices of a’, for every 1 <i < n—1, and n vertices
from a'b, for every 1 < i < n. Hence by using Definition
2.1, we derive matrices of size (2n — 1) x (2n — 1):

Z1(Tg) = a a? "1 b ab a1
a [ 0 2(n —2) 2m-2) 0 0 --- 0
@ |2n-2) 0 9n-2 0 0 --- 0
@l 2-2) 2m-2) --- 0 00 - 0

b 0 0 0 o 0 --- o
ab 0 0 0 o o0 --- 0
o0 0 0 00 - 0

Z1(I'¢) can be partitioned into four blocks as follows:

2n =2)(J =1)y-1 O@o1)y X1

Aille) = [ 0, % (n = 1) 0,

The characteristic formula of Z1 (I') is

Pz, (ro)(A) = |91 = Z1(Ig)]
| A+2(n =201 1 - 2(n-2)J, 1
B 0n><(n71)

O(n—l)xn
A1,

Using Lemma 2.3, withr =2(n - 2),s=t=u=0,ny =
n — 1 and ng = n, we get

2. Considering even n, consequently, by Theorem 2.6, we
provide d;; =n — 3 and d;, = 1, forevery 1 < i < n.
Now since Z(Dg,) = {e, a%}, then I' contains 2n — 2
vertices, where G = G1 U Gy. It contains n — 2 vertices of
at, with <7 < 5, g <1 <n,and n vertices of a'b, where
1 <7 < n. Again, by Definition 2.1, matrix Z1 (I'g) of
size (2n —2) X (2n — 2) is
In other words,

Z,(I'g) =
2(7l — 3)(J —I)n_Q On—Q)X% On—2)><%
071—2))(% 0% 21%
071—2))(% 21% 0%

Then PZ| (T) (/l) is
Pz ) (1) = [ gy—9 — Z1(IG)
(/l + 2(” - 8))[1172 - 2(” - 3) Ju-29 0(n72)><%
U(n,Q)X% /11%
0(n-9)x2 21

© 2025 The Authors.
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0(n-9)x2

=21

2

/11%
According to Theorem 2.4 with My = (1+2(n—-38))1,,_o—
2(n = 3)Jy-9, Mg = 0(n—2)><n7 Mg = 0n><(n—2); and My =
/lI’n/Q _2171/2

—21,/9 /11%
M, My _ o1 .
0 M4 —M3M1_1M2 = |M1| |M4 —]\/[3]\41 M2|(smce

M3 = 0). Now we need to obtain |M;|. By Lemma 2.3
(n—2)
2 ’

] then we get the form PZ;(I'g))(1) =

withr =s=t=u=2(n-38),and n| = ng =
obtain

we

IMi]= (1 +2(n—-38))""3( =2(n-38)%).

Meanwhile for |My|, by the same argument of the proof
of Theorem 3.2 (2) for even n, then

My = (A +2)3(1 - 2)%.
Therefore,
PZ1(T))(A) = (A +2(n - 8))" (4 - 2(n - 8)*)
(1+2)5(1 -92)5.
Theorem 3.4. InTg for G = G} UGy C Dy, the Z;-

spectral radius of I';; is

2(n - 8)%,

for evenn.

(2(n-2)%, foroddn
PZi(Tg) =

Proof.

1. Itis clear from Theorem 3.3 (1) that three eigenvalues
can be obtained from Pz, (r)(1), for the odd n.41 =0
of multiplicity n, 19 = =2(n — 2) of multiplicity n — 2
and a single A3 = 2(n — 2)? are its eigenvalues. Hence,

Spec(T'g) = {(2(n - 2)2)1, 0", (-2(n - 2))71—2}'
(1)

The largest modulus of 2; fori =1, 2, 8 is Z1-spectral
radius of I'; as follows

le(l"G) = 2(" - 2)2‘

2. By Theorem 3.3 (2), it is apparent that there are four

eigenvalues that can be obtained for the even n case. The
firstis 11 = —2(n—3) with multiplicity n-3, the other two
eigenvalues are A9, 8 = +2 of multiplicity §, respectively.
The last eigenvalue is a single 14 = 2(n — 8)2. The
spectrum of I'; becomes

Spec(Te) ={(2(n - 3)H)", (2)%, (-2)%,
(—2(n - 8))"}.

By choosing the largest modulus eigenvalue we can ob-
tain the Z;-spectral radius of I'; as follows

le Tg) = 2(” - 3)2
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n_ n 74

a a a* -+ a? a? a?
a2 [ 0 2(n—-3) 2(n —3)
. 9(n - 3) 0 9(n - 3)
N R
, 9n—-3) 2n-3) --- 0
ZTg)= - 0 o0
1 ; ' :
ar b 0 0 0
a?b 0
a¥*lh 0 0 0
a1h 0 0 o 0

Theorem 3.5. In I'g for G = G; U Gy C Dy, the first
Zagreb energy of ['g is

(4(n-2)%,
4(n—38)2%+2n,

for odd n

for evenn.

Ez (Tg) = {

Proof.
1. The first Zagreb energy for I'; can be found by calculat-
ing the sum of the modulus of eigenvalues from Spec(I'¢;)

Ez (T'g) =(n = 2)| = 2(n = 2)| + (n)[0]+
12(n - 2)%| =4(n - 2)2.
2. Similarly, for even n, we can obtain £z, (I'g) using Spec
(T'c),
Ez,(I6) =(n = 8)| = 2(n = 8)| +12(n - 8)*|
-Mgﬂ-2h{gﬂ%:4@-3f+2w
3.2 Greatest Common Divisor Degree Energy

Theorem 3.6. Let GCDD(I';) be the greatest common divisor
degree matrix of I';;.

(2(n —2)2, foroddn
L. IfG = Gy, then Egepp (Tg) =
1 en Lig (DD( € ) {Q(H _ 3)2, for evenn.
0, foroddn

2. If G = Gg, then Egcpp(Tg) = {

n, forevenn.
Proof.

1. When 7 is odd and G = G;. It follows by Theorem
2.7 (1), Ty = K,, where m = |Gj|. Consequently,
every vertex of I'¢ will have a degree of n — 2 . The
next step is to construct an (n — 1) X (n — 1) great-
est common divisor degree matrix of I'g using Defini-
tion 2.2, GCDD(I'¢) = Z,,, in which (p, ¢)-th entry is
geddyy = ged(n — 2, n — 2) = n — 2 for distinct adjacent

© 2025 The Authors.
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n—1 b oab - (l"_lb
0O - 0 0 0 --- 07
0 o o0 o0 --- 0
0 0 0 O 0
0 0 0 0 0
2 0 0 0 0 [03 2’5}
2[n Oxn
. . 2
0 2 0 0 0
0 0 0 0 0
2 0 0 0 0
0 2 0 0 0
vy, and vy, or, zero otherwise:
GCDD(Tg)
. a 02 an—l
9 0 n—2 n—2
a
— n-—2 0 n—2
n.—l
¢ n-92 n-9 0
0 1 1
1 0 1
=(n-2) .
1 1 0

= (71 - 2) ' A(Kn—l),

where A(Kn — 1)) is the adjacency matrix of K(n — 1).
In other words, GCDD(I';;) is the product of n — 2 and
A(K,_1). Again, by Lemma 2.5, E 4(K,,_1) is |[n — 2| +
(n—=2)|-1] = 2(n-2), consequently the GCDD-energy
of Tgis(n—2)-2(n—-2)=2(n-2)>%

Considering even n and G = G, as shown in Theorem
2.7 (1), T'; is isomorphism to K, withm = |G| =n - 2.
This implies that each vertex has a degree n — 3. Now
from Definition 2.1, GCDD(T';) can then be constructed
as an (n — 2) X (n — 2) matrix, which entries are either
geddyy = ged(n — 8, n — 8) = n — 3, for adjacent v, and
vy, or zero otherwise:

Z1(Tg) =
a a “e a%_l a%+l “e an_l
0 v o m—=3 n-38 n— 3]
e : - : : :
14l n—-3 - 0 n-3 n—3
“ n-8 - n-38 0 n-3
a"‘_l : : : i :
n—-3 n-38 n—-38 --- 0
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01 - 1

1 0 - 1
=(n-3)].

11 - 0
=(n-3)-4,

According to Lemma 2.5, E4(2) = 2(n — 3), then the
greatest common divisor degree energy of I', Egcpp (I'g)
is(n—238)-2(n—-38)=2(n-8)%

2. Considering odd n and G = Gy. Theorem 2.7 (2) con-
firms that I'; =K, which then implies the degree of all

vertices is zero. Thus, we have an nxn matrix GCDD(I') =

(0]

Ecepp(Tg) = 0.

When 7 is even and G = Gg. Based on Theorem 2.7 (2),
I'; is isomorphic to a regular graph of degree one, which
has only an edge between a’b and a¥*'5. Then following
Definition 2.2, we have an n X n matrix GCDD(T';) =
[geddy,] in which (p, g)-th entry is geddy, = ged(1, 1) =

1, for adjacent v, and v,, and zero otherwise. Thus, we

have

bab-- ai Ybaiba?*lh ... o 1b

b o o0 --- 01 0 --- 0]

ab o0 --- 001 --- 0

GCDD(T) = a%;lb o0 --- 0 0 0 --- 1

’ G)= a?b

ALY 1 0 0 O 0

0 1 0 0 0 0

a";lb
0 0 1 0 0 0

0z In

= ) g
I» 0O»

B g

Following Theorem 8.1 with » = 1, Pgepp(ry) (4) is

Pocppirg) (1) = (A + 12— 1)8

Therefore, we can show the GCDD-energy of I'; as the
following:

n n
Ez(T) = g1+ 51— 1l=n

Theorem 3.7. In I'; where G; UGg € Dy,
1. forodd nPscppry)(Ad) = (A +n -9 221" (A - (n—-2)?),

and
2. foreven nPgeppry)(4) = (A +n-8)""3(1-(n-8)?)(1+
(1 -1)3.
Proof.

1. For the odd case, we know from Theorem 2.6 that and ,
where . Since , then we have vertices for , where . Then
by using Definition 2.2, for two distinct adjacent vertices,
the entries of are , and zero otherwise, which implies

© 2025 The Authors.
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GCDD(Tq) =

“ a a B A JY S a"’lb_
a2 0 n-—2 n-2 0 0 --- 0
n—2 0 n-2 0 0 --- 0

. : : SR :
b n-2 n-2 - 0 0 0 0
b 0 0 .- 0 o o0 --- 0

a"ilb

0 0 0 0 0 0

GCDD(T'g) can be partitioned into four blocks as fol-
lows:

GCDD(Tg) = [(n =2)(J = Du 0(71—1)><n} ]

0n><(n71) On
Here the characteristic formula of GCDD(I;) is
Peepp(T'g)(4) = [Ag-1 = GCDD(I'g)|

(/l +n - 2)1,,,1 - (n - 2)"7171
Onx(n-1)

O(n—l)xn
Al

Using Lemma 2.3, withr =n-2,s=t =u=0,n, =n-1
and ng = n, we get

Poepp(T)(A) = (A +n—2)" 22" (A = (n - 2)%).
2. The combination of Theorem 2.6 and GCDD-matrix

definition, we obtain thatd, =n — 38 and d,;, = 1, for
every 1 < ¢ < n, where n is even. For G = G| UGy, there
are 9n — 2 vertices for I'g, due to Z(Dsy,) = {¢, a?}, then
there are 2n — 2 vertices for I'. It contains n — 2 vertices
of a, with1 < i < 5, g <1 < n,and n vertices of a'b,
with 1 <4 < n. By Definition 2.1, GCDD(T;) can be
constructed as the following

In other words, it can be written by

(n=3)(J =Du-2 Op-2)xs

GCDD(Tg) = O%x(n—Q) 0%
O%X(u—Q) 1%
0(n-2)x2
)
0,/2

Then we obtain Pscpp(I'g)(A) from the following de-
terminant

Peepp(Tg)(4) = |Alg,—9 — GCDD(Ig)|
A+n=-38),_9—(n-38)J,_9

= O2x(n-2)
02x(n-2)
Om-2)xz  Om-2)x2
Al —In
2 2
Al —In
2 2
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a a a2 a%71 a% a%Jrl

a2 [ 0 n-3 - n—-3

. n—3 0 n—3
an.—l
b n-3 n-38 0
b 0 0 0
GCDD(Tg) = 0 0 0
%._1!) :
¢ 5 0 0 0
a%’+1 0 0 0
a™h 0 0 0
" 1p 0 0 0

According to Theorem 2.4 with My = (1 +n —3)I,_9 —

(n - 3)*’11—2» My = 0((7[—2)><n)’ M3 = 0n><(n—2): and

Al —Ix
M,y = [_[i /lli] then we get the form Pz (r;)(1) =
2 2
M M. ‘
‘ 01 M, —M;Wl‘lMg ’ = |M||My—MgM ' My (since

Mg = 0). Now we need to obtain [M;]. By Lemma 2.3
withr=s=t=u=n-38,and n| =ng = (n — 2)/2, we
obtain

IMi] = (A +n=38)""( = (n=8)*)

Meanwhile for [My], Using the same reasoning as in The-
orem 38.6s proof for even n, then

Myl = (4 + 1) - 1)
Therefore,
Poepp(T6)(4) =(A +n = 8)"3(A - (n - 8)?)
A+ -1)?

Considering the fact from Theorem 8.7, we can briefly
conclude the two following theorems as their implications.
Theorem 38.8. In I'; for G = G; U Gy C Dy, the GCDD-

spectral radius of T is

for odd n

for even n

_ (n - 2)2:

PGCDD((Tg) = (n - 3)2’

Proof.

1. For the odd 7 case, based on Theorem 3.3 (1), the char-
acteristic formula of GCDD(T';) contains three eigen-
values: 41 = —(n — 2) of multiplicity n — 2, 19 = 0 of
multiplicity 7 and a single A3 = (n — 2)2. Then, GCDD-
spectrum is

Spec(I') = {(n - 2), 0", (—(n - 2))" %}
Taking the largest of A;, fori = 1, 2, 3, then we have

PGepD(ITg) = (n = 2)*
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(l"_l b ab an—lb

o o0 --- 0 0 O 0]

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0 _ loz Iy }
In Oz

. . : . . . 2 2

0 0 1 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

0 0 100 0 |

2. On the other hand, for even n, Theorem 8.7 (2) shows

that Pocpp(Tg)(A) has four eigenvalues: 11 = —(n — 3)
of multiplicity n — 8, 19 = (n — 8)% of multiplicity 1, and
the last two are 13 4 = x1, each of multiplicity n/2. Here
the spectrum of T is

Spec(Tg) = {(n—28)%,2"2, (-2)"2, (=(n-3))" "%}
Hence, GCDD-spectral radius for I'; is
pGeDD(r) = (n = 3)*
Theorem 3.9. In I'; for G = G; UGy C Dy, the GCDD-
energy of ['g is
2n —2)?,
2n-8)% +n,

for odd n

for even n

Ecepp(Tg) = {

Proof.

1. Taking the eigenvalues from Spec(I'g) for odd n, we
obtain the greatest common divisor degree energy of I'g
as follows:

Eccpp(Tg) =(n = 2)| = (n = 2)| + (n)]0]
+|(n=2)%=2n-2)*2

2. Using Spec(T'¢) for even n, we get

EGepp(T) = (n—8)| = (n = 8)| +|(n — 8)|
m e M 2 90— 3)2
+2| 1|+2|1| 2(n-3)*+n

3.3 Discussions

Based on the results from Theorems 3.2, 3.5, 3.6, and 3.9,
for odd n, the energy of T'; for G = G; U Gy C Dy, is equal to
the energy of I';; for G = Gy, due to one component of I';; is
isomorphism with the complete graph on n — 1 vertices, and all
other components are isolated vertices. Meanwhile, for even
n, the energy of I'; for G = G1 U Gy C Dy, is the sum of the
energy of I'; for G = G and for G = Gy, since I' consists of
disconnected two components.
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By contrasting the outcomes of Theorems 8.5 and 3.9, we
can determine the following:
Corollary g.10. In T'; where G = G} UGy C Dy,

E; (I'g)=2-Egepp(Tg).

Furthermore, we also obtain the classification of GCDD-
and Z;-energies of I'; for Don, where G = G} UGy C Dy,

Corollary 3.11. InI'; for G = G} U Gg C Dy, I'; corre-
sponds with the GCDD and Z; - matrices are hyperenergetic.

Corollary 3.12. Both E7 (I'c) and Egcpp(I'g) are never
odd numbers, and they also never represent the square root of
an odd integer.

The claim in Corollary 3.12 is consistent with the well-
known information from Pirzada and Gutman (2008) and
Bapat and Pati (2004). Moreover, Romdhini and Nawawi
(2022) have formulated the maximum degree (M axD) and
minimum degree (MinD) energies of I'; for Dy, and here we
can conclude the relationship as follows:

Corollary 3.11. In I'¢ where G = G; U Gg C Dg,,

Eccpp(T6) = Emaxn(T6) = Eminp(T').

4. CONCLUSION

The energy of the commuting graph for Dy, associated with Z;
and GCDD-matrices have been investigated in this study. We
have verified the relationship between both energies, as well as
between both energies and previous literature. The obtained
energies are identified as hyperenergetic. Moving forward, our
future research will identify the graph energy where the vertex
set is defined on the ring, such as the prime ideal graph, and
extend the graph matrices, for instance, transmission-based
matrices.
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