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AbstractA function with complex values and at every point of the specific domain contains a derivative is commonly known as analyticfunctions which is also referred as holomorphic functions. We begin by interpreting A as the class for all holomorphic functions
L(𝜉 ) with a Taylor series expansion written in the form L(𝜉 ) = 𝜉 + Σ∞

i=2xi𝜉
i where xi ∈ ℂ and 𝜉 ∈ D. D is the open unit disk where

D = {𝜉 : 𝜉 ∈ ℂ, |𝜉 | < 1}. Furthermore, we suggest the subclass of A that is univalent inD represent as S. It is commonly knownthat the main subclasses of class S are the class of starlike function and the class of convex function. To develop and analyze theFekete-Szegö problems, the theory of geometric function contributes significantly to this. Moreover, the frequent use of q-calculusas a general direction of research amongmathematicians has caught our attention. In this research, we attained the initial coefficients,
x2 and x3, and the upper bound for the functional |x3−vx22 | of functions L in the two new subclasses that are introduced by involvingthe Sălăgeăn q-differential operator,M𝜂

q L(𝜉 ) and the definition of subordination.
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1. INTRODUCTION

As to get down along the study, we express A as the class for
all holomorphic functions L(𝜉 ) in the open unit disk D = {𝜉 :
𝜉 ∈ ℂ, |𝜉 | < 1} and present as in the equation below:

L(𝜉 ) = 𝜉 + Σ∞
i=2x1𝜉

i (1)

Al-Shbeil et al. (2023) declared that (1) is also called the
Taylor’s series expansion of L. We also suggest S represent as
the subclass of class A that is univalent in D. Kowalczyk and
Lecko (2014) stated that it is commonly known in fact the class
of starlike function and the class of convex function classified
as the main subclasses of class S.

Khan et al. (2017) interpret the subordination as L < h in
D or L(𝜉 ) < h(𝜉 ) with the condition of L and h are in A and
𝜉 ∈ D.

However, Khan et al. (2022) declared that the interpreta-
tion of subordination remains valid if a Schwarz function y(𝜉 )
exists in the condition of it is holomorphic in D, y(0) = 0 and
|y(𝜉 ) | < 1 for all 𝜉 ∈ D. For example, L(𝜉 ) = h(y(𝜉 )) where

𝜉 ∈ D.
In the late 19th and early 20th centuries, the subject of

geometric function theory has turned into mathematicians’
research inclination as to investigate the mapping between
complex analytic functions and their geometric characteris-
tics (Oros, 2023) . Fekete-Szegö problem is found by Fekete
and Szeö (1933) and is a long-established geometric function
theory that emphasize on the functional |xi+1 − xi |, where xi
express as the i th coefficient of the expansion of the power se-
ries of a holomorphic function. Furthermore, Fekete-Szegö
inequality yields a specific inequality for coefficients, but the
Fekete-Szegö functional designates a more comprehensive class
of holomorphic functions on the basis of quasi-subordination
principles (Srivastava et al., 2018) .

We are aware about the topics of q-calculus have turn into a
popular direction of research for the mathematicians. Jackson
(1909, 1910) was the first generation of researcher that dived
into the topics of q-integral and q-derivative more thoroughly.
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The q-derivative operator is interpreted as

DqL(𝜉 ) =
{
L(q𝜉 )−L(𝜉 )

(q−1)𝜉 for 𝜉 ≠ 0, 0 < q < 1

L′ (0) for 𝜉 = 0
(2)

for functions L which are differentiable at 𝜉 = 0 (Ramachan-
dran et al., 2017) . Then, D𝜂

q L is further defined as

D𝜂
q L(𝜉 ) = 𝜉Dq (D𝜂−1

q L𝜉 )

for 𝜂 = 1, 2, 3, . . . , where D0q = L (Akca et al., 2019) .
Utilizing the use of q-derivative operator, the classes, S∗q ,𝜂 (𝛼)

and Cq ,𝜂 (𝛼) are established and can be written as below

S∗(q ,𝜂 ) (𝛼) =
{
L ∈ A : Re

(
𝜉Dq (M𝜂

q L(𝜉 ))
M𝜂
q L(𝜉 )

)
> 𝛼 , 𝜉 ∈ D

}
and

C(q ,𝜂 ) (𝛼) =
{
L ∈ A : Re

(
1 +

𝜉qDq (Dq (M𝜂
q L(𝜉 )))

DqM
𝜂
q L(𝜉 )

)
> 𝛼 , 𝜉 ∈ D

}
where 0 ≤ 𝛼 < 1, 0 < q < 1 and 𝜂 ∈ N (Alsoboh and Darus,
2019) .

There are numerous researchers that have done studies
related to establishing subclasses of holomorphic functions by
utilizing the interpretation of subordination. To be precise,
some researchers have procured the coefficients, |x2 | and |x3 |,
and the upper bound for the Fekete-Szegö functional, |x3−vx22 |,
of functions L. Apart from that, there are several researchers
introduced multiple new subclasses involving q-derivative(or
q-differential) operator (Andrei and Cuas, 2021; Amini et al.,
2022; Ayinla and Opoola, 2019; Ahmad et al., 2021; Hussain
et al., 2018; Hern et al., 2022; Hussain et al., 2017; Hu et al.,
2022; ?; Naeem et al., 2019; Shaba et al., 2023; Srivastava
et al., 2021; Saliu et al., 2020; Yie and Janteng, 2024; Janteng
et al., 2020; Zainab et al., 2021) . We generalized the ideas
from these researchers, and we intend to acquire the initial
coefficients along with the upper bound for the Fekete-Szegö
functional of functions L for the two new subclasses involving
the Sălăgeăn q-differential operator and the interpretation of
subordination.

Alsoboh and Darus (2019) ’s concept is our main reference
where they established M𝜂

q L(𝜉 ) as the q-differential operator
of a function L in the form of (1):

M0
q L(𝜉 ) = L(𝜉 ) ,

M1
q L(𝜉 ) = 𝜉DqL(𝜉 ) = 𝜉 +

∞∑︁
i=2

[i]qxi𝜉 i ,

and

M𝜂
q L(𝜉 ) = 𝜉Dq

(
M𝜂−1
q L(𝜉 )

)
= 𝜉 +

∞∑︁
i=2

[i]𝜂q xi𝜉 i , (3)

with [i]q = 1−qi
1−q .

Let 𝜏 represent as the class of all functions 𝜑 that is holomor-
phic and univalent in D. The definitions of the new subclasses,
J 𝜂q , 𝜅 (𝜑) andW 𝜂

q ,k (𝜑), are correspondingly mentioned below:

Definition 1 A function L ∈ A belongs to the class J 𝜂q , 𝜅 (𝜑)
if the condition of subordination mentioned below remains
valid

1 + 1
𝜅

(
Dq

(
M𝜂
q L(𝜉 )

)
− 1

)
≺ 𝜑(𝜉 ) ,

𝜅 ∈ ℂ \ {0}, 0 < q < 1, 𝜂 ∈ ℕ, 𝜑 ∈ 𝜏 , 𝜉 ∈ D.

Definition 2 A function L ∈ A belongs to the classW 𝜂
q , 𝜅 (𝜑)

if the condition of subordination mentioned below remains
valid

1 + 1
𝜅

(
(1 − 𝛿) 𝜉Dq (M

𝜂
q L(𝜉 ) )

M𝜂
q L(𝜉 )

+ 𝛿

(
1 + q𝜉Dq (DqM𝜂

q L(𝜉 ) )
Dq (M𝜂

q L(𝜉 ) )

)
− 1

)
≺

𝜑(𝜉 ) ,
𝜅 ∈ ℂ \ {0}, 0 < q < 1, 𝜂 ∈ ℕ, 0 ≤ 𝛿 ≤ 1, 𝜑 ∈ 𝜏 , 𝜉 ∈ D.

2. PRELIMINARIES RESULT

The preliminary results are crucial to manifest our key findings.
Lemma 1 (Ma and Minda, 1992) If t(𝜉 ) = 1+t1𝜉+t2𝜉 2+· · ·

is a function with positive real part in D and 𝜁 ∈ ℂ, then

|t2 − 𝜁 t21 | ≤ 2max{1, |2𝜁 − 1|}.

The outcome is sharp for the functions particularly by

t(𝜉 ) = 1 + 𝜉 2

1 − 𝜉 2

and

t(𝜉 ) = 1 + 𝜉

1 − 𝜉
.

Lemma 2 (Ma and Minda, 1992) If t(𝜉 ) = 1+t1𝜉+t2𝜉 2+· · ·
is a function with positive real part in D, then

|t2 − 𝜁 t21 | ≤


−2(2𝜁 + 1) , if 𝜁 ≤ 0,
2, if 0 ≤ 𝜁 ≤ 1,
2(2𝜁 − 1) , if 𝜁 ≥ 1.

When 𝜁 < 0 or 𝜁 > 1, the equality remains valid if t(𝜉 ) = 1+𝜉
1−𝜉

or a rotation of itself. If 0 < 𝜁 < 1, then the equality remains
valid if t(𝜉 ) = 1+𝜉2

1−𝜉2 or a rotation of itself. If 𝜁 = 0, the equality
remains valid if

t(𝜉 ) = 1
2

(
(1 + 𝜗) 1 + 𝜉

1 − 𝜉
+ (1 − 𝜗) 1 − 𝜉

1 + 𝜉

)
, 0 ≤ 𝜗 ≤ 1

or a rotation of itself. If 𝜁 = 1, the equality remains valid if
t(𝜉 ) is the correlative with one of the functions in such a way
that the equality remains valid when 𝜁 = 0. The upper bound
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mentioned in Lemma 2 is clear and it is possibly better when
0 < 𝜁 < 1,

|t2 − 𝜁 t21 | + 𝜁 |t1 |2 ≤ 2, 0 ≤ 𝜁 ≤ 1
2
,

and

|t2 − 𝜁 t21 | + (1 − 𝜁 ) |t1 |2 ≤ 2, 1
2
≤ 𝜁 ≤ 1.

3. MAIN RESULTS

To declare the main results, we establish some theorems for
the new subclasses.

Theorem 1 Let 𝜑(𝜉 ) = 1 + B1𝜉 + B2𝜉 2 + B3𝜉 3 + · · · with
B1 ≠ 0, and let L, as interpreted by (1), belongs to the class
J 𝜂q , 𝜅 (𝜑) and 𝜈 ∈ ℂ, then

|x3 − 𝜈x22 | ≤
|𝜅B1 |
[3]𝜂+1q

max

{
1,

�����B2B1 −
𝜈 𝜅 [3]𝜂+1q B1

[2]2𝜂+2q

�����
}
. (4)

Proof. If L ∈ J 𝜂q , 𝜅 (𝜑), it results in the existence of a
Schwarz function y(𝜉 ) where y(0) = 0 and |y(𝜉 ) | < 1 in
D such that

1 + 1
𝜅

(
Dq

(
M𝜂
q L(𝜉 )

)
− 1

)
= 𝜑(y(𝜉 )). (5)

The function t(𝜉 ) is expressed as

t(𝜉 ) = 1 + y(𝜉 )
1 − y(𝜉 ) = 1 + t1𝜉 + t2𝜉 2 + · · · (6)

where Re(t(𝜉 )) > 0 and t(0) = 1 with y(𝜉 ) as the Schwarz
function. Let

h(𝜉 ) = 1 + 1
𝜅

(
Dq

(
M𝜂
q L(𝜉 )

)
− 1

)
= 1 + d1𝜉 + d2𝜉 2 + · · · .

(7)

From (5), (6), and (7), we get that

h(𝜉 ) = 𝜑

(
t(𝜉 ) − 1
t(𝜉 ) + 1

)
. (8)

By (6), we interpret y(𝜉 ) in terms of t(𝜉 ), and we have

y(𝜉 ) = t(𝜉 ) − 1
t(𝜉 ) + 1 =

1
2

(
t1𝜉 +

(
t2 −

t21
2

)
𝜉 2+(

t3 +
t31
4

− t1t2
)
𝜉 3 + · · ·

)
. (9)

From 𝜑(𝜉 ), (8), and (9), we obtain that

h(𝜉 ) = 1 + 1
2
B1t1𝜉 +

(
1
2
B1

(
t2 −

t21
2

)
+ 1
4
B2t21

)
𝜉 2 + · · ·

(10)

Now, by implementing (1), (2), and (3), we obtain that

h(𝜉 ) =1 + 1
𝜅

(
Dq

(
M𝜂
q L(𝜉 )

)
− 1

)
= 1 +

[2]𝜂+1q x2𝜉

𝜅
+

[3]𝜂+1q x3𝜉 2

𝜅
+ · · · . (11)

By linking (10) and (11), we get that

d1 =
[2]𝜂+1q x2

𝜅
=
1
2
B1t1 ,

and

d2 =
[3]𝜂+1q x3

𝜅
=
1
2
B1

(
t2 −

t21
2

)
+ 1
4
B2t21 ,

or correspondingly we have

x2 =
𝜅B1t1
2[2]𝜂+1q

, (12)

and

x3 =
𝜅B1

2[3]𝜂+1q

(
t2 −

t21
2

)
+

𝜅B2t21
4[3]𝜂+1q

. (13)

Next, by (12) and (13), we have

x3 − 𝜈x22 =
𝜅B1

2[3]𝜂+1q

(
t2 − t21

(
1
2
− B2
2B1

+
𝜈 𝜅 [3]𝜂+1q B1

2[2]2𝜂+2q

))
.

(14)

Let

𝜁 =
1
2

(
1 − B2

B1
+
𝜈 𝜅 [3]𝜂+1q B1

[2]2𝜂+2q

)
.

Therefore, (14) can be written as

x3 − 𝜈x22 =
𝜅B1

2[3]𝜂+1q

(
t2 − 𝜁 t21

)
.

By implementing Lemma 1, it appears that

|x3 − 𝜈x22 | ≤
|𝜅B1 |
[3]𝜂+1q

max

{
1;

�����B2B1 −
𝜈 𝜅 [3]𝜂+1q B1

[2]2𝜂+2q

�����
}
.

Theorem 1 has been successfully demonstrated.
By adopting 𝜅 = 1 and 𝜂 = 0 into Theorem 1, we attained

the following corollary.
Corollary 1 (Janteng et al., 2020) Let 𝜑(𝜉 ) = 1 + B1𝜉 +

B2𝜉 2 + B3𝜉 3 + . . . with B1 ≠ 0, and L as interpreted by (1)
belongs to the class J0q ,1 (𝜑) and 𝜈 ∈ ℂ, then

|x3 − 𝜈x22 | ≤
B1
[3]q

max

{
1,

�����B2B1 −
𝜈B1 [3]q
[2]2q

�����
}
.
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Next, we have the next theorem by utilizing Lemma 2.
Theorem 2 Let 𝜑(𝜉 ) = 1 +B1𝜉 +B2𝜉 2 +B3𝜉 3 + . . . where

B1 > 0 and B2 ≥ 0. Let

𝜚1 =
(B2 − B1) [2]2𝜂+2q

𝜅B21 [3]
𝜂+1
q

,

𝜚2 =
(B1 + B2) [2]2𝜂+2q

𝜅B21 [3]
𝜂+1
q

,

and

𝜚3 =
B2 [2]2𝜂+2q

𝜅B21 [3]
𝜂+1
q

.

Let L interpreted by (1) belongs to the class J nq ,b (𝜑). There-
fore,

|x3 − 𝜈x22 | ≤


𝜅B2

[3]𝜂+1q
− 𝜈 𝜅2B21

[2]2𝜂+2q
, 𝜈 ≤ 𝜚1;

𝜅B1
[3]𝜂+1q

, 𝜚1 ≤ 𝜈 ≤ 𝜚2;

−𝜅B2
[3]𝜂+1q

+ 𝜈 𝜅2B21
[2]2𝜂+2q

, 𝜈 ≥ 𝜚2.

First, let 𝜈 ≤ 𝜚1, subsequently

|x3 − 𝜈x22 | ≤
𝜅B1

2[3]𝜂+1q

(−4𝜁 + 2) ≤ 𝜅B2
[3]𝜂+1q

−
𝜈 𝜅2B21
[2]2𝜂+2q

.

Let 𝜚1 ≤ 𝜈 ≤ 𝜚2 and utilizing the calculation above, we
have

|x3 − 𝜈x22 | ≤
𝜅B1
[3]𝜂+1q

.

If 𝜈 ≥ 𝜚2, subsequently

|x3 − 𝜈x22 | ≤
𝜅B1

2[3]𝜂+1q

(4𝜁 − 2) ≤ − 𝜅B2
[3]𝜂+1q

+
𝜈 𝜅2B21
[2]2𝜂+2q

.

Moreover, if 𝜚1 ≤ 𝜈 ≤ 𝜚3, subsequently

|x3−𝜈x22 |+
[2]2𝜂+2q

𝜅B21 [3]
𝜂+1
q

(
B1 + B2 −

𝜈 𝜅B21 [3]
𝜂+1
q

[2]2𝜂+2q

)
|x2 |2 ≤ 𝜅B1

[3]𝜂+1q

,

and if 𝜚3 ≤ 𝜈 ≤ 𝜚2, subsequently

|x3−𝜈x22 |+
[2]2𝜂+2q

𝜅B21 [3]
𝜂+1
q

(
B1 − B2 +

𝜈 𝜅B21 [3]
𝜂+1
q

[2]2𝜂+2q

)
|x2 |2 ≤ 𝜅B1

[3]𝜂+1q

.

Proof. By utilizing Lemma 2 in (14), we attain the out-
comes in Theorem 2.

Moreover, we have established some theorems for the class
W 𝜂

(q , 𝜅 ) (𝜑).

Theorem 3 Let 𝜑(𝜉 ) = 1 + B1𝜉 + B2𝜉 2 + B3𝜉 3 + . . . with
B1 ≠ 0, and L is interpreted by (1) belongs to the classW 𝜂

q , 𝜅 (𝜑)
and 𝜈 ∈ ℂ, then

|x3 − 𝜈x22 |

≤ |𝜅B1 |
(1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q

max
{
1;

����− 𝜅B1
(
(1 − 𝛿) ( [2]q − 1) [2]2𝜂q + 𝛿q [2]2𝜂+3q − 𝜈

(
(1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q

))
( (1 − 𝛿) ( [2]q − 1) [2]𝜂q + 𝛿q [2]𝜂+2q )2

−
B2
B1

����}.

Proof. If L ∈W 𝜂
q , 𝜅 (𝜑), then a Schwarz function y(𝜉 ) exists

where y(0) = 0 and |y(𝜉 ) | < 1 in D such that

1 + 1
𝜅

(
(1 − 𝛿)

𝜉DqM
𝜂
q L(𝜉 )

M𝜂
q L(𝜉 )

+ 𝛿

(
1 +

q𝜉Dq
(
DqM

𝜂
q L(𝜉 )

)
Dq

(
M𝜂
q L(𝜉 )

) )
− 1

)
= 𝜑(y(𝜉 )) , (15)

Let

h(𝜉 ) =1 + 1
𝜅

(
(1 − 𝛿)

𝜉DqM
𝜂
q L(𝜉 )

M𝜂
q L(𝜉 )

+ 𝛿

(
1+

q𝜉Dq
(
DqM

𝜂
q L(𝜉 )

)
Dq

(
M𝜂
q L(𝜉 )

) )
− 1

)
= 1 + d1𝜉 + d2𝜉 2 + . . .

(16)

By linking (6), (15), and (16), it results in (8). Now, by
linking (1), (2), and (3), we obtain that

h(𝜉 ) = 1 + 1
𝜅

(
(1 − 𝛿) ( [2]q − 1) [2]𝜂q x2 + 𝛿q [2]𝜂+2q x2

)
𝜉 + 1

𝜅

(
(1 − 𝛿) ( [3]q − 1) [3]𝜂q x3 − (1 − 𝛿)

( [2]q − 1) [2]2𝜂q x22 + 𝛿q [3]𝜂+2q x3 − 𝛿qx22 [2]
2𝜂+3
q

)
𝜉 2.

(17)

By linking (10) and (17), we get that

d1 =
x2
𝜅

(
(1 − 𝛿) ( [2]q − 1) [2]𝜂q + 𝛿q [2]𝜂+2q

)
=
1
2
B1t1 ,

and

d2 =
x3
𝜅

(
(1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q

)
−

x22
𝜅

(
(1 − 𝛿) ( [2]q − 1) [2]2𝜂q + 𝛿q [2]2𝜂+3q

)
=
1
2
B1

(
t2 −

t21
2

)
+ 1
4
B2t21 .
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or correspondingly we have

x2 =
𝜅B1t1

2
(
(1 − 𝛿) ( [2]q − 1) [2]𝜂q + 𝛿q [2]𝜂+2q

) . (18)

x3 =
1

(1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q( 𝜅2B21t21 (
(1 − 𝛿) ( [2]q − 1) [2]2𝜂q + 𝛿q [2]2𝜂+3q

)
4

(
(1 − 𝛿) ( [2]q − 1) [2]𝜂q + 𝛿q [2]𝜂+2q

)2
+ 1
2
𝜅B1

(
t2 −

t21
2

)
+ 1
4
𝜅B2t21

)
. (19)

By (18) and (19), we have

x3 − 𝜈x22

=
𝜅B1

2
(
(1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q

)(
t2 − t21(
−
𝜅B1

(
(1 − 𝛿) ( [2]q − 1) [2]2𝜂q + 𝛿q [2]2𝜂+3q − 𝜈

(
(1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q

))
2
(
(1 − 𝛿) ( [2]q − 1) [2]𝜂q + 𝛿q [2]𝜂+2q

)2
−
B2
2B1

+ 1
2

))
.

(20)

Let

𝜁 = −𝜅B1(
(1 − 𝛿) ( [2]q − 1) [2]2𝜂q + 𝛿q [2]2𝜂+3q − 𝜈

(
(1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q

))
2
(
(1 − 𝛿) ( [2]q − 1) [2]𝜂q + 𝛿q [2]𝜂+2q

)2
−
B2
2B1

+ 1
2
.

Therefore, (20) can be written as

x3−𝜈x22 =
𝜅B1

2
(
(1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q

) (
t2 − 𝜁 t21

)
.

By implementing Lemma 1, it appears that

|x3 − 𝜈x22 | ≤
|𝜅B1 |

2
(
(1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q

)
max

{
1;

����− B1(
(1 − 𝛿) ( [2]q − 1) [2]𝜂q + 𝛿q [2]𝜂+2q

)2
(
(1 − 𝛿) ( [2]q − 1) [2]2𝜂q + 𝛿q [2]2𝜂+3q −

𝜈

(
(1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q

))
− B2
B1

����}

Theorem 3 has been successfully demonstrated.
By adopting 𝜂 = 1 and 𝛿 = 0 into Theorem 3, we attained

the following corollary.
Corollary 2 (Seoudy and Aouf, 2016) Let 𝜑(𝜉 ) = 1+B1𝜉 +

B2𝜉 2+B3𝜉 3+ . . . with B1 ≠ 0, and L interpreted by (1) belongs
to the classW 1

q , 𝜅 (𝜑) and 𝜈 ∈ ℂ, then

|x3 − 𝜈x22 | ≤
𝜅B1

( [3]q − 1) [3]q

max
{
1,

����B2B1 + 𝜅B1
( [2]q − 1)

(
1 − 𝜈

( [3]q − 1) [3]q
( [2]q − 1) ( [2]q)2

)����} .
As a final note, we come out with the last theorem by utiliz-

ing Lemma 2.
Theorem 4 Let 𝜑(𝜉 ) = 1 +B1𝜉 +B2𝜉 2 +B3𝜉 3 + . . . where

B1 > 0 and B2 ≥ 0. Let

𝜚4 =
( (1 − 𝛿) ( [2]q − 1) [2]2𝜂q + 𝛿q [2]2𝜂+3q )B21 𝜅 + ( (1 − 𝛿) ( [2]q − 1) [2]𝜂q + 𝛿q [2]𝜂+2q )2 (B2 − B1 )

( (1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q )B21 𝜅
,

𝜚5 =
( (1 − 𝛿) ( [2]q − 1) [2]2𝜂q + 𝛿q [2]2𝜂+3q )B21 𝜅 + ( (1 − 𝛿) ( [2]q − 1) [2]𝜂q + 𝛿q [2]𝜂+2q )2 (B2 + B1 )

( (1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q )B21 𝜅
,

and

𝜚6 =
( (1 − 𝛿) ( [2]q − 1) [2]2𝜂q + 𝛿q [2]2𝜂+3q )B21 𝜅 + ( (1 − 𝛿) ( [2]q − 1) [2]𝜂q + 𝛿q [2]𝜂+2q )2B2

( (1 − 𝛿) ( [3]q − 1) [3]𝜂q + 𝛿q [3]𝜂+2q )B21 𝜅
.

Let L interpreted by (1) belongs to the classW n
q , 𝜅 (𝜑).

Let 𝜈 ≤ 𝜚4, then:��x3 − 𝜈x22
��

≤ 𝜅B1
2
(
(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q[3]𝜂+2q

) (−4𝜁 + 2)

≤ 𝜅B2
(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q[3]𝜂+2q

+(
(1−𝛿 ) ( [2]q−1) [2]2𝜂q +𝛿q [2]2𝜂+3q −𝜈

(
(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q [3]𝜂+2q

))
𝜅2B21(

(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q [3]𝜂+2q

) (
(1−𝛿 ) ( [2]q−1) [2]𝜂q +𝛿q [2]𝜂+2q

)2 .

Now, let 𝜚4 ≤ 𝜈 ≤ 𝜚5; then utilizing the calculation above,
we acquire:���x3 − 𝜈x22

��� ≤ 𝜅B1
(1 − 𝛿)

(
[3]q − 1

)
[3]𝜂q + 𝛿q [3]𝜂+2q

.

© 2024 The Authors. Page 985 of 988



Yie et. al. Science and Technology Indonesia, 9 (2024) 981-988

Then,

���x3 − 𝜈x22

��� ≤


𝜅B2
(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q [3]𝜂+2q

+
(
(1−𝛿 ) ( [2]q−1) [2]2𝜂q +𝛿q [2]2𝜂+3q −𝜈

(
(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q [3]𝜂+2q

))
𝜅2B21(

(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q[3]𝜂+2q

) (
(1−𝛿 ) ( [2]q−1) [2]𝜂q +𝛿q [2]𝜂+2q

)2 , 𝜈 ≤ 𝜚4;

𝜅B1
(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q [3]𝜂+2q

, 𝜚4 ≤ 𝜈 ≤ 𝜚5;

− 𝜅B2
(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q [3]𝜂+2q

−
(
(1−𝛿 ) ( [2]q−1) [2]2𝜂q +𝛿q[2]2𝜂+3q −𝜈

(
(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q[3]𝜂+2q

))
𝜅2B21(

(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q [3]𝜂+2q

) (
(1−𝛿 ) ( [2]q−1) [2]𝜂q +𝛿q [2]𝜂+2q

)2 , 𝜈 ≥ 𝜚5.

If 𝜈 ≥ 𝜚5, subsequently:���x3 − 𝜈x22

���
≤ 𝜅B1

2
(
(1 − 𝛿)

(
[3]q − 1

)
[3]𝜂q + 𝛿q [3]𝜂+2q

) (4𝜁 − 2)

≤ − 𝜅B2
(1 − 𝛿)

(
[3]q − 1

)
[3]𝜂q + 𝛿q [3]𝜂+2q

−
(
(1−𝛿 ) ( [2]q−1) [2]2𝜂q +𝛿q [2]2𝜂+3q −𝜈

(
(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q [3]𝜂+2q

))
𝜅2B21(

(1−𝛿 ) ( [3]q−1) [3]𝜂q +𝛿q [3]𝜂+2q

) (
(1−𝛿 ) ( [2]q−1) [2]𝜂q +𝛿q[2]𝜂+2q

)2 .

Moreover, if 𝜚4 ≤ 𝜈 ≤ 𝜚6, subsequently:���x3 − 𝜈x22

���
+

(
(1 − 𝛿)

(
[2]q − 1

)
[2]𝜂q + 𝛿q [2]𝜂+2q

)2(
(1 − 𝛿)

(
[3]q − 1

)
[3]𝜂q + 𝛿q [3]𝜂+2q

)
B21 𝜅(

B1 − B2 − 𝜅B21

(
(1 − 𝛿)

(
[2]q − 1

)
[2]2𝜂q + 𝛿q [2]2𝜂+3q − 𝜈

(
(1 − 𝛿)

(
[3]q − 1

)
[3]𝜂q + 𝛿q [3]𝜂+2q

))
(
(1 − 𝛿)

(
[2]q − 1

)
[2]𝜂q + 𝛿q [2]𝜂+2q

)2
)
|x2 |

2

≤
𝜅B1

(1 − 𝛿)
(
[3]q − 1

)
[3]𝜂q + 𝛿q [3]𝜂+2q

.

and if 𝜚6 ≤ 𝜈 ≤ 𝜚5, subsequently:

���x3 − 𝜈x22

��� +
(
(1 − 𝛿)

(
[2]q − 1

)
[2]𝜂q + 𝛿q [2]𝜂+2q

)2(
(1 − 𝛿)

(
[3]q − 1

)
[3]𝜂q + 𝛿q [3]𝜂+2q

)
B21 𝜅(

B1 + B2 + 𝜅B21

(
(1 − 𝛿)

(
[2]q − 1

)
[2]2𝜂q + 𝛿q [2]2𝜂+3q − 𝜈

(
(1 − 𝛿)

(
[3]q − 1

)
[3]𝜂q + 𝛿q [3]𝜂+2q

))
(
(1 − 𝛿)

(
[2]q − 1

)
[2]𝜂q + 𝛿q [2]𝜂+2q

)2 ) ��x2 ��2

≤ 𝜅B1
(1 − 𝛿)

(
[3]q − 1

)
[3]𝜂q + 𝛿q [3]𝜂+2q

.

Proof. By utilizing Lemma 2 in (20), we attain the out-
comes in Theorem 4.

Considering 𝜂 = 1 and 𝛿 = 0 into Theorem 4, we attained
the following corollary.

Corollary 2.3 (Seoudy and Aouf, 2016) Let 𝜑(𝜉 ) = 1 +
B1𝜉 + B2𝜉 2 + B3𝜉 3 + . . . where B1 > 0 and B2 ≥ 0. Let

𝜚4 =
( [2]q − 1) [2]2qB21 𝜅 + (([2]q − 1) [2]q)2 (B2 − B1)

( [3]q − 1) [3]qB21 𝜅
,

𝜚5 =
( [2]q − 1) [2]2qB21 𝜅 + (([2]q − 1) [2]q)2 (B2 + B1)

( [3]q − 1) [3]qB21 𝜅
,

and

𝜚6 =
(𝜅B21 + ([2]q − 1)B2) ( [2]q − 1) [2]2q

( [3]q − 1)B21 𝜅
.

Let L interpreted by (1) belongs to the classW 1
q , 𝜅 (𝜑). Then,

|x3 − 𝜈x22 | ≤



𝜅B2
( [3]q−1) [3]q +

𝜅2B21
( [2]q−1) ( [3]q−1) [3]q

(
1 − ( [3]q−1) [3]q

( [2]q−1) [2]2q
𝜈

)
, 𝜈 ≤ 𝜚4;

𝜅B1
( [3]q−1) [3]q , 𝜚4 ≤ 𝜈 ≤ 𝜚5;

− 𝜅B2
( [3]q−1) [3]q −

𝜅2B21
( [2]q−1) ( [3]q−1) [3]q

(
1 − ( [3]q−1) [3]q

( [2]q−1) [2]2q
𝜈

)
, 𝜈 ≥ 𝜚5.

Further, if 𝜚4 ≤ 𝜈 ≤ 𝜚6, subsequently

|x3 − 𝜈x22 | +
([2]q − 1)2 [2]2q

( [3]q − 1) [3]qB21 𝜅(
B1 − B2 −

𝜅B21
( [2]q − 1)

(
1 −

([3]q − 1) [3]q
( [2]q − 1) [2]2q

𝜈

))
|x2 |2

≤ B1𝜅
( [3]q − 1) [3]q

.

If 𝜚6 ≤ 𝜈 ≤ 𝜚5, subsequently

|x3 − 𝜈x22 | +
([2]q − 1)2 [2]2q

( [3]q − 1) [3]qB21 𝜅(
B1 + B2 +

𝜅B21
( [2]q − 1)

(
1 −

([3]q − 1) [3]q
( [2]q − 1) [2]2q

𝜈

))
|x2 |2

≤ 𝜅B1
( [3]q − 1) [3]q

.
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4. CONCLUSION

As has been demonstrated, we have established the new sub-
classes J 𝜂q , 𝜅 (𝜑) andW 𝜂

q , 𝜅 (𝜑). Last but not least, we have success-
fully attained x2 and x3, and the upper bound for the functional
|x3 − vx22 | of the functions L that are in the new subclasses.
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