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Abstract

A function with complex values and at every point of the specific domain contains a derivative is commonly known as analytic
functions which is also referred as holomorphic functions. We begin by interpreting A4 as the class for all holomorphic functions
L (&) with a Taylor series expansion written in the form L(¢) = &€ + ZzQxifi wherex; € Cand ¢ € D. D is the open unit disk where
D ={¢:¢ €C,|é| < 1}. Furthermore, we suggest the subclass of 4 that is univalent in D represent as S. It is commonly known
that the main subclasses of class S are the class of starlike function and the class of convex function. To develop and analyze the
Fekete-Szegd problems, the theory of geometric function contributes significantly to this. Moreover, the frequent use of ¢-calculus
as a general direction of research among mathematicians has caught our attention. In this research, we attained the initial coefficients,
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&g and xg, and the upper bound for the functional |3 —vaj | of functions L in the two new subclasses that are introduced by involving
the Sélagean ¢-differential operator, Mg L(¢) and the definition of subordination.
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1. INTRODUCTION

As to get down along the study, we express A4 as the class for
all holomorphic functions L(¢) in the open unit disk D = {£ :
& € C,|€] < 1} and present as in the equation below:

L(¢) = £ +Z2,a1& (1)

Al-Shbeil et al. (2023) declared that (1) is also called the
Taylor’s series expansion of L. We also suggest S represent as
the subclass of class A that is univalent in D. Kowalczyk and
Lecko (2014) stated that it is commonly known in fact the class
of starlike function and the class of convex function classified
as the main subclasses of class S.

Khan et al. (2017) interpret the subordination as L < & in
D or L(¢) < h(¢) with the condition of L and & are in A and
&eD.

However, Khan et al. (2022) declared that the interpreta-
tion of subordination remains valid if a Schwarz function y(&)
exists in the condition of it is holomorphic in D, y(0) = 0 and
ly(€)] < 1forall & € D. For example, L(£¢) = h(y(&)) where

&eD.

In the late 19" and early 20" centuries, the subject of
geometric function theory has turned into mathematicians’
research inclination as to investigate the mapping between
complex analytic functions and their geometric characteris-
tics (Oros, 2023). Fekete-Szego problem is found by Fekete
and Szeo (1933) and is a long-established geometric function
theory that emphasize on the functional |x;;; — x;|, where x;
express as the i coefficient of the expansion of the power se-
ries of a holomorphic function. Furthermore, Fekete-Szego
inequality yields a specific inequality for coeflicients, but the
Fekete-Szego functional designates a more comprehensive class
of holomorphic functions on the basis of quasi-subordination
principles (Srivastava et al., 2018).

We are aware about the topics of g-calculus have turn into a
popular direction of research for the mathematicians. Jackson
(1909, 1910) was the first generation of researcher that dived
into the topics of g-integral and g-derivative more thoroughly.
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The g-derivative operator is interpreted as

L(g€)-L(£)
D,L(€) = -DE foré 0,0 <q < 1 @)
L’(0) foré =0

for functions L which are differentiable at £ = 0 (Ramachan-

dran et al., 2017). Then, D;’L is further defined as
n _ n-1
DIL(#) = £D,(D]"' L&)

forn=1,2,3, ..., where DS =L (Akcaetal., 2019).
Utilizing the use of g-derivative operator, the classes, S; , (@)
and G, (@) are established and can be written as below

1
Sz”q)n)(a/) = {L €A:Re w) >a, € ED}

M]L(¢)
and
EqDy(Dy(M] L(£)))
C ={LeA:Re|l
(¢ (@) { € ell+ D,ML(£) )
>a, € D}

where 0 < @ < 1,0 < ¢ < 1and 5 € N (Alsoboh and Darus,
2019).

There are numerous researchers that have done studies
related to establishing subclasses of holomorphic functions by
utilizing the interpretation of subordination. To be precise,
some researchers have procured the coeflicients, |xg| and |zg],
and the upper bound for the Fekete-Szegé functional, |xg —vxg l,
of functions L. Apart from that, there are several researchers
introduced multiple new subclasses involving ¢-derivative(or
g-differential) operator (Andrei and Cuas, 2021; Amini et al.,
2022; Ayinla and Opoola, 2019; Ahmad et al., 2021; Hussain
etal., 2018; Hern et al., 2022; Hussain et al., 2017; Hu et al.,
2022; ?; Naeem et al., 2019; Shaba et al., 2028; Srivastava
et al., 2021; Saliu et al., 2020; Yie and Janteng, 2024; Janteng
et al.,, 2020; Zainab et al., 2021). We generalized the ideas
from these researchers, and we intend to acquire the initial
coeflicients along with the upper bound for the Fekete-Szego
functional of functions L for the two new subclasses involving
the Silageidn ¢-differential operator and the interpretation of
subordination.

Alsoboh and Darus (2019)’s concept is our main reference
where they established M,? L(&) as the g-differential operator
of a function L in the form of (1):

MOL() = L(&),

ML(£) = €D,L(€) = € + ) [i],ui",
=2

and
ML) =D, (M]7'L(&)) =€+ Y lillwe’, @)
i=2
© 2024 The Authors.
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with [i], = 1L
Let 7 represent as the class of all functions ¢ that is holomor-

phic and univalent in D. The definitions of the new subclasses,
J; (@) and I/Vq"k(cp), are correspondingly mentioned below:

Definition 1 A function L € A4 belongs to the class Jq",,((go)
if the condition of subordination mentioned below remains

valid

1
1+;(Dq (M]L(£)) = 1) < ¢(£),
ke C\{0},0<qg<1l,neN,per, £ €D.

Definition 2 A function L € A belongs to the class ", (¢)
if the condition of subordination mentioned below remains

valid
+0 (1 +

M e
1+ 1{(1 - ) LullLED W)_l)<
keC\{0},0<g<l,neN,0<6<1l,peT,£€D.

ML) D, (M]L(£))
w(&),

2. PRELIMINARIES RESULT

The preliminary results are crucial to manifest our key findings.
Lemma 1 (Maand Minda, 1992) If £(¢) = 1411 £+t %+ - -
is a function with positive real part in D and ¢ € C, then

lte — £12] < 2max{1, |2¢ - 1]}

The outcome is sharp for the functions particularly by

1 2
6 = 5
and
1
o= .

Lemma 2 (Ma and Minda, 1992) If1(&) = 1+;E+t9& 2+ - -

is a function with positive real part in D, then

-2(24+1), if¢ <0,
lt2 = {171 <12, ifo<¢ <1,
2(2¢-1), if¢=>1.
When ¢ < 0 or ¢ > 1, the equality remains valid if ¢(£) = ll%i

or a rotation of itself. If 0 < £ < 1, then the equality remains

valid if ¢(£) = lli; or a rotation of itself. If £ = 0, the equality
remains valid if

1+¢
1-¢
or a rotation of itself. If £ = 1, the equality remains valid if

£(£) is the correlative with one of the functions in such a way
that the equality remains valid when £ = 0. The upper bound

s(1-9)i=t

0<9<1
1+&)° <¥<

16 =g ((1+9)
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mentioned in Lemma 2 is clear and it is possibly better when

0<¢<1,
2 2 1
ltg — Sty + {0 l” < 2, Os{sg,
and

ltg — 21+ (1= )|l < 2, <{<l

3. MAIN RESULTS

To declare the main results, we establish some theorems for
the new subclasses.

Theorem 1 Let ¢(&) = 1+ B1& + Boé? + Bgé? + - -+ with
By # 0, and let L, as interpreted by (1), belongs to the class

J,Z,((go) and v € C, then
}. 4)

|kBi|
—7 max 1,
(314

Proof. If L € Jq'f (@), it results in the existence of a
Schwarz function y(&) where y(0) = 0 and |[y(¢)] < 1 in
D such that

By vk[8177'B
Bl [2]377+2

|xg — vx§| <

1
L+ = (Dy (MJL(£)) = 1) = ¢(3(£))- %)
The function (&) is expressed as

_ 1+y(é)
1-y(£)

where Re(¢(£)) > 0 and ¢(0) = 1 with y(£) as the Schwarz

function. Let

t(é) =1+0E+18%+- - (6)

1
h(€) =1+ — (D (ML) = 1) = 1+ di§ +dp® +---

(7)
From (5), (6), and (7), we get that
_ (ué) -1
h@)—¢(“@+l)- ®)
By (6), we interpret y(£) in terms of t(£), and we have
_(&)-1_1 i) o
y(€) o+l §(t1§+ (tQ - g)é‘" +
8 .
(t3+zl —tltg)f"’+~--). )
From ¢(£), (8), and (9), we obtain that
h(€) =1+ 1B g 4 L2 ¢2
() =1+gBiné +|gBute = o [+ Baty [ €7+
(10)

© 2024 The Authors.
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Now, by implementing (1), (2), and (3), we obtain that

1 (217" et
h(€) =1+ — (D (ML) = 1) = 1+ ———+
3 n+l 2
[]‘1—9635 +oee (11)
K
By linking (10) and (11), we get that
9 r]+1x‘ 1
dl = [](]—2 = (_Bltl;
K 2
and
(817 s 1 2\ 1,
g = 1 "% _ 2B [4— L]+ -B
dz P 9 1|t 9 + 4 Zt17
or correspondingly we have
Bt
r= L, (12)
2[2],
and
kB 12 «kBot? a3)
x3 = ¢ n+l - E n+l’ ¢
2[3], 4[3]y

Next, by (12) and (13), we have

+1
X3 — vy = ——— |lg— 1] |5 — ¢ +—)7 1.
’ QBM“( 1(2 281 g[g)2?
(14)
Let
(] By  vk[8l]"' B
) B; [2]37i+2 ’

Therefore, (14) can be written as

9 _ KB _ 2
- B ().

By implementing Lemma 1, it appears that

kBil [
oonl Maxy L
(817

Theorem 1 has been successfully demonstrated.

By adopting k = 1 and 7 = 0 into Theorem 1, we attained
the following corollary.

Corollary 1 (Janteng et al., 2020) Let (&) = 1 + B1é +
Bo&? + B3&® + ... with By # 0, and L as interpreted by (1)
belongs to the class Jqo1 (¢) and v € C, then
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Next, we have the next theorem by utilizing Lemma 2.
Theorem 2 Let ¢(&) = 1+ B1& +Bo&? + Bg&® +. . . where
B > 0and Bg > 0. Let
012n+2
(B2 - B1) (21"
kB2[8]1*"!
(B +By)[2]"
kB2[3]1"!

01 =

and
B( [2] 2n+2
KBf (817!

Let L interpreted by (1) belongs to the class Jq"b(go). There-

fore,

2n2
xBg vk By
T — ooz YV S 015
(317" [21,""
K
x3 — vx§| < [d]"]” ) 01 £V = 09;
2p2
—kBg vk‘B
[d]q+l [2]2“12 y V2 09.
q
First, let v < 1, subsequently
9 Kk By VKQBlz
g — vay| < ,7+1(— A rerss S TR
2(3], (31 (214

Let o1 < v < o9 and utilizing the calculation above, we
have

C KB
|xg — vle < L
[3]7]+1

If v = g9, subsequently

212
B kB vk“B
g = v < — Lo (47 -2) s ——2y — L.
3], [314 (2],
Moreover, if ] < v < 03, subsequently
(21,7 veB2811T kB
|lxg—v; |+ﬁ 1+Dg— T |zl P
kB [3]g 21, 315
and if o3 < v < 9, subsequently
9 2n+2 3 n+l B
ng—vx§|+% B1 — By + EUL |vg|? < - 171-1 .
BY[3]y 2]; [3lq

Proof. By utilizing Lemma 2 in (14), we attain the out-
comes in Theorem 2.
Moreover, we have established some theorems for the class

) (9)-

(qK

© 2024 The Authors.
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.. with

I/Vqr,lk(ﬁp)

Theorem 38 Let ¢(¢) = 1+ B1& + Bo&? + B3&? +
B; # 0, and L is interpreted by (1) belongs to the class
and v € C, then

|xg — v:cg|

L |xB;|
(1-6)([8], - D[3]! +5¢[8]1**

«By (1= 0)(121g = D121 +60[2137% — v (1 - 5) (181 - V1317 + 641817 7%)) 1;2}

Bl

IIIZIX{ 1;

Proof. If L € I/I/an (¢), then a Schwarz function y(&) exists
where y(0) = 0 and |y(£)| < 1 in D such that

n
- 1((1 5y EDuMs JL& |, 4D, (quqL(gf)))
K Mq L(f) Dq (Mq L(f))

(1= 0)([2]g - D217 +6q[2]77)2

- 1) - o((&)), (15)

Let

L EDM]L(E)
h(€) _1+K((1 0) M,yL(f)

quq (DqM:;]L(f))
D, (M} L(¢))

+6(1+

)—1) =1+d1&+doé? +. ..
(16)

By linking (6), (15), and (16), it results in (8). Now, by
linking (1), (2), and (3), we obtain that

1 .
hE) = L+ (1= 6)([2], = DI2Is +59[21]  as)

+{a=oal - it - -0

([2], = D[2127a2 + 64 (817 a3 — ga [2]2'“3)52.
(17)
By linking (10) and (17), we get that
' . 1
= 2((1-0)(121, - D121} + 6q[21]"*) = 3By,

and

dy = Z2((1-6)(18], - D[81] + 641311 -

2

2((1-8)(121, - DI2I + 691217

1 B\ 1.
= —B1ltg = L |+ =Bot?.
2 1(” 2)+4 24
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or correspondingly we have
kBt

2((1-0)(121, - D121} +69121*%)

X9 =

(18)

1
(1-6)([8], - 1)[B]] +6q[817*

(K2Bf¢f ((1 - 6)([2], - D[217" + 5q[2]2”+‘*)

x3 =

7 n+2) 2
(=82, - DI +sql21)

2

4 1

1 2
tg — 5) + ZKBQIfl).

By (18) and (19), we have

1
+ —«kB;

9 (19)

«173*!/,17%
- *B)
2((1-8) (131 - DIBI] +oq[31] %)
[0

2n 2n+3

( KBI((l §)(121g - V121" +5g12]; —v((1—6><|314—1)|3|1,’+6q[313*2))

o\ 2
(1= 921 - D121 + o012

Bg
_B 1Y)
28, * 2

(20)
Let
{=-«B
(1=0)(121g = D117 + 01217 (1= 9131y = D 11] + 0131
2
2((1 —6>([21q—1)|2|Z+6q[2|;’*2)
By 1
T9B) T2
Therefore, (20) can be written as
¢ KB] <
xg—vxlz (g—(tf).

2((1-6)(181, - DI31] +5q[81]"*)
By implementing Lemma 1, it appears that
[€B1
2((1-6)(181, - DIBI] +5q1317"%)

By
max{l;'— 3
((1=8)(121, - DI21 + 641217

|xg — vxgl <

((1—6)([%— D212 +69[2]1," -

By

v ((1=8)(18], = D3I +6q [3]'”2)) "B

|

© 2024 The Authors.
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Theorem 3 has been successfully demonstrated.

By adopting 7 = 1 and 6§ = 0 into Theorem 8, we attained
the following corollary.

Corollary 2 (Seoudy and Aouf, 2016) Let ¢(&) = 1+B &+
Bo&?+Bgé3+. . with By # 0, and L interpreted by (1) belongs
to the class I/Vq{K(go) and v € C, then

By
([3lg = DI3Iy

By  «B (181, - D3I, )}
x4 1 1- .
m { '|B +([2]q—1)( e, - D(2l,)?

As a final note, we come out with the last theorem by utiliz-
ing Lemma 2.

Theorem 4 Let (&) = 1+ B1& + Bo&? + Bgé3 +
By > 0and By > 0. Let

|xg — vx§| <

.. where

2n 2n+3

((1=0) (121 - D121 + 09121 B+ (1= 9)(121g - V(21] +80121]* )2 (Bg - BY)

04 = n+2, p2
(1= 8) (181 - D3] +6q[31]*%) B2«

(1= 0)([2]g -~ DI +6[2)27) B+ ((1 - 6)(120g - 1217 +591217*%)2 (B + B))
¢ = n+2, ,9 ’
(1= 8)(18lg - D3] +ag31]*%) B2«

and

2i 2n+3 2.9
((1=8)(121g = DI21F7 + 641217V BEc+ (1 - ) (121 - D21 +89121] )2 By

9 =

((1=8)(181g - DI31] +6q[317**) B«

Let L interpreted by (1) belongs to the class ", (¢).
Let v < o4, then:

|x3 vx2|
kB 47 +2
2((1_5)([3],1—1)[3]Z+5‘1[3]Z+2>( g )
I(Bz

+
(1-6)([8] —1) 317 +5q( 817

(1-0) (121, - 1) [21;+59[21;" ~v((1-6) (18], -1) [81]+oq (31" | 2B}

9\2
((1-6) (181, 1) [81+591817%%) ((1-0) (121,- 1) [21]+541217"%)
Now, let o4 < v < 5; then utilizing the calculation above,
we acquire:

KBl
(1-6) ([8], - 1) [817 +6¢[8]7"*

)xg — vxg) <
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Then,
«By ((1=0)(121,-1) 1217 +6912157 = ((1-6) (181, 1) [81]+54[817"*) ) * B3 V<o
n+: 9\ 2 ’ 45
(1-6)([81,-1) [8]7+54[31)** ((1—6)([3]4— ) %](1+6q[3]”“)((l—6)([2]4—1)[2]Z+6q[2]’q]+2)1
— 2 < «B, Q4 < < Qr
X3 VIQ = (1- 5)([3](1_1) 5] +5q[3]1;+2> = = ]
<By (a- $)(121,-1) (21 g 21277 - v((1-8)(181,-1)18] +6qm"“)) R .
i e 5
~(=0) (181, 1) 181} +o131] ((1-0) (181,-1)[81+54181"%) ((1-0) (121,- 1) [2] +5q[z]"+2)
If v > 05, subsequently: Proof. By utilizing Lemma 2 in (20), we attain the out-
comes in Theorem 4.
‘13 - vxg‘ Considering 7 = 1 and 6 = 0 into Theorem 4, we attained
the following corollary.
kB (47 -9) Corollary 2.3 (Seoudy and Aouf, 2016) Let ¢(¢) = 1 +
< - 2 3
B1& + Boé% + Bgé® + ... where By > 0 and By > 0. Let
2 ((1-) (181, - 1) 131] + 6g(31]") €+ Bt B where B > Dand B 2 0. Le
B, o, = 210 DI2EBL+ (121, = DI21)* By - By
< - - )

(1-6) ([8], - 1) [8]7 +5¢[8]7**

_(a-or (121, - D120 +0q1207 v ((1-0) (181,- D)3

17+8q] 3]”*2)) 2p2

((1-6) (181,- 1) [81+541812) ((1-6) (121~ D [21+0012172)
Moreover, if g4 < v < g, subsequently:
|13 - vasg‘
2
((1=0) (120, ~ 1) 1217 + 5q1217°2)

((1 —5) ([8], - 1) [31 + 5q[3]"”) B«

+

(31 ~ By - xB?

((1=0) (1200 = 1) 12157 + 6912157 = v (1= 8) (131 - 1) 181] +41317 %)) )‘ 2
9.2 2
(=0 (121 - 1) 1217 +q121]*?)

kB
< 1

(1-6) (I8¢ - 1) [31] +5q[311*%

and if o5 < v < g5, subsequently:

1) (21] + 0q121]"%)
1) [3]” +5q[‘a]””)39

(-9 (121, -
(=) (181, -

|x3 - ng‘ +

(31 + By + kB2

((1-0) (121 - 1) (217" + 91217 -

v ((1=) (1814 - 1) 1317 +601317%%)) ) o

22
(a-o)(121g - 1) 1217 +5q[2]{,’+2)

KB]

<
1) [3]7 +5¢[3]1**

(1-96)([3l, -

© 2024 The Authors.

(I8l = DI8] BT«

”s (121, - DI212B%k + (([21, - D[2]1,)*(Bs + B)
0 (I3, - 1)[8],B%« ’

and

(kB¥+([2], — DB2)([2], - D[2]?
(I3], - HB%« '

06 =

Let L interpreted by (1) belongs to the class VVqlK (¢). Then,

By i L WBlmhBly )
([Blg-D38lg = (12Ig-D(I8lg-D3lq (121g-D[2 ] § = 045
|zg —vx?\s L o4 <v<o
37 @l-DBl; 4 5
LBy <25} TSI I
T =D1T ~ M= l=DT |' ™ 2y, ne2”) ">

Further, if o4 < v < g, subsequently

(121, - D*[217
([81, = DI8yBT«

lxg — vx§| +

KB%
([2], -1

(181, - D3],
(121, - D[22

By -Bg -

)) ol

B]K
L —.
— (I8l - D3],

If o6 < v < 5, subsequently
(121, - D*[2]]
(131, - DI3],B%

|vg — vag| +

«B? (131, - D3], \
Breber o\ e, — o))
KB]

L —.
— (8], = DI3ly
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4. CONCLUSION

As has been demonstrated, we have established the new sub-
classes J;' . (¢) and W, (). Last but not least, we have success-
fully attained xg and xg, and the upper bound for the functional
|xg — vx§| of the functions L that are in the new subclasses.
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