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1. INTRODUCTION

Graph-theoretic methods have become an effective approach
for studying algebraic structures. Among various construc-
tions, the zero divisor graph offer a natural representation of
the multiplicative relationships among zero divisors in a ring
through a graphical structure. This representation allows alge-
braic properties of rings to be explored using graph invariants
such as chromatic number, connectivity, diameter, and others.
A nonzero element x of a commutative ring R is said to be a
zero divisor if there exists a nonzero element y ∈ R such that
y · x = 0R. The set Z∗ (R) denotes the set of all nonzero zero
divisors of R (Herstein, 1995) . A zero divisor graph of R is a
simple graph with vertex set Z∗ (R) and the edges xy satisfying
x · y = 0R , and it is denoted by Γ(R). This concept was intro-
duced by Beck (1988); Anderson and Livingston (1999) . This
graph is connected with diameter at most 3. For the ring Zn ,
the structure of Γ(Zn) depends strongly on the prime factor-
ization of n. For every positive integer n, the order of Γ(Zn) is
n − 𝜑(n) − 1, where 𝜑 is Euler’s totient function. In particular,
the size of Γ(Zn) was given by Mukhtar et al. (2020) . Further
results on zero divisor graphs can be found in Singh and Bhat
(2020) .

Meanwhile, coding theory plays an important role in in-
formation transmission and storage systems, with the main
purpose of identifying and correcting errors that occur in the

course of data communication. Among various classes of codes,
linear codes form one of the most fundamental and widely
studied families due to their rich algebraic structure and effi-
cient encoding and decoding procedures. In particular, a linear
code can be characterized as a subspace of a finite-dimensional
vector space over a finite field, which makes it amenable to
analysis using techniques from linear algebra and finite field
theory. Several researchers have attempted to construct linear
codes from the adjacency matrix of connected graphs (Saranya
and Durairajan, 2021, 2022) . Although this approach offers
a direct representation of vertex connectivity, it has limited
capability in systematically representing edge–vertex relation-
ships and in deriving meaningful algebraic properties for code
construction. However, the construction of linear codes us-
ing the incidence matrix of a graph has been explored more
extensively and shown to be more effective. This approach
has been widely studied in coding theory because incidence
matrices offer a clearer algebraic framework and support the
systematic determination of code parameters, as illustrated
in Key and Seneviratne (2008); Fish et al. (2010) . Dankel-
mann et al. (2011) further provided code parameters for linear
codes constructed from connected graphs. These studies high-
light the advantage of incidence-matrix-based constructions in
producing well-structured linear codes with desirable param-
eters. The strong interest in these constructions is driven by
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the crucial role of linear codes in improving the security of
communication systems, particularly in improving resistance
to hardware Trojans, side-channel attacks, and data tampering.
Moreover, the inherent properties of linear codes support the
design of secure and fault-tolerant circuits, as discussed by Ngo
et al. (2015); Nachmani et al. (2018) .

Recent studies on graph-based linear code constructions
over rings have considered several types of graphs associated
with the ring Zn. Several works have extensively investigated
linear codes derived from unit graphs for many cases of Zn ,
such as in articles Annamalai and Durairajan (2021); Jain et al.
(2023); Shaikh et al. (2024) . They provided a relatively broad
development of code constructions from unit graphs. In con-
trast to the relatively extensive development based on unit
graphs, research on linear code constructions derived from
zero divisor graphs remains very limited. In particular, Anna-
malai and Durairajan (2022) constructed linear codes from the
graph Γ(Zn) for n = p1p2 , . . . , pk , showing that zero divisor
graphs can also serve as a systematic structure to generate codes
with well-defined parameters. However, this construction is re-
stricted to specific forms of integers, and a more general frame-
work for constructing linear codes from zero divisor graphs has
not yet been fully developed.

Motivated by these limitations, in this research, we study
the construction of binary linear codes from the graph Γ(Zn)
for broader classes of integers, namely n = p𝛼 and n = p𝛼q 𝛽 ,
where p and q are primes and 𝛼 , 𝛽 ≥ 1 are integers. The
motivation of this work is to extend existing results to wider
ring families and to provide a simple and systematic way to
obtain binary linear codes from zero divisor graphs. We also
determine the parameters of the resulting linear codes and
their corresponding dual codes and give concrete examples to
illustrate construction. Moreover, we perform an optimality
analysis by comparing the constructed codes with the classical
bound. Finally, we conclude the paper and present some open
problems for future research.

2. EXPERIMENTAL SECTION

In this section, we restate the main definitions and preliminary
results related to the zero divisor graph of Zn and linear codes
are restated. We begin with the basic notions of graph theory
and then proceed to the definition of the zero divisor graph
together with several fundamental properties needed in the
subsequent discussion.

LetG = (V (G) , E(G)) be a simple graph. The order and
size ofG are denoted by |V (G) | and |E(G) |, respectively. The
incidence matrix ofG, denoted byM (G), is the |V (G) |×|E(G) |
matrix M (G) = [mi j], where mi j = 1 whenever the vertex vi is
incident with the edge e j , and mi j = 0 otherwise. The diameter
ofG, denoted by diam(G), is the maximum distance between
any two vertices of G. If G is connected, then an edge-cut
of G is a set S ⊆ E(G) for which G − S = (V (G) , E(G) − S)
is disconnected. The minimum cardinality of an edge-cut
is called the edge-connectivity of G, denoted by 𝜆 (G). In
addition, the girth of G, denoted by gr (G), is the length of a

shortest cycle inG. Further notation and terminology may be
found in Diestel (2024); Chartrand et al. (2024) .

Definition 2.1. (Anderson and Livingston, 1999)
The zero divisor graph of a commutative ring R, denoted by
Γ(R), is a simple graph withV (Γ(R)) = Z∗ (R) = Z (R) \ {0R},
the set of all nonzero zero divisors ofR, and two distinct vertices
x , y ∈ Z∗ (R) are adjacent if and only if x · y = 0R.

Theorem 2.2. (Anderson and Livingston, 1999)
For any commutative ring R, the graph Γ(R) is connected with
diam(Γ(R)) ≤ 3. Moreover, if Γ(R) contains a cycle, then
gr (Γ(R)) ≤ 7.

Throughout this paper, we consider the ring Zn and its as-
sociated zero divisor graph. The order and size of Γ(Zn) are
given in the following theorem.

Theorem 2.3. (Phillips et al., 2004)
For any integer n ≥ 1, the graph Γ(Zn) has order

|V (Γ(Zn)) | = n − 𝜑(n) − 1,

where 𝜑(n) is Euler’s totient function.

Theorem 2.4. (Mukhtar et al., 2020)
For any integer n ≥ 1, the graph Γ(Zn) has size

|E(Γ(Zn)) | = 1
2
©­«©­«
∑︁
m |n

m 𝜑
( n
m

)ª®¬ − 𝜔n − 2n + 2
ª®¬ ,

where 𝜔n denotes the number of elements x ∈ Zn such that
x2 = 0.

The following theorem states the edge-connectivity of Γ(Zn).

Theorem 2.5. (Reddy et al., 2020)
For every positive integer n = pn11 p

n2
2 · · · pnmm , the graph Γ(Zn)

has edge-connectivity

𝜆 (Γ(Zn)) = min{pi − 1 | i = 1, 2, . . . , m},

and for n = p2, the edge-connectivity of Γ(Zp2 ) is 𝜆 = p−2.

The girth plays an important role in determining the mini-
mum distance of the corresponding dual codes. The following
theorem characterizes the girth of Γ(Zn).

Theorem 2.6. (Pi et al., 2019)

The girth of Γ(Zn) is given as follows:
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• gr (Γ(Zn)) = 0 iff n = 4, 8, 9 or n = 2q for some prime
q ≥ 3.

• gr (Γ(Zn)) = 4 iff n = pq or n = 4q for some distinct
primes p, q ≥ 3.

• gr (Γ(Zn)) = 3 in all other cases.
Meanwhile, the following theorem establishes the girth for

the specific class of the graph Γ(Zp𝛼 ). For more properties of
the zero divisor graph, we refer the reader to the survey (Singh
and Bhat, 2020) .

Corollary 2.7. (Magi et al., 2020)
Let p be an odd prime and 𝛼 ≥ 3 be an integer. Then, the girth
of the graph Γ(Zp𝛼 ) is given by

gr (Γ(Zp𝛼 )) = 3.

We next review the concept of linear codes, along with the
basic definitions and properties needed in this paper. Let 𝔽q de-
note the finite field of order q. A linear code Cq of length n over
𝔽q (q-ary linear code) is a subspace of 𝔽 nq , and each element of
Cq is called the codeword. The dimension of Cq , denoted by
dim(Cq), is the dimension of Cq as a vector space over 𝔽q. The
dual code of Cq , denoted by C⊥

q , is defined as the orthogonal
complement of the subspace Cq in 𝔽 nq (Ling and Xing, 2004) .

Theorem 2.8. (Vanstone and Van Oorschot, 2013)
For any linear code Cq of length n, the dual code C⊥

q is also a
linear code of length n, and its dimension satisfies:

dim(C⊥
q ) = n − dim(Cq).

Let x = (x1 , x2 , . . . , xn) and y = (y1 , y2 , . . . , yn) be ele-
ments of 𝔽 nq . The Hamming distance between x and y, denoted
by d(x , y), is the number of coordinates at which they differ.
The Hamming weight of x is defined by wt(x) = d(x , 0). For
a linear code Cq , let

wt(Cq) = min{wt(x) | x ∈ Cq , x ≠ 0}
d(Cq) = min{d(x , y) | x , y ∈ Cq , x ≠ y}

Clearly, d(Cq) = wt(Cq) = d. A linear code Cq with length
n, dimension k, and minimum distance d is called an [n , k , d]q
code. Therefore, the dual code C⊥

q is an

[n , n − k , d⊥]q code,

where d⊥ denotes the minimum distance of C⊥
q . A gener-

ator of Cq = [n , k , d]q is a k × n matrix G of rank k in which
every codeword x can be represented as

x = yG ,

where y ∈ 𝔽 kq (Roth, 2006) .
The fundamental purpose of algebraic coding theory is to

facilitate reliable data transmission over noisy channels. The
error-detecting and correcting capabilities of a q-ary linear code
Cq with parameters [n , k , d]q depend strictly on its minimum
distance d. The code Cq can detect up to s errors if s ≤ d − 1,
and correct up to t errors if t = ⌊(d − 1)/2⌋. The efficiency
of Cq is evaluated using fundamental theoretical bounds. The
Singleton bound states that the parameters of Cq must satisfy
the inequality d ≤ n − k + 1. If Cq achieves equality (d =

n − k + 1), it is called a Maximum Distance Separable (MDS)
code. Additionally, the Hamming bound (or sphere-packing
bound) restricts the size of the code. A t-error-correcting code
Cq must satisfy

t∑︁
i=0

(
n
i

)
(q − 1)i ≤ q n−k .

For a binary code C2, this simplifies to

t∑︁
i=0

(
n
i

)
≤ 2 n−k .

If a code achieves strict equality in this bound, it is classified
as a perfect code (Vanstone and Van Oorschot, 2013) .

Furthermore, the incidence matrix of a graph can be em-
ployed to construct a linear code, where several code properties
are related to the structural characteristics of the graph. The
following theorems explain this construction.

Theorem 2.9. (Dankelmann et al., 2011)
For any simple connected graphG = (V (G) , E(G)), the binary
linear code generated byM (G) is

C2 = [ |E(G) | , |V (G) | − 1, 𝜆 (G) ]2.

Theorem 2.10. (Dankelmann et al., 2011)
For any simple connected graphG with girth gr (G), if C2 is a
binary linear code generated byM (G), then

C⊥
2 = [ |E(G) | , |E(G) | − |V (G) | + 1, gr (G) ]2.

3. RESULTS AND DISCUSSION

3.1 Binary Linear Codes from Incidence Matrices of Γ(Zp𝛼 )
In this subsection, we give the parameters of the binary lin-
ear code constructed from the incidence matrix of the graph
Γ(Zp𝛼 ). This construction starts from a simple case to the
general case.
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Lemma 3.1. For every prime p > 2, the binary linear code
generated byM (Γ(Zp2 )) is

C2 =
[
(p − 1) (p − 2)

2
, p − 2, p − 2

]
2
.

Proof. Consider Z∗ (Γ(Zp2 )) = {p, 2p, . . . , (p−1)p}. Observe
that for every ap, bp ∈ Z∗ (Γ(Zp2 )) holds ap · bp = 0, thus
all distinct elements in Z∗ (Γ(Zp2 )) are adjacent. We obtain

Γ(Zp2 ) � Kp−1 and it has order p−1 and size (p−1) (p−2)
2 . Thus,

by Theorem 2.5, we have 𝜆 (Γ(Zp2 )) = p − 2. Therefore,
according to Theorem 2.9, the binary linear code generated
byM (Γ(Zp2 )) is

C2 =
[
(p − 1) (p − 2)

2
, p − 2, p − 2

]
2
.

Lemma 3.2. For every prime p, the binary linear code gener-
ated byM (Γ(Zp3 )) is

C2 =
[
p3 − 3p2

2 − p
2 + 1, p2 − 2, p − 1

]
2
.

Proof. All nonzero zero divisors ofZp3 are A1 = {p2 , 2p2 , . . . , (p
− 1)p2} and A2 = {p, 2p, . . . , (p2 − 1)p} \ A1, such thatV
(Γ(Zp3 )) = A1 ∪ A2. Observe that every two distinct elements
in A1 are adjacent and every pair of elements from A1 and A2 is
adjacent. Thus, the size of Γ(Zp3 ) is (p−1) (p−2)

2 +(p−1) (p2−p) =
p3 − 3p2

2 − p
2 + 1.

By Theorem 2.5, we have 𝜆 (Γ(Zp3 )) = p − 1. Therefore,
according to Theorem 2.9, the binary linear code generated
byM (Γ(Zp3 )) is

C2 =
[
p3 − 3p2

2 − p
2 + 1, p2 − 2, p − 1

]
2
.

Lemma 3.3. For every prime p, the binary linear code gener-
ated byM (Γ(Zp4 )) is

C2 =
[
3p4

2 − 2p3 − p2

2 + 1, p3 − 2, p − 1
]
2
.

Proof. Let A1 , A2 , A3 be all nonzero zero divisors of Zp4
such thatV (Γ(Zp4 )) = A1 ∪ A2 ∪ A3, where

A1 = {p3 , 2p3 , . . . , (p − 1)p3}, |A1 | = p − 1,

A2 = {p2 , 2p2 , . . . , (p2 − 1)p2} \ A1 , |A2 | = p2 − p,

A3 = {p, 2p, . . . , (p3 −1)p} \ (A1∪A2) , |A3 | = p3 − p2.

Observe that every two distinct elements in A1 are adjacent,
as well as in A2. Also, every pair of elements in A1 and A2 is
adjacent, as well as every pair of elements in A1 and A3. Thus,
the size of Γ(Zp4 ) is

(p − 1) (p − 2)
2

+ (p2 − p) (p2 − p − 1)
2

+ (p −1) (p3 − p) = 3p4

2 −2p3 − p2

2 +1.

By Theorem 2.5, we have 𝜆 (Γ(Zp4 )) = p − 1. Therefore,
according to Theorem 2.9, the binary linear code generated
byM (Γ(Zp4 )) is

C2 =
[
3p4

2 − 2p3 − p2

2 + 1, p3 − 2, p − 1
]
2
.

Then, by Theorem 2.5, we have 𝜆 (Γ(Zp4 )) = p−1. There-
fore, according to Theorem 2.9, the binary linear code gener-

ated byM (Γ(Zp4 )) isC2 =
[
3p4

2 − 2p3 − p2

2 + 1, p3 − 2, p − 1
]
2
.

Lemma 3.4. For every prime p, the binary linear code gener-
ated byM (Γ(Zp5 )) is

C2 =
[
2p5 − 5p4

2 − p2

2 + 1, p4 − 2, p − 1
]
2
.

Proof. Let A1 , A2 , A3 , and A4 be all nonzero zero divisors
of Zp5 such thatV (Γ(Zp5 )) = A1 ∪ A2 ∪ A3 ∪ A4, where

A1 = {p4 , 2p4 , . . . , (p − 1)p4 } , |A1 | = p − 1,

A2 = {p3 , 2p3 , . . . , (p2 − 1)p3 } \ A1 , |A2 | = p2 − p,

A3 = {p2 , 2p2 , . . . , (p3 − 1)p2 } \ (A1 ∪ A2 ) , |A3 | = p3 − p2 ,

A4 = {p, 2p, . . . , (p4 − 1)p} \ (A1 ∪ A2 ∪ A3 ) , |A4 | = p4 − p3 .

The connectivity between each pair of vertices is given as
follows:

1. Every two distinct elements in A1 are adjacent, as well as
in A2.

2. Every pair of elements in A1 and A2 is adjacent, as well
as every pair of elements in A1 and A3, and A1 and A4.

3. Every pair of elements in A2 and A3 is adjacent.
Thus, the size of Γ(Zp5 ) is

(p − 1) (p − 2)
2

+ (p2 − p) (p2 − p − 1)
2

+ (p − 1) (p4 − p) + (p2 − p) (p3 − p2 )

= 2p5 − 5p4

2 − p2

2 + 1

Then, by Theorem 3.5, we have 𝜆 (Γ(Zp5 )) = p−1. There-
fore, according to Theorem 2.9, the binary linear code gener-
ated byM (Γ(Zp5 )) is

C2 =
[
2p5 − 5p4

2 − p2

2 + 1, p4 − 2, p − 1
]
2
.

To further clarify the construction, we present a simple
illustrative example as a representative case of the result stated
in Lemma 3.2.
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Figure 1. The Graph Γ(Z27)

Example 3.5. Consider the graph Γ(Z27).
The incidence matrix of Γ(Z27) is

M =



0 1 0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 1 0 0 0 0
1 1 1 1 1 1 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 1 1 1 1 1 1
0 0 0 0 0 1 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0 1


.

Since there are 7 linearly independent rows in the matrix
M , the rank ofM is 7. Then, the linear code over 𝔽2 generated
byM is C2 = [13, 7, 2]2.

Based on Lemma 3.2-3.4, linear codes can be constructed
from the incidence matrices of Γ(Zpa ). In general, the parame-
ters of these codes are given as follows.

Theorem 4.6. For every prime p and integer 𝛼 > 2, the
binary linear code generated byM (Γ(Zp𝛼 )) is

C2 =

[ 1
2

(
Δ − p (𝛼−1)/2

)
, p𝛼−1 − 2, p − 1

]
2 if 𝛼 is odd,[ 1

2

(
Δ − p𝛼/2

)
, p𝛼−1 − 2, p − 1

]
2 if 𝛼 is even.

where Δ = (𝛼 − 1)p𝛼 − 𝛼p𝛼−1 + 2.
Proof. By Theorem 2.9, the binary linear codeC2 generated

byM (Γ(Zp𝛼 )) has parameters

[ |E(Γ(Zp𝛼 )) | , |V (Γ(Zp𝛼 )) | − 1, 𝜆 (Γ(Zp𝛼 )) ]2.

Hence, determining the parameters of C2 reduces to evalu-
ating the order, the size, and the edge-connectivity of Γ(Zp𝛼 ).
Using the standard property of Euler’s totient function, we
obtain

|V (Γ(Zp𝛼 )) | = p𝛼−𝜑(p𝛼)−1 = p𝛼−(p𝛼−p𝛼−1)−1 = p𝛼−1−1.

By Theorem 2.4,

|E(Γ(Zp𝛼 )) | = 1
2
©­«
∑︁
m |p𝛼

m𝜑
(
p𝛼

m

)
− 𝜔p𝛼 − 2p𝛼 + 2ª®¬ .

Since the positive divisors of p𝛼 are 1, p, p2 , . . . , p𝛼 , we
obtain

∑︁
m |p𝛼

m𝜑
(
p𝛼

m

)
=

𝛼∑︁
i=0

pi𝜑(p𝛼−i ) =
𝛼−1∑︁
i=0

pi
(
p𝛼−i − p𝛼−i−1

)
+p𝛼𝜑(1).

=

𝛼−1∑︁
i=0

(p𝛼−p𝛼−1)+p𝛼 = 𝛼 (p𝛼−p𝛼−1)+p𝛼 = (𝛼+1)p𝛼−𝛼p𝛼−1.

Now, x2 = 0 in Zp𝛼 if and only if p𝛼 | x2. Indeed, if x = pku,
where u is not divisible by p, then x2 = p2ku2, so p𝛼 | x2 holds
if and only if 2k ≥ 𝛼, that is, k ≥ ⌈𝛼/2⌉. Therefore,

𝜔p𝛼 = p𝛼−⌈𝛼/2⌉ = p⌊𝛼/2⌋ =

{
p (𝛼−1)/2 , if 𝛼 is odd,
p𝛼/2 , if 𝛼 is even.

Substituting these into the formula for |E(Γ(Zp𝛼 )) |, we get

|E(Γ(Zp𝛼 )) | = 1
2

(
(𝛼 + 1)p𝛼 − 𝛼p𝛼−1 − 𝜔p𝛼 − 2p𝛼 + 2

)
,

that is,

|E(Γ(Zp𝛼 )) | = 1
2

(
(𝛼 − 1)p𝛼 − 𝛼p𝛼−1 + 2 − 𝜔p𝛼

)
.

If we write

Δ = (𝛼 − 1)p𝛼 − 𝛼p𝛼−1 + 2,

then

|E(Γ(Zp𝛼 )) | =
{
1
2

(
Δ − p (𝛼−1)/2

)
, if 𝛼 is odd,

1
2

(
Δ − p𝛼/2

)
, if 𝛼 is even.

Finally, by Theorem 3.5, we obtain
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𝜆 (Γ(Zp𝛼 )) = p − 1.

Combining the obtained values of |E(Γ(Zp𝛼 )) |, |V (Γ(Zp𝛼 )) |
and 𝜆 (Γ(Zp𝛼 )), we obtain the parameters of C2 as

C2 =

[ 1
2

(
Δ − p (𝛼−1)/2

)
, p𝛼−1 − 2, p − 1

]
2 , if 𝛼 is odd,[ 1

2

(
Δ − p𝛼/2

)
, p𝛼−1 − 2, p − 1

]
2 , if 𝛼 is even.

where Δ = (𝛼 − 1)p𝛼 − 𝛼p𝛼−1 + 2.
Table 1 systematically evaluates the optimality of the linear

codes generated byM (Γ(Zp𝛼 )) based on the parameters estab-
lished in Theorem 2.6. To provide a clearer understanding of
the structural evolution of these codes, the table is divided into
two distinct sections: the first explores the effect of increasing
the base prime p while keeping the exponent fixed, and the
second examines the impact of increasing the exponent 𝛼 while
holding the prime base constant. The optimality is assessed
using the Singleton defect (𝜎 = n−k+1−d) and the theoretical
Hamming bound.

The rows 1–5 maintains a fixed exponent of 𝛼 = 5 and
incrementally increases the prime base p ∈ {2, 3, 5, 7, 11}.
As p grows, the order of the ring expands, leading to a sub-
stantial increase in both the length n and the dimension k of
the code. Importantly, since the minimum distance is solely
determined by the prime (d = p − 1), increasing p directly
enhances the minimum distance and subsequently improves
the error-correcting capability t. However, because the length
of the code n increases significantly faster than the dimension k
and the distance d, the Singleton defect 𝛿 widens rapidly. De-
spite drifting further from the Singleton bound, all generated
codes in this section still satisfy the Hamming bound.

The rows 6–10 fix the prime base at p = 5 and increment
the exponent 𝛼 from 3 to 7. Higher exponents drastically in-
crease the density of the zero divisor graph due to the rapid
proliferation of zero divisors, causing an exponential increase
in both n and k. Interestingly, because the minimum distance
is independent of 𝛼, it remains constant at d = 4 across all
these variations. Consequently, the error-correcting capability
remains fixed at t = 1, regardless of how large the graph be-
comes. This structural limitation causes the Singleton defect
to escalate dramatically (reaching 𝜎 = 164000 for 𝛼 = 7),
indicating a high degree of redundancy. Nevertheless, these
highly redundant codes theoretically remain valid, since they
still satisfy the Hamming sphere-packing bound.

Having established the parameters of the linear code C2
generated byM (Γ(Z(p𝛼 ) )) in Theorem 3.6, our next objective
is to derive the precise parameters of its corresponding dual
code, C⊥

2 . To construct this dual code, we systematically ap-
ply two foundational theorems that bridge coding theory and
algebraic graph theory.

First, by Theorem 2.8, the dimension of a dual code, de-
noted as k⊥, is intrinsically linked to the original code through

the fundamental relation k⊥ = n − k. Since the length n and
the dimension k of C2 are explicitly defined in Theorem 3.6,
evaluating k⊥ is a direct algebraic substitution. Second, deter-
mining the minimum distance of the dual code requires an
analysis of the structural properties of the zero divisor graph
itself. As established in Theorem 2.10, the minimum distance
of a dual code generated by an incidence matrix corresponds
exactly to the girth (the shortest cycle length) of the graph. For
the specific class of zero divisor graphs Γ(Z(p𝛼 ) ), where p > 2
is a prime and 𝛼 ≥ 3, by Theorem 2.7 the girth is invariably
3. Consequently, the minimum distance of the dual code is
precisely d⊥ = 3.

By integrating the calculated dimension and the fixed mini-
mum distance derived from the girth of the graph, we system-
atically obtain the complete parameters for the dual code C⊥

2 ,
as formalized in the following corollary.
Corollary 3.7. Let C2 be a binary linear code generated by
M (Γ(Z(p𝛼 ) )), where p > 2 is a prime and 𝛼 ≥ 3. The dual
code C⊥

2 is given by:

C⊥
2 =


[ 1
2 (Δ − p (𝛼−1)/2) , 12 (Ω − p (𝛼−1)/2) , 3

]
2 if 𝛼 is odd,[ 1

2 (Δ − p𝛼/2) , 12 (Ω − p𝛼/2) , 3
]
2 if 𝛼 is even.

where Δ = (𝛼 −1)p𝛼 −𝛼p𝛼−1+2, and Ω = Δ−2(p𝛼−1−2).
As an illustration of Corollary 3.7, by Example 3.5, we

obtain

C⊥
2 = [13, 6, 2]2.

3.2 Binary Linear Codes from Incidence Matrices of Γ
(Z(p𝛼q 𝛽 ) )

In this subsection, we give parameter codes from the linear code
constructed from the incidence matrix of Γ(Z(p𝛼q 𝛽 ) ). Unlike
Theorem 3.6, in this part we directly examine M (Γ(Z(p𝛼q 𝛽 ) ))
to obtained its code parameters. This approach is taken because
analyzing the cases with small values of 𝛼 and 𝛽 would be more
complex.

Theorem 3.8. For every distinct prime p and q, and pos-
itive integers 𝛼 and 𝛽 , the binary linear code generated by
M (Γ(Z(p𝛼q 𝛽 ) )) is

C2 =



[ 1
2

(
Θ − p (𝛼−1)/2q ( 𝛽−1)/2

)
, k∗ , d∗

]
2 𝛼 , 𝛽 odd,[ 1

2

(
Θ − p (𝛼−1)/2q 𝛽/2

)
, k∗ , d∗

]
2 𝛼 odd, 𝛽 even,[ 1

2

(
Θ − p𝛼/2q ( 𝛽−1)/2

)
, k∗ , d∗

]
2 𝛼 even, 𝛽 odd,[ 1

2

(
Θ − p𝛼/2q 𝛽/2

)
, k∗ , d∗

]
2 𝛼 , 𝛽 even.

where

Θ =
(
(𝛼 +1)p𝛼 −𝛼p𝛼−1

) (
( 𝛽 +1)q 𝛽 − 𝛽 q 𝛽−1

)
−2p𝛼q 𝛽 +2,
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Table 1. Code Parameters from Γ(Zp𝛼 ) and Classical Bounds Comparison

Graph p 𝛼 [n , k , d] – code t 𝜎 Remark
Γ(Z32) 2 5 [23, 14, 1]2 0 9 Satisfies Hamming bound, not MDS
Γ(Z243) 3 5 [280, 79, 2]2 0 200 Satisfies Hamming bound, not MDS
Γ(Z3125) 5 5 [4676, 623, 4]2 1 4050 Satisfies Hamming bound, not MDS
Γ(Z16807) 7 5 [27588, 2399, 6]2 2 25184 Satisfies Hamming bound, not MDS
Γ(Z161051) 11 5 [285440, 14639, 10]2 4 270792 Satisfies Hamming bound, not MDS
Γ(Z125) 5 3 [86, 23, 4]2 1 60 Satisfies Hamming bound, not MDS
Γ(Z625) 5 4 [676, 123, 4]2 1 550 Satisfies Hamming bound, not MDS
Γ(Z3125) 5 5 [4676, 623, 4]2 1 4050 Satisfies Hamming bound, not MDS
Γ(Z15625) 5 6 [29626, 3123, 4]2 1 26500 Satisfies Hamming bound, not MDS
Γ(Z78125) 5 7 [179626, 15623, 4]2 1 164000 Satisfies Hamming bound, not MDS

k∗ = p𝛼q 𝛽−p𝛼−1q 𝛽−1 (p−1) (q−1)−2, d∗ = min{p−1, q−1}.

Proof. By Theorem 2.9, the binary linear codeC2 generated
byM (Γ(Z(p𝛼q 𝛽 ) )) has parameters

[
|E(Γ(Z(p𝛼q 𝛽 ) )) | , |V (Γ(Z(p𝛼q 𝛽 ) )) | − 1, 𝜆 (Γ(Z(p𝛼q 𝛽 ) ))

]
2.

Hence, determining the parameters of C2 reduces to evalu-
ating the order, the size, and the edge-connectivity of the graph
Γ(Z(p𝛼q 𝛽 ) ).

We first determine the number of vertices. Using the stan-
dard property of Euler’s totient function, we have

|V (Γ(Z(p𝛼q 𝛽 ) )) | = p𝛼q 𝛽 − 𝜑(p𝛼q 𝛽 ) − 1

= p𝛼q 𝛽 − p𝛼q 𝛽
(
1 − 1

p

) (
1 − 1

q

)
− 1

= p𝛼q 𝛽 − p𝛼−1q 𝛽−1 (p − 1) (q − 1) − 1.

Consequently, the dimension of the code equals |V (Γ
(Z(p𝛼q 𝛽 ) )) | − 1. Denoting this quantity by k∗ gives

k∗ = p𝛼q 𝛽 − p𝛼−1q 𝛽−1 (p − 1) (q − 1) − 2.

Next, we compute the number of edges of the graph, which
determines the length of the code.

Next, we compute the number of edges of the graph, which
determines the length of the code. By Theorem 2.4, the num-
ber of edges satisfies

|E (Γ (Z(p𝛼 q 𝛽 ) ) ) | =
1
2
©­«©­«

∑︁
m |p𝛼 q 𝛽

m 𝜑

(
p𝛼 q 𝛽

m

)ª®¬ − 𝜔p𝛼 q 𝛽 − 2p𝛼q 𝛽 + 2ª®¬ . (1)

To evaluate the divisor sum, consider first the divisors of
p𝛼 . For every divisor pk with k = 0, 1, . . . , 𝛼 − 1, we obtain

pk𝜑
(
p𝛼

pk

)
= pkp𝛼−k

(
p−1
p

)
= p𝛼−1 (p − 1) = p𝛼 − p𝛼−1 ,

and for k = 𝛼

pk𝜑
(
p𝛼

pk

)
= p𝛼𝜑(1) = p𝛼 .

Therefore,

∑︁
pk |p𝛼

pk𝜑
(
p𝛼

pk

)
= (𝛼 + 1)p𝛼 − 𝛼p𝛼−1. (2)

Similarly, for the divisors ql of q 𝛽 with l = 0, 1, . . . , 𝛽 , we
obtain

∑︁
ql |q 𝛽

ql𝜑
(
q 𝛽

ql

)
= ( 𝛽 + 1)q 𝛽 − 𝛽 q 𝛽−1. (3)

Since the arithmetic function f (x) = x𝜑(n/x) is multiplica-
tive, the Chinese Remainder Theorem allows the divisor sum
over p𝛼q 𝛽 to be expressed as the product of the sums in (2)
and (3). Hence,

∑︁
d |p𝛼q 𝛽

d 𝜑
(
p𝛼q 𝛽

d

)
=
©­«
∑︁
pk |p𝛼

pk𝜑
(
p𝛼

pk

)ª®¬ ©­«
∑︁
ql |q 𝛽

ql𝜑
(
q 𝛽

ql

)ª®¬
=
(
(𝛼 + 1)p𝛼 − 𝛼p𝛼−1

) (
( 𝛽 + 1)q 𝛽 − 𝛽 q 𝛽−1

)
.

(4)

Furthermore, by Theorem 2.4, the quantity𝜔p𝛼q 𝛽 depends
on the parity of 𝛼 and 𝛽 and is given by

𝜔p𝛼q 𝛽 =



p (𝛼−1)/2q ( 𝛽−1)/2 𝛼 , 𝛽 odd,

p (𝛼−1)/2q 𝛽/2 𝛼 odd, 𝛽 even,

p𝛼/2q ( 𝛽−1)/2 𝛼 even, 𝛽 odd,

p𝛼/2q 𝛽/2 𝛼 , 𝛽 even.

(5)

Substituting (4) and (5) into (1), and letting
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Θ =
(
(𝛼 +1)p𝛼 −𝛼p𝛼−1

) (
( 𝛽 +1)q 𝛽 − 𝛽 q 𝛽−1

)
−2p𝛼q 𝛽 +2,

we obtain

|E(Γ(Z(p𝛼q 𝛽 ) )) | =



1
2

(
Θ − p (𝛼−1)/2q ( 𝛽−1)/2

)
𝛼 , 𝛽 odd,

1
2

(
Θ − p (𝛼−1)/2q 𝛽/2

)
𝛼 odd, 𝛽 even,

1
2

(
Θ − p𝛼/2q ( 𝛽−1)/2

)
𝛼 even, 𝛽 odd,

1
2

(
Θ − p𝛼/2q 𝛽/2

)
𝛼 , 𝛽 even.

Finally, by Theorem 2.5, we obtain

𝜆 (Γ(Z(p𝛼q 𝛽 ) )) = min{p − 1, q − 1}.

Let d∗ = min{p − 1, q − 1} denote the minimum distance
of the code.

Combining the obtained values of |E(Γ(Z(p𝛼q 𝛽 ) )) |, k∗, and
d∗ with the parameter formula from Theorem 2.9, we con-
clude that the binary linear code C2 has parameter

C2 =



[ 1
2

(
Θ − p (𝛼−1)/2q ( 𝛽−1)/2

)
, k∗ , d∗

]
2 𝛼 , 𝛽 odd,[ 1

2

(
Θ − p (𝛼−1)/2q 𝛽/2

)
, k∗ , d∗

]
2 𝛼 odd, 𝛽 even,[ 1

2

(
Θ − p𝛼/2q ( 𝛽−1)/2

)
, k∗ , d∗

]
2 𝛼 even, 𝛽 odd,[ 1

2

(
Θ − p𝛼/2q 𝛽/2

)
, k∗ , d∗

]
2 𝛼 , 𝛽 even.

where

Θ =
(
(𝛼 +1)p𝛼 −𝛼p𝛼−1

) (
( 𝛽 +1)q 𝛽 − 𝛽 q 𝛽−1

)
−2p𝛼q 𝛽 +2,

k∗ = p𝛼q 𝛽−p𝛼−1q 𝛽−1 (p−1) (q−1)−2, d∗ = min{p−1, q−1}.

Next, we aim to determine the parameters of the dual code
C⊥
2 corresponding to the linear code C2 obtained in Theorem

3.8. To achieve this, we rely on two fundamental theoretical
results. First, by Theorem 2.8, the dimension of the dual
code, denoted as k⊥, is simply given by the relation k⊥ = n − k,
where n and k are the length and dimension of the original code
C2 explicitly derived in Theorem 3.8. Second, by Theorem
2.10, the minimum distance of the dual code generated by
an incidence matrix is equal to the girth of its corresponding
graph.

Therefore, to establish the minimum distance, our imme-
diate task is to evaluate the girth of the zero divisor graph
Γ(Z(p𝛼q 𝛽 ) ). According to Theorem 2.6 in their work, the girth
gr (Γ(Zn)) is determined exclusively by the prime factorization
of n. Restricting their theorem to our domain where n = p𝛼q 𝛽

(with p < q being distinct primes, and positive integers 𝛼 , 𝛽 ),
the condition n ∈ {4, 8, 9} is naturally excluded. Consequently,
the girth can only take values from the set {0, 3, 4} under the
following specific conditions:

• gr (Γ(ℤp𝛼q 𝛽 )) = 0 if n = 2q (i.e., p = 2, 𝛼 = 1, 𝛽 = 1).
• gr (Γ(ℤp𝛼q 𝛽 )) = 4 if n = pq for p ≥ 3 (i.e., p ≥ 3, 𝛼 = 1,

𝛽 = 1) or n = 4q (i.e., p = 2, 𝛼 = 2, 𝛽 = 1).
• gr (Γ(ℤp𝛼q 𝛽 )) = 3 in all other cases.
By combining the dimension k⊥ = n − k and the minimum

distance d⊥ = 3 derived from the girth calculation, we obtain
the exact parameters of the dual code C⊥

2 as presented in the
following corollary.

Corollary 3.9. Let C2 be a binary linear code generated
by M (Γ(Z(p𝛼q 𝛽 ) )), where p and q are distinct primes (p < q),
positive integers 𝛼 and 𝛽 . The parameters of the dual codes
C⊥
2 = [n , k⊥ , d⊥]2 are classified into the following cases:

C⊥2 =



[ (p − 1) (q − 1) , (p − 2) (q − 2) , 4]2 if 𝛼 = 1, 𝛽 = 1, p > 2,

[4(q − 1) , 2(q − 2) , 4]2 if 𝛼 = 2, 𝛽 = 1, p = 2,[
1
2
(
Θ − p (𝛼−1)/2q ( 𝛽−1)/2

)
, 12

(
Θ − p (𝛼−1)/2q ( 𝛽−1)/2

)
− k∗ , 3

]
2

if 𝛼 , 𝛽 odd with 𝛼 + 𝛽 ≥ 4,[
1
2
(
Θ − p (𝛼−1)/2q 𝛽/2

)
, 12

(
Θ − p (𝛼−1)/2q 𝛽/2

)
− k∗ , 3

]
2

if 𝛼 odd, 𝛽 even, 𝛽 ≥ 2,[
1
2
(
Θ − p𝛼/2q ( 𝛽−1)/2

)
, 12

(
Θ − p𝛼/2q ( 𝛽−1)/2

)
− k∗ , 3

]
2

if 𝛼 even, 𝛽 odd, 𝛼 ≥ 2,
p > 2,[
1
2
(
Θ − p𝛼/2q 𝛽/2

)
, 12

(
Θ − p𝛼/2q 𝛽/2

)
− k∗ , 3

]
2

if 𝛼 , 𝛽 even, 𝛼 , 𝛽 ≥ 2.

where the auxiliary parameter Θ and the dimension of the
primary code k∗ are defined as follows:

Θ =
(
(𝛼 +1)p𝛼 −𝛼p𝛼−1

) (
( 𝛽 +1)q 𝛽 − 𝛽 q 𝛽−1

)
−2p𝛼q 𝛽 +2,

k∗ = p𝛼q 𝛽 − p𝛼−1q 𝛽−1 (p − 1) (q − 1) − 2.

Remark 3.10. In Corollary 3.9 for the case p = 2, 𝛼 =

1, 𝛽 = 1, the zero divisor graph Γ(Z2q) is acyclic. By standard
graph theory conventions Diestel (2024) , the girth of an acyclic
graph is defined as 0. Since the dual code C⊥ generated by an
incidence matrix corresponds precisely to the cycle space of
the graph (Diestel, 2024) , the absence of cycles yields a trivial
cycle space {®0} with dimension k⊥ = 0. Because the generated
code has dimension 0, its minimum distance is technically
undefined.

To clarify the construction of the linear code described in
Theorem 3.8, we present Example 3.11. This example serves
as a simple illustration of the results given in Theorem 3.8 and
Corollary 3.9 for a specific case.

Example 3.11. For p = 2, q = 3, and 𝛼 = 𝛽 = 2 the graph
Γ(Z36) is as in Figure 2.

Then, the binary linear codes generated byM (Γ(Z36)) is

C2 = [46, 22, 1]2 and its dual C⊥
2 = [46, 24, 3]2.

To evaluate the practical efficiency of the binary linear codes
constructed in Theorem 3.8, we compute their parameters for
various instances of the graph Γ(Z(p𝛼q 𝛽 ) ). Since the theoretical
framework of the Singleton and Hamming bounds has been
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Table 2. Code Parameters from Γ(Zpq𝛼 𝛽 ) and Classical Bounds Comparison

Graph p q 𝛼 𝛽 [n , k , d]2 t 𝛿 Remark
Γ(Z6) 2 3 1 1 [2,2,1]2 0 0 MDS and perfect code
Γ(Z10) 2 5 1 1 [4,4,1]2 0 0 MDS and perfect code
Γ(Z14) 2 7 1 1 [6,6,1]2 0 0 MDS and perfect code
Γ(Z15) 3 5 1 1 [8,5,2]2 0 2 Satisfies Hamming bound
Γ(Z21) 3 7 1 1 [12,7,2]2 0 4 Satisfies Hamming bound
Γ(Z22) 2 11 1 1 [10,10,1]2 0 0 MDS and perfect code
Γ(Z23) 3 11 1 1 [20,11,2]2 0 8 Satisfies Hamming bound
Γ(Z35) 5 7 1 1 [24,9,4]2 1 8 Satisfies Hamming bound
Γ(Z55) 5 11 1 1 [40,13,4]2 1 24 Satisfies Hamming bound
Γ(Z77) 7 11 1 1 [60,15,6]2 2 40 Satisfies Hamming bound
Γ(Z12) 2 2 3 1 [8,6,1]2 0 2 Satisfies Hamming bound
Γ(Z18) 2 3 3 1 [13,10,1]2 0 3 Satisfies Hamming bound
Γ(Z24) 2 4 3 1 [18,13,2]2 0 5 Satisfies Hamming bound
Γ(Z36) 2 3 2 2 [46,22,11]2 0 24 Satisfies Hamming bound
Γ(Z48) 2 3 3 2 [71,30,11]2 0 41 Satisfies Hamming bound
Γ(Z72) 2 3 3 3 [136,46,11]2 0 90 Satisfies Hamming bound
Γ(Z108) 2 3 3 4 [214,70,11]2 0 144 Satisfies Hamming bound
Γ(Z144) 2 3 3 5 [355,99,11]2 0 256 Satisfies Hamming bound
Γ(Z216) 2 3 3 6 [592,142,11]2 0 450 Satisfies Hamming bound
Γ(Z288) 2 3 5 2 [883,190,11]2 0 693 Satisfies Hamming bound

Figure 2. The Graph Γ(Z36)

established in the preliminaries, we can directly compute the
Singleton defect, denoted as

𝜎 = (n − k + 1) − d ,

and verify the Hamming bound condition to determine the
relative optimality of these codes, as summarized in Table 2.

Table 2 is systematically divided into two sections to an-
alyze the structural behavior of the constructed codes. The
first section (rows 1–10) investigates the influence of the base
primes p and q by restricting the exponents to 𝛼 = 𝛽 = 1.
As the primes p and q increase, the order and size of the
zero divisor graph expand proportionally, leading to a steady
growth in both the length n and dimension k of the linear code.
Since the minimum distance depends strictly on the primes
(d = min{p − 1, q − 1}), larger prime pairs naturally yield a
higher minimum distance, which subsequently enhances the
error-correcting capability t. Notably, when one of the primes
is p = 2, the codes achieve perfect optimality with a Singleton
defect of 𝜎 = 0, making them Maximum Distance Separable
(MDS) codes. However, as both p and q become larger odd
primes, the Singleton defect gradually increases, reflecting a
deviation from the Singleton bound.

The second section (rows 11–20) explores the impact of
the exponents 𝛼 and 𝛽 by fixing the base primes to p = 2
and q = 3. Higher exponents generate a significantly denser
zero divisor graph due to the abundance of nilpotent elements
and intersecting divisors. This structural density drastically
increases both the code length and dimension. Interestingly,
for these specific cases, the minimum distance remains strictly
constant at d = 1 (bounded by min{2 − 1, 3 − 1} = 1). Con-
sequently, the error-correcting capability is restricted to t = 0
in all variations. Furthermore, with exponential growth of the
size of the graph, the Singleton defect 𝜎 increases significantly
(up to 𝜎 = 693). This highlights that the complex combinato-
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rial structure introduced by higher prime powers deteriorates
the relative optimality of the code in terms of the Singleton
bound. Despite this, all evaluated instances strictly satisfy the
Hamming bound, confirming their robust theoretical validity.

4. CONCLUSIONS

This study presents the construction of binary linear codes
from M (Γ(Zn)), for n = p𝛼 and n = p𝛼q 𝛽 , where distinct
prime numbers p and q, and positive integers 𝛼 and 𝛽 . The
parameters and duals of the resulting codes over the binary field
𝔽2 have been determined and analyzed. Our analysis demon-
strates that generating optimal Maximum Distance Separable
(MDS) codes from these graphs is achievable, although this
occurs only in specific cases involving small primes. As the
prime bases or their exponents increase, the structural density
of the zero divisor graphs naturally leads to highly redundant
codes with a large Singleton defect and limited error-correcting
capabilities. However, the primary theoretical contribution of
this work lies in providing an exact mathematical character-
ization of the length, dimension, and dual distance of these
codes for the broader classes of rings Z(p𝛼 ) and Z(p𝛼q 𝛽 ) , which
have not been fully explored in the previous literature. Future
work may explore analogous constructions over finite fields 𝔽q
with q > 2. Another direction is the investigation of modified
graph matrices, such as weighted incidence matrices or specific
subgraphs, to mitigate the high redundancy and obtain codes
with optimal or near-optimal parameters. These investigations
may contribute to the development of new classes of codes with
potential applications in secure communication systems.
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