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AbstractThe Gardner equation is a nonlinear partial differential equation that arises in the modeling of nonlinear dispersive wave phenomena.Analytical solutions of this equation are limited to specific cases, which motivates the development of reliable numerical approaches.This study presents a numerical scheme based on the Method of Lines combined with an Improved Runge-Kutta method of orderfive to solve the Gardner equation. Spatial discretization is performed using second-order central finite difference schemes, whichtransform the governing equation into a system of ordinary differential equations. The resulting system is integrated in time usingthe fifth-order Improved Runge-Kutta method to achieve high accuracy and computational efficiency. Simulations targeting solitarypulse and kink-like wave solutions reveal that the MOL-IRK5 scheme consistently outperforms the classical MOL-RK4 method. Thenumerical results show strong agreement with the exact solutions at all observed time levels. Wave profiles are preserved duringpropagation, and no spurious oscillations are observed. Global error measures, including the maximum error, mean absolute error,and root mean square error, remain small throughout the simulation interval, indicating stable numerical performance. The resultsdemonstrate that the proposed MOL-IRK5 scheme provides accurate and efficient approximations for different types of Gardnerequation solutions. The numerical approach presented in this study offers a reliable framework for solving nonlinear dispersiveequations and can be extended to more complex mathematical models in applied science and engineering.
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1. INTRODUCTION

The Gardner equation is a nonlinear partial differential equa-
tion that combines the quadratic nonlinearity of the Korteweg-
de Vries equation and the cubic nonlinearity of the modified
Korteweg-de Vries equation. This equation plays an important
role in modeling nonlinear wave phenomena arising in various
physical applications, including shallow water waves, plasma
physics, and layered fluid systems (Khater, 2024) . Analytical
solutions of the Gardner equation are only available for spe-
cific cases and initial conditions, while most practical problems
require numerical approximations due to the nonlinear and
dispersive nature of the equation (Wazwaz, 2009) .

Various numerical approaches have been developed to ap-
proximate solutions of the Gardner equation (Gardner, 2024;
Dahiya et al., 2023; Hepson et al., 2018; Zhang et al., 2025) .
Spectral and pseudospectral methods are known for their high
accuracy but often involve complex implementations and rela-
tively high computational costs (Bacca et al., 2023) . Collocation
methods based on spline functions have also been applied and

shown to produce accurate numerical solutions with available
exact solutions for comparison (Hepson et al., 2020) . Finite
difference-based approaches combined with the Method of
Lines reduce the partial differential equation into a system of
ordinary differential equations and provide a simpler and more
practical numerical framework (Boyce and DiPrima, 2012) .
Previous studies commonly employ classical time integration
schemes such as the fourth-order Runge-Kutta method in the
Method of Lines approach, which has been shown to be stable
and effective for solving the Gardner equation (Tiong et al.,
2017) .

Recent developments in high-order time integration meth-
ods for nonlinear partial differential equations, such as expo-
nential time differencing and advanced Runge-Kutta schemes,
have demonstrated improved accuracy and efficiency in solving
dispersive wave equations (Cox and Matthews, 2002; Kassam
and Trefethen, 2005; Shu, 2009) . These approaches provide
a strong foundation for developing efficient numerical frame-
works for nonlinear wave propagation problems.
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Limited studies have explored the use of higher-order ef-
ficient time integration schemes within the Method of Lines
framework for the Gardner equation (Ji and Xing, 2023; Kep-
pens et al., 2023) . Applications that simultaneously consider
different types of exact solutions, such as solitary pulse and
kink-like wave solutions, remain scarce in the literature. Re-
cent developments indicate that higher-order schemes such
as the modified Exponential Time Differencing Runge-Kutta
method can achieve high accuracy, although at the cost of in-
creased computational complexity (Degon and Chowdhury,
2022) . An alternative approach is the Improved Runge-Kutta
method of order five, which reduces the number of function
evaluations while preserving fifth-order global accuracy, mak-
ing it a promising candidate for efficient numerical simulations
(Habibah et al., 2025) .

To the best of our knowledge, this study presents one of
the first systematic implementations of the Method of Lines
combined with an Improved Fifth-Order Runge-Kutta scheme
for solving the Gardner equation. The primary motivation for
this study is to overcome the accuracy limitations of the stan-
dard RK4 while maintaining better computational efficiency
than IRK5 schemes. Unlike existing numerical studies that rely
on classical fourth-order Runge-Kutta or spectral-based ap-
proaches, the proposed MOL-IRK5 framework offers higher-
order time integration with improved computational efficiency
while retaining numerical stability. Furthermore, this work
simultaneously investigates solitary pulse and kink-like wave
solutions and evaluates numerical performance using compre-
hensive global error measures. The results demonstrate that
the proposed approach provides accurate and reliable approxi-
mations for different wave structures of the Gardner equation.

2. NUMERICAL METHOD

This study employs a numerical approach to solve the Gardner
equation by combining spatial discretization using the Method
of Lines with a high order time integration scheme. No phys-
ical materials or laboratory equipment are involved, as the
investigation is entirely computational and analytical in na-
ture. The numerical procedures are implemented to evaluate
the accuracy and efficiency of the proposed scheme through
comparison with known exact solutions.

2.1 Mathematical Model
The Gardner equation is a nonlinear evolution equation that
combines the quadratic nonlinearity of the Korteweg-de Vries
equation and the cubic nonlinearity of the modified Korteweg-
de Vries equation. It is widely used to describe nonlinear dis-
persive wave propagation in shallow water, plasma physics, and
layered fluid systems. The Gardner’s equation is written in
Equation (1):

ut + 𝜇1uux + 𝜇2u2ux + 𝜇3uxxx = 0, (1)

where u(x , t) denotes the wave profile, x and t denote the
spatial and temporal variables, respectively, and parameters

𝜇1 , 𝜇2 , 𝜇3 describe nonlinear and dispersive effects (Wazwaz,
2009) .

In this study, Equation (1) is solved subject to an initial
condition

u(x , 0) = u0 (x). (2)

Equation (2) is taken from the corresponding exact solution
of the Gardner equation for either a solitary pulse or a kink-
like wave. Homogeneous Neumann boundary conditions are
imposed at both ends of the computational domain as stated
in Equation (3),

du
dx

(a, t) = 0, du
dx

(b , t) = 0, (3)

to ensure numerical stability and physical consistency.
The spatial domain is discretized using a uniform grid, and

spatial derivatives are approximated by second-order central fi-
nite difference schemes. Through the Method of Lines (MOL),
the governing partial differential equation is transformed into
a system of ordinary differential equations,

dU
dx

= F (U ) , (4)

whereU denotes the vector of nodal solution values. The
resulting system in Equation (4) is integrated in time using an
Improved Runge-Kutta method of order five (IRK5), which
provides high accuracy with reduced computational cost com-
pared to conventional Runge-Kutta schemes.

This formulation enables efficient and accurate numerical
simulation of the Gardner equation and forms the basis for
evaluating solitary pulse and kink-like wave solutions in the
present study.

2.2 Spatial Discretization and Semi-Discrete Formulation
To apply the Method of Lines, the spatial domain [a, b] is
discretized into N grid points, with xi expressed in Equation
(5).

xi = a + iΔx. (5)

The first spatial derivative is approximated using the central
difference formula

ux (xi , t) ≈
ui+1 − ui−1
2Δx

(6)

The third derivative is approximated by

uxxx (xi , t) ≈
ui−2 − 2ui−1 + 2ui+1 − ui+2

2Δx3
(7)
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Substituting these approximations in Equations (6) and (7)
into the Gardner Equation (1) yields a semi-discrete system of
ordinary differential equations

dui
dt

= F (ui−2 , ui−1 , ui , ui+1 , ui+2) , (8)

where ui (t) denotes the numerical approximation of u(xi , t).
This formulation reduces the original partial differential equa-
tion into a system of ordinary differential equations that depend
only on time.

2.3 Time Integration Using the Improved Runge–Kutta
Method

The resulting system of ordinary differential equations is solved
using an Improved Rung-Kutta method of order five (IRK5).
This method provides fifth-order accuracy while requiring
fewer function evaluations compared to conventional high-
order Runge-Kutta schemes.

Boundary conditions are implemented using ghost points
derived from the Neumann conditions to preserve numerical
stability near the domain boundaries. In the discrete equation
at the lower boundary, a fictitious or ghost point u0 appears. To
eliminate this point, a homogeneous Neumann boundary con-
dition is applied, which states that the spatial derivative at the
lower boundary is zero: ux (a, t) = 0. Using a central difference
approximation, this derivative is expressed in Equation (9).

ux (a, t) ≈
u2 (t) − u0 (t)

2h
= 0. (9)

From Equation (9), it follows that u0 (t) = u2 (t), allow-
ing the ghost point to be replaced by values within the phys-
ical domain. Similarly, at the upper boundary, a ghost point
u(M+1) is introduced. The homogeneous Neumann condition
ux (b , t) = 0 is applied to ensure the spatial derivative at the
boundary is zero. Using the central difference approach:

ux (b , t) ≈
u(M+1) (t) − u(M−1) (t)

2h
= 0. (10)

Based on Equation (10), we obtain u(M+1) (t) = u(M−1) (t).
By substituting this relation back into the governing equations,
the fictitious point u(M+1) is effectively eliminated while main-
taining second-order accuracy at the boundary.

The iterative process for advancing the solution from yi to
y(i+1) is defined by the following weighted average of five slope
estimates given in Equation (11) (Habibah et al., 2025) :

y(i+1) = yi +
1
6
k1 +

1
3
k2 +

1
3
k3 +

1
10
k4 +

1
15
k5 , (11)

where each intermediate slope kn is calculated sequentially
given in Equations (12)-(16):

k1 = h f (ti , yi ) , (12)

k2 = h f (ti +
1
2
h, yi +

1
2
k1) , (13)

k3 = h f (ti +
1
2
h, yi +

1
2
k2) , (14)

k4 = h f (ti + h, yi + k3) , (15)

k5 = h f (ti + h, yi +
1
2
k1 +

1
2
k4). (16)

2.4 Numerical Stability
The numerical stability of the proposed MOL-IRK5 scheme
depends on both spatial discretization and time integration. In
this study, spatial derivatives are approximated using second-
order central finite difference schemes, while temporal integra-
tion is performed using the Improved Runge-Kutta method of
order five.

For nonlinear dispersive equations such as the Gardner
equation, stability is influenced by the relationship between the
spatial grid size Δx and the time step Δt. In practical computa-
tions, the time step is selected sufficiently small relative to the
spatial step size to maintain stable numerical integration.

In the present simulations, the time step satisfies.

Δt ≤ CΔx (17)

where C is a constant depending on the nonlinear wave propa-
gation characteristics. The conditions in Equation (17) ensures
that the numerical solution remains stable and accurately re-
solves the wave dynamics.

3. RESULTS AND DISCUSSION

Numerical simulations are performed to evaluate the perfor-
mance of the proposed Method of Lines combined with the
Improved Runge-Kutta method of order five (MOL-IRK5) in
solving the Gardner equation. Two representative types of solu-
tion are considered, namely the solitary pulse and the kink-like
wave. These solutions represent different wave characteris-
tics and provide useful benchmarks for assessing the accuracy
and stability of the numerical scheme (Kai et al., 2024) . The
numerical solutions are compared with the corresponding ex-
act solutions at several time levels. The comparison allows
evaluation of the ability of the proposed method to preserve
wave shape, amplitude, and propagation characteristics over
time. The accuracy of the numerical solutions is evaluated
by comparing them with the corresponding exact solutions
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at selected time levels. Three global error measures are em-
ployed, namely the maximum error, the mean absolute error,
and the root mean square error. These error metrics provide a
quantitative assessment of the reliability and performance of
the proposed numerical scheme (Trisilowati et al., 2021) . The
Improved Runge-Kutta method of order five offers a favor-
able balance between accuracy and computational efficiency,
requiring fewer function evaluations than classical fifth-order
schemes while maintaining global fifth-order accuracy.

3.1 Numerical Results for the Solitary Pulse Case
The solitary pulse case is examined using the parameter values
𝜇1 = 4, 𝜇2 = −3, and 𝜇3 = 1, which correspond to a localized
traveling wave solution of the Gardner equation. The spatial
domain is defined as x ∈ [−20, 30] with a uniform spatial
step size Δx = 0.5, while the temporal discretization is set
to Δt = 0.1. The temporal step size is chosen to maintain
numerical stability and accuracy of the time integration scheme.
In the simulations, the time step satisfies the relation

Δt = 0.1Δx (18)

Equation (18) ensures stable numerical integration and ade-
quate temporal resolution of the wave propagation.

The exact solutions considered in this study are the solitary
pulse and the kink-like wave. The initial condition is obtained
directly from the exact solitary pulse solution at the initial
time. The simulation parameters are summarized in Table
1. Visual inspection of the solitary pulse at t = 1, t = 5,
and t = 10 reveals that both the MOL-RK4 and MOL-IRK5
schemes overlap significantly with the exact solution, effectively
capturing the peak and the symmetric decay of the pulse. While
both methods show high fidelity, the magnified view at the
wave crest suggests that the MOL-IRK5 method tracks the
exact solution with a slightly higher degree of precision as the
simulation time increases.

The comparison between numerical and exact solutions at
different time levels shows that the numerical solution accu-
rately reproduces the exact wave profile throughout the simu-
lation Yang (2024) as shown in Figure 1.

The solitary wave propagates along the spatial domain with-
out distortion of its shape or amplitude, indicating that the
numerical scheme preserves the essential characteristics of the
solitary pulse. The agreement between numerical and exact
solutions remains strong at later times, showing that the pro-
posed method maintains accuracy throughout the simulation
interval (Wu and Zhao, 2024) . Quantitative analysis provided
in Table 1 further supports this, showing that at t=1, the ab-
solute errors for both methods are remarkably small, typically
in the range of 10-5 to 10-7. Specifically, at certain spatial
points such as x = -17.5 and x = -16, the MOL-IRK5 scheme
demonstrates a lower absolute error compared to the classical
MOL-RK4, confirming its enhanced accuracy in resolving the
Gardner equation’s dynamics.

The small magnitude of the global error measures confirms
the high accuracy and stability of the MOL-IRK5 numerical

scheme. The maximum error means absolute error, and root
means square error exhibit a gradual increase as time progresses,
which is expected due to the accumulation of discretization er-
rors. The numerical accuracy is evaluated using several error
norms including the E∞, ER , and EK norms defined in Equa-
tions (19)-(21).

E∞ = max
��unumi − uexacti

�� (19)

ER =
1
N

N∑︁
i=1

��unumi − uexacti

�� (20)

EK =

√√√
1
N

N∑︁
i=1

(
unumi − uexacti

)2
(21)

These results demonstrate that the MOL-IRK5 scheme
provides accurate approximations for the solitary pulse solution
of the Gardner equation. A summary of the numerical results
for some observation times is given in Table 2 and Table 3.

3.2 Numerical Results for the Kink-Like Wave Case
The kink-like wave case is investigated using the parameter
values 𝜇1 = 1, 𝜇2 = −5, and 𝜇3 = 1, which generate a kink-like
traveling wave solution of the Gardner equation. The spatial
domain is defined as x ∈ [−80, 80] with a uniform spatial step
size Δx = 0.5, and the time step is set to Δt = 0.1. The exact
solutions considered in this study are the solitary pulse and
the kink-like wave. The initial condition is obtained from the
exact kink-like wave solution at the initial time. The simulation
setting for the kink-like wave case is listed in Table 4.

The numerical solution accurately reproduces the kink-like
wave profile and maintains strong agreement with the exact so-
lution throughout the simulation interval san shwon in Figure
2. Visual analysis of the wave propagation at t=1, t=10, and
t=20 indicates that both MOL-RK4 and MOL-IRK5 effec-
tively capture the monotonic transition of the kink wave. The
magnified insets in Figure 2 demonstrate that the IRK5 scheme
follows the exact solution curve with minimal deviation, even
as the wave progresses over longer time intervals.

The transition region of the wave is captured smoothly,
and the numerical solution remains consistent with the exact
solution throughout the simulation interval. The wave prop-
agates along the spatial domain without generating spurious
oscillations near the transition region, demonstrating that the
numerical scheme effectively handles solutions with sharp gra-
dients (Neto et al., 2022) . Quantitative data from Table 2 at
t=1 confirms the superior precision of the proposed methods,
with absolute errors remarkably low, ranging between 10-8 and
10-10. For instance, at x = -79 and x = 76, the MOL-IRK5
scheme consistently yields absolute errors in the magnitude of
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Table 1. Comparison between Exact and Numerical Solutions, and Absolute Error at Time t = 1 for The Solitary Pulse Case

x(i) Exact MOL-RK4 MOL-IRK5 Absolute Error MOL-RK4 Absolute Error MOL-IRK5
-20.0 8.250 × 10−5 8.561 × 10−5 8.561 × 10−5 3.11 × 10−6 3.11 × 10−6
-19.5 9.745 × 10−5 1.1510 × 10−4 1.1511 × 10−4 1.76 × 10−5 1.77 × 10−5
-19.0 1.1512 × 10−4 1.2894 × 10−4 1.2885 × 10−4 1.38 × 10−5 1.37 × 10−5
-18.5 1.3598 × 10−4 1.4123 × 10−4 1.4133 × 10−4 5.26 × 10−6 5.35 × 10−6
-18.0 1.6061 × 10−4 1.6662 × 10−4 1.6665 × 10−4 6.01 × 10−6 6.04 × 10−6
-17.5 1.8971 × 10−4 1.9012 × 10−4 1.8993 × 10−4 4.11 × 10−6 2.18 × 10−7
-17.0 2.2407 × 10−4 2.2723 × 10−4 2.2747 × 10−4 3.16 × 10−6 3.40 × 10−6
-16.5 2.6464 × 10−4 2.6335 × 10−4 2.6325 × 10−4 1.29 × 10−6 1.39 × 10−6
-16.0 3.1255 × 10−4 3.1480 × 10−4 3.1465 × 10−4 2.25 × 10−6 2.10 × 10−6
-15.5 3.6910 × 10−4 3.6722 × 10−4 3.6755 × 10−4 1.89 × 10−6 1.55 × 10−6
25.5 3.9741 × 10−4 4.0245 × 10−4 4.0286 × 10−4 5.03 × 10−6 5.44 × 10−6
26.0 3.3653 × 10−4 3.3477 × 10−4 3.3502 × 10−4 1.76 × 10−6 1.50 × 10−6
26.5 2.8495 × 10−4 2.7550 × 10−4 2.7512 × 10−4 9.45 × 10−6 9.84 × 10−6
27.0 2.4127 × 10−4 2.2627 × 10−4 2.2625 × 10−4 1.50 × 10−5 1.50 × 10−5
27.5 2.0428 × 10−4 1.8829 × 10−4 1.8856 × 10−4 1.60 × 10−5 1.57 × 10−5
28.0 1.7295 × 10−4 1.6159 × 10−4 1.6148 × 10−4 1.14 × 10−5 1.15 × 10−5
28.5 1.4642 × 10−4 1.4503 × 10−4 1.4494 × 10−4 1.39 × 10−6 1.48 × 10−6
29.0 1.2396 × 10−4 1.3660 × 10−4 1.3669 × 10−4 1.26 × 10−5 1.27 × 10−5
29.5 1.0494 × 10−4 1.3378 × 10−4 1.3379 × 10−4 2.88 × 10−5 2.88 × 10−5
30.0 8.884 × 10−5 8.561 × 10−5 8.561 × 10−5 3.23 × 10−6 3.23 × 10−6

Figure 1. Exact and Numerical Solutions of the Gardner Equation Solitary Pulse for 𝛿x = 0.5 at (a) t = 1, (b) t = 5, and (c) t = 10

© 2026 The Authors. Page 907 of 914



Putri and Habibah Science and Technology Indonesia, 11 (2026) 903-914

Table 2. Comparison between Exact and Numerical Solutions, and Absolute Error at Time t = 5 for The Solitary Pulse Case

x(i) Exact MOL-RK4 MOL-IRK5 Absolute Error MOL-RK4 Absolute Error MOL-IRK5
-20.0 7.114 × 10−5 8.561 × 10−5 8.561 × 10−5 1.45 × 10−5 1.45 × 10−5
-19.5 8.404 × 10−5 1.1995 × 10−4 1.2003 × 10−4 3.59 × 10−5 3.60 × 10−5
-19.0 9.927 × 10−5 1.2816 × 10−4 1.2834 × 10−4 2.89 × 10−5 2.91 × 10−5
-18.5 1.1727 × 10−4 1.3689 × 10−4 1.3675 × 10−4 1.96 × 10−5 1.95 × 10−5
-18.0 1.3852 × 10−4 1.5514 × 10−4 1.5491 × 10−4 1.66 × 10−5 1.64 × 10−5
-17.5 1.6361 × 10−4 1.7432 × 10−4 1.7433 × 10−4 1.07 × 10−5 1.07 × 10−5
-17.0 1.9325 × 10−4 2.0299 × 10−4 2.0334 × 10−4 9.74 × 10−6 1.01 × 10−5
-16.5 2.2825 × 10−4 2.3296 × 10−4 2.3316 × 10−4 4.71 × 10−6 4.91 × 10−6
-16.0 2.6958 × 10−4 2.7462 × 10−4 2.7422 × 10−4 5.05 × 10−6 4.65 × 10−6
-15.5 3.1838 × 10−4 3.2063 × 10−4 3.2015 × 10−4 2.26 × 10−6 1.77 × 10−6
25.5 4.6070 × 10−4 4.4298 × 10−4 4.4201 × 10−4 1.77 × 10−5 1.87 × 10−5
26.0 3.9014 × 10−4 3.7878 × 10−4 3.7836 × 10−4 1.14 × 10−5 1.18 × 10−5
26.5 3.3036 × 10−4 3.1947 × 10−4 3.2023 × 10−4 1.09 × 10−5 1.01 × 10−5
27.0 2.7973 × 10−4 2.7512 × 10−4 2.7538 × 10−4 4.62 × 10−6 4.36 × 10−6
27.5 2.3685 × 10−4 2.3283 × 10−4 2.3279 × 10−4 4.02 × 10−6 4.06 × 10−6
28.0 2.0053 × 10−4 2.0411 × 10−4 2.0309 × 10−4 3.57 × 10−6 2.56 × 10−6
28.5 1.6978 × 10−4 1.7695 × 10−4 1.7744 × 10−4 7.17 × 10−6 7.66 × 10−6
29.0 1.4374 × 10−4 1.6334 × 10−4 1.6398 × 10−4 1.96 × 10−5 2.02 × 10−5
29.5 1.2169 × 10−4 1.5066 × 10−4 1.5015 × 10−4 2.90 × 10−5 2.85 × 10−5
30.0 1.0302 × 10−4 8.561 × 10−5 8.561 × 10−5 1.74 × 10−5 1.74 × 10−5

Table 3. Comparison between Exact and Numerical Solutions, and Absolute Error at Time t = 10 for The Solitary Pulse Case

x(i) Exact MOL-RK4 MOL-IRK5 Absolute Error MOL-RK4 Absolute Error MOL-IRK5
-20.0 5.912 × 10−5 8.561 × 10−5 8.561 × 10−5 2.65 × 10−5 2.65 × 10−5
-19.5 6.984 × 10−5 1.1408 × 10−4 1.1291 × 10−4 4.42 × 10−5 4.31 × 10−5
-19.0 8.250 × 10−5 1.1305 × 10−4 1.1257 × 10−4 3.06 × 10−5 3.01 × 10−5
-18.5 9.745 × 10−5 1.1918 × 10−4 1.2081 × 10−4 2.17 × 10−5 2.34 × 10−5
-18.0 1.1512 × 10−4 1.3052 × 10−4 1.3025 × 10−4 1.54 × 10−5 1.51 × 10−5
-17.5 1.3598 × 10−4 1.4947 × 10−4 1.4895 × 10−4 1.35 × 10−5 1.30 × 10−5
-17.0 1.6061 × 10−4 1.7271 × 10−4 1.7200 × 10−4 1.21 × 10−5 1.14 × 10−5
-16.5 1.8971 × 10−4 1.9951 × 10−4 2.0074 × 10−4 9.80 × 10−6 1.10 × 10−5
-16.0 2.2407 × 10−4 2.3132 × 10−4 2.3146 × 10−4 7.25 × 10−6 7.39 × 10−6
-15.5 2.6464 × 10−4 2.6825 × 10−4 2.6763 × 10−4 3.61 × 10−6 2.99 × 10−6
25.5 5.5411 × 10−4 5.2159 × 10−4 5.2126 × 10−4 3.25 × 10−5 3.29 × 10−5
26.0 4.6929 × 10−4 4.4226 × 10−4 4.4340 × 10−4 2.70 × 10−5 2.59 × 10−5
26.5 3.9741 × 10−4 3.7012 × 10−4 3.7136 × 10−4 2.73 × 10−5 2.61 × 10−5
27.0 3.3653 × 10−4 3.1704 × 10−4 3.1559 × 10−4 1.95 × 10−5 2.09 × 10−5
27.5 2.8495 × 10−4 2.6885 × 10−4 2.6816 × 10−4 1.61 × 10−5 1.68 × 10−5
28.0 2.4127 × 10−4 2.4044 × 10−4 2.4016 × 10−4 8.34 × 10−7 1.11 × 10−6
28.5 2.0428 × 10−4 2.1654 × 10−4 2.1796 × 10−4 1.23 × 10−5 1.37 × 10−5
29.0 1.7295 × 10−4 2.0768 × 10−4 2.0806 × 10−4 3.47 × 10−5 3.51 × 10−5
29.5 1.4642 × 10−4 1.9758 × 10−4 1.9642 × 10−4 5.12 × 10−5 5.00 × 10−5
30.0 1.2396 × 10−4 8.561 × 10−5 8.561 × 10−5 3.83 × 10−5 3.83 × 10−5

10-9 and 10-10, illustrating its high-order accuracy in maintain-
ing the steep gradient of the kink structure.

The agreement between numerical and exact solutions
persists at later times, indicating that the proposed numeri-
cal method maintains stability and accuracy for the kink-like

wave case (Rugg et al., 2024) . These observations confirm
that the MOL-IRK5 scheme is robust when applied to Gard-
ner equation solutions with non-symmetric and monotonic
wave structures. A summary of the numerical results for some
observation times is given in Table 5 and Table 6.
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Table 4. Comparison between Exact and Numerical Solutions, and Absolute Error at Time t = 1 for The Kink-Like Wave Case

x(i) Exact MOL-RK4 MOL-IRK5
Absolute Error

MOL-RK4
Absolute Error
MOL-IRK5

-80.0 1.9999991 × 10−1 1.9999991 × 10−1 1.9999991 × 10−1 5.50 × 10−10 5.50 × 10−10
-79.5 1.9999990 × 10−1 1.9999989 × 10−1 1.9999989 × 10−1 1.06 × 10−8 1.06 × 10−8
-79.0 1.9999989 × 10−1 1.9999988 × 10−1 1.9999988 × 10−1 8.03 × 10−9 7.98 × 10−9
-78.5 1.9999988 × 10−1 1.9999988 × 10−1 1.9999988 × 10−1 3.24 × 10−9 3.29 × 10−9
-78.0 1.9999987 × 10−1 1.9999987 × 10−1 1.9999987 × 10−1 3.42 × 10−9 3.43 × 10−9
-77.5 1.9999986 × 10−1 1.9999986 × 10−1 1.9999986 × 10−1 3.95 × 10−10 2.90 × 10−10
-77.0 1.9999984 × 10−1 1.9999984 × 10−1 1.9999984 × 10−1 1.75 × 10−9 1.88 × 10−9
-76.5 1.9999983 × 10−1 1.9999983 × 10−1 1.9999983 × 10−1 5.92 × 10−10 6.48 × 10−10
-76.0 1.9999981 × 10−1 1.9999981 × 10−1 1.9999981 × 10−1 1.23 × 10−9 1.15 × 10−9
-75.5 1.9999979 × 10−1 1.9999980 × 10−1 1.9999980 × 10−1 9.22 × 10−10 7.40 × 10−10
75.5 2.1 × 10−7 2.1 × 10−7 2.1 × 10−7 2.81 × 10−9 3.04 × 10−9
76.0 1.9 × 10−7 1.9 × 10−7 1.9 × 10−7 7.06 × 10−10 5.64 × 10−10
76.5 1.7 × 10−7 1.7 × 10−7 1.7 × 10−7 4.80 × 10−9 5.01 × 10−9
77.0 1.6 × 10−7 1.5 × 10−7 1.5 × 10−7 7.87 × 10−9 7.89 × 10−9
77.5 1.4 × 10−7 1.4 × 10−7 1.4 × 10−7 8.65 × 10−9 8.50 × 10−9
78.0 1.3 × 10−7 1.2 × 10−7 1.2 × 10−7 6.54 × 10−9 6.61 × 10−9
78.5 1.2 × 10−7 1.2 × 10−7 1.2 × 10−7 1.65 × 10−9 1.70 × 10−9
79.0 1.1 × 10−7 1.2 × 10−7 1.2 × 10−7 5.45 × 10−9 5.50 × 10−9
79.5 1.0 × 10−7 1.1 × 10−7 1.1 × 10−7 1.39 × 10−8 1.39 × 10−8
80.0 9.0 × 10−8 9.0 × 10−8 9.0 × 10−8 5.54 × 10−10 5.54 × 10−10

Figure 2. Exact and Numerical Solutions of The Gardner Equation Kink-Like Wave for 𝛿x = 0.5 at (a) t= 1, (b) t= 10, and (c) t=
20
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Table 5. Comparison between Exact and Numerical Solutions, and Absolute Error at Time t = 10 for The Kink-Like Wave Case

x(i) Exact MOL-RK4 MOL-IRK5
Absolute Error

MOL-RK4
Absolute Error
MOL-IRK5

-80.0 1.9999991 × 10−1 1.9999991 × 10−1 1.9999991 × 10−1 5.36 × 10−9 5.36 × 10−9
-79.5 1.9999991 × 10−1 1.9999988 × 10−1 1.9999988 × 10−1 3.05 × 10−8 3.05 × 10−8
-79.0 1.9999990 × 10−1 1.9999987 × 10−1 1.9999987 × 10−1 2.55 × 10−8 2.55 × 10−8
-78.5 1.9999989 × 10−1 1.9999987 × 10−1 1.9999987 × 10−1 1.95 × 10−8 1.95 × 10−8
-78.0 1.9999988 × 10−1 1.9999986 × 10−1 1.9999986 × 10−1 1.64 × 10−8 1.64 × 10−8
-77.5 1.9999987 × 10−1 1.9999985 × 10−1 1.9999985 × 10−1 1.20 × 10−8 1.20 × 10−8
-77.0 1.9999985 × 10−1 1.9999984 × 10−1 1.9999984 × 10−1 1.03 × 10−8 1.03 × 10−8
-76.5 1.9999984 × 10−1 1.9999983 × 10−1 1.9999983 × 10−1 7.13 × 10−9 7.13 × 10−9
-76.0 1.9999982 × 10−1 1.9999982 × 10−1 1.9999982 × 10−1 6.41 × 10−9 6.41 × 10−9
-75.5 1.9999981 × 10−1 1.9999980 × 10−1 1.9999980 × 10−1 4.02 × 10−9 4.02 × 10−9
75.5 2.2 × 10−7 2.0 × 10−7 2.0 × 10−7 1.44 × 10−8 1.43 × 10−8
76.0 2.0 × 10−7 1.9 × 10−7 1.9 × 10−7 1.24 × 10−8 1.24 × 10−8
76.5 1.8 × 10−7 1.8 × 10−7 1.8 × 10−7 3.58 × 10−9 3.59 × 10−9
77.0 1.7 × 10−7 1.7 × 10−7 1.7 × 10−7 1.22 × 10−9 1.22 × 10−9
77.5 1.5 × 10−7 1.6 × 10−7 1.6 × 10−7 1.16 × 10−8 1.16 × 10−8
78.0 1.4 × 10−7 1.6 × 10−7 1.6 × 10−7 1.85 × 10−8 1.85 × 10−8
78.5 1.3 × 10−7 1.6 × 10−7 1.6 × 10−7 3.02 × 10−8 3.02 × 10−8
79.0 1.2 × 10−7 1.6 × 10−7 1.6 × 10−7 3.94 × 10−8 3.94 × 10−8
79.5 1.1 × 10−7 1.6 × 10−7 1.6 × 10−7 5.22 × 10−8 5.22 × 10−8
80.0 1.0 × 10−7 9.0 × 10−8 9.0 × 10−8 5.69 × 10−9 5.69 × 10−9

Table 6. Comparison between Exact and Numerical Solutions, and Absolute Error at Time t = 20 for The Kink-Like Wave Case

x(i) Exact MOL-RK4 MOL-IRK5
Absolute Error

MOL-RK4
Absolute Error
MOL-IRK5

-80.0 1.9999992 × 10−1 1.9999991 × 10−1 1.9999991 × 10−1 1.04 × 10−8 1.04 × 10−8
-79.5 1.9999991 × 10−1 1.9999987 × 10−1 1.9999987 × 10−1 3.94 × 10−8 3.91 × 10−8
-79.0 1.9999990 × 10−1 1.9999987 × 10−1 1.9999987 × 10−1 3.37 × 10−8 3.35 × 10−8
-78.5 1.9999989 × 10−1 1.9999987 × 10−1 1.9999987 × 10−1 2.70 × 10−8 2.76 × 10−8
-78.0 1.9999988 × 10−1 1.9999986 × 10−1 1.9999986 × 10−1 2.33 × 10−8 2.28 × 10−8
-77.5 1.9999987 × 10−1 1.9999985 × 10−1 1.9999985 × 10−1 1.88 × 10−8 1.87 × 10−8
-77.0 1.9999986 × 10−1 1.9999984 × 10−1 1.9999984 × 10−1 1.71 × 10−8 1.72 × 10−8
-76.5 1.9999985 × 10−1 1.9999983 × 10−1 1.9999983 × 10−1 1.33 × 10−8 1.37 × 10−8
-76.0 1.9999983 × 10−1 1.9999982 × 10−1 1.9999982 × 10−1 1.17 × 10−8 1.18 × 10−8
-75.5 1.9999982 × 10−1 1.9999981 × 10−1 1.9999981 × 10−1 8.02 × 10−9 7.16 × 10−9
75.5 2.3 × 10−7 2.3 × 10−7 2.3 × 10−7 1.65 × 10−9 1.94 × 10−9
76.0 2.1 × 10−7 2.2 × 10−7 2.3 × 10−7 1.23 × 10−8 1.23 × 10−8
76.5 1.9 × 10−7 2.2 × 10−7 2.2 × 10−7 2.95 × 10−8 2.96 × 10−8
77.0 1.8 × 10−7 2.2 × 10−7 2.2 × 10−7 4.55 × 10−8 4.57 × 10−8
77.5 1.6 × 10−7 2.3 × 10−7 2.3 × 10−7 6.37 × 10−8 6.34 × 10−8
78.0 1.5 × 10−7 2.3 × 10−7 2.3 × 10−7 7.97 × 10−8 7.97 × 10−8
78.5 1.3 × 10−7 2.3 × 10−7 2.3 × 10−7 9.70 × 10−8 9.74 × 10−8
79.0 1.2 × 10−7 2.3 × 10−7 2.3 × 10−7 1.11 × 10−7 1.11 × 10−7
79.5 1.1 × 10−7 2.4 × 10−7 2.4 × 10−7 1.25 × 10−7 1.25 × 10−7
80.0 1.0 × 10−7 9.0 × 10−8 9.0 × 10−8 1.17 × 10−8 1.17 × 10−8

3.3 Global Error Analysis
The accuracy of the numerical solutions for both solitary pulse
and kink-like wave cases is evaluated using global error mea-

sures, including the maximum error, the mean absolute error,
and the root mean square error. These error metrics are com-
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puted by comparing the numerical solutions with the corre-
sponding exact solutions at selected time levels. The global
error values for the solitary pulse and kink-like wave are re-
ported in Table 7 and Table 8, respectively, while the error
evolution is illustrated in Figure 3 and Figure 4.

Figure 3. Global Error Evolution Over Time for The Gardner
Equation Solitary Pulse

Figure 4. Global Error Evolution Over Time for The Gardner
Equation Kink-Like Wave

For the solitary pulse case, the global error values exhibit
a gradual increase as time progresses due to the accumulation
of discretization errors. The magnitude of the errors remains
small throughout the simulation interval, indicating that the
numerical approximation retains a high level of accuracy. As
shown in Figure 3, the error evolution for both MOL-RK4
and MOL-IRK5 follows a nearly identical trajectory, with E∞
oscillating slightly but remaining below 1.0×10−4 up to t = 10.
Table 8 highlights that at t = 10, the MOL-IRK5 scheme
achieves an E∞ of 9.0284 × 10−5, which is slightly lower than
the 9.0379 × 10−5 produced by MOL-RK4. This indicates
that while both methods are highly accurate, the fifth-order
refinement in IRK5 provides a marginal gain in suppressing
long-term error accumulation.

For the kink-like wave case, the global error values are
significantly smaller, reflecting enhanced numerical stability
for this type of solution. Data from Table 8 shows that the
maximum error (E∞) for the kink-like wave is in the magnitude
of 10−6 to 10−7, which is two orders of magnitude smaller
than the solitary pulse case. Figure 4 confirms a linear growth
in error over time, yet the MOL-IRK5 scheme consistently
maintains a level of precision that is virtually indistinguishable
from or superior to the standard RK4, with E∞ values reaching
only 3.1959 × 10−6 at t = 10. The consistently low error
levels in both cases demonstrate the reliability of the proposed
numerical scheme.

The comparison of error behavior between the two cases
highlights the effectiveness of the MOL-IRK5 approach across
different solution characteristics. The observed error magni-
tudes confirm that the numerical scheme provides accurate
approximations for both localized and transition type wave
solutions of the Gardner equation. A detailed error summary
at each observation time is given in Table 7 and Table 8.

3.4 Discussion on Accuracy and Efficiency of the MOL-
IRK5 Scheme

The numerical results for the solitary pulse and kink-like wave
cases indicate that the MOL-IRK5 scheme provides accurate
approximations of the Gardner equation solutions. While both
the MOL-RK4 and MOL-IRK5 schemes closely match the
exact solutions, the MOL-IRK5 method demonstrates a more
refined alignment with the exact wave profile, particularly at
the peak of the solitary pulse and the steep transition of the
kink-like wave. The numerical solutions closely match the
exact solutions and preserve the wave profiles during propaga-
tion, demonstrating the reliability of the proposed MOL-IRK5
scheme. Figure 4 provides an additional visualization of the
agreement between the numerical and exact solutions, reinforc-
ing the accuracy of the MOL-IRK5 scheme.

Wave profiles preserve their shapes during propagation
along the spatial domain. Global error values remain small
over the entire time interval for both methods, however the
MOL-IRK5 scheme generally yields lower absolute errors at
specific spatial nodes than the standard RK4. No numerical
oscillations appear throughout the simulations. Global error
values remain small over the entire time interval. These obser-
vations demonstrate the reliability of the proposed numerical
approach.

The accuracy of the numerical scheme is supported by the
behavior of global error measures presented in the numerical
results. The maximum error, meaning absolute error, and root
mean square error increase gradually as time progresses. Such
behavior is expected due to the accumulation of discretization
errors in space and time, as reported in previous numerical
studies of nonlinear dispersive equations (Hepson et al., 2020) .
The MOL-IRK5 scheme exhibits a slower rate of error growth
compared to MOL-RK4. Table 8 reveals that for the solitary
pulse at t = 10, the maximum error (E∞) for IRK5 is 9.0284×
10−5, outperforming the RK4 value of 9.0379 × 10−5. This
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Table 7. Global Error Values at Specific Times for The Solitary Pulse Case

Time (t) E∞ RK4 E∞ IRK5 ER RK4 ER IRK5 EK RK4 EK IRK5

1.0
2.8843
×10−05

2.8846
×10−05

5.4219
×10−06

5.4391
×10−06

7.3079
×10−06

7.3171
×10−06

2.0
4.4592
×10−05

4.4582
×10−05

9.4836
×10−06

9.4836
×10−06

1.2971
×10−05

1.2978
×10−05

3.0
5.5825
×10−05

5.5828
×10−05

1.3311
×10−05

1.3308
×10−05

1.8122
×10−05

1.8128
×10−05

4.0
5.0046
×10−05

4.9078
×10−05

1.5925
×10−05

1.5903
×10−05

2.1465
×10−05

2.1477
×10−05

5.0
6.3468
×10−05

6.4030
×10−05

1.8622
×10−05

1.8655
×10−05

2.4928
×10−05

2.4937
×10−05

6.0
7.0551
×10−05

7.0527
×10−05

2.1802
×10−05

2.1792
×10−05

2.8301
×10−05

2.8314
×10−05

7.0
8.0217
×10−05

8.0281
×10−05

2.4330
×10−05

2.4317
×10−05

3.1581
×10−05

3.1589
×10−05

8.0
8.1565
×10−05

8.2182
×10−05

2.6868
×10−05

2.6888
×10−05

3.4561
×10−05

3.4568
×10−05

9.0
8.7831
×10−05

8.8434
×10−05

2.8667
×10−05

2.8664
×10−05

3.7291
×10−05

3.7299
×10−05

10.0
9.0379
×10−05

9.0284
×10−05

3.0854
×10−05

3.0877
×10−05

3.9408
×10−05

3.9399
×10−05

Table 8. Global Error Values at Specific Times for The Kink-Like Wave Case

Time (t) E∞ RK4 E∞ IRK5 ER RK4 ER IRK5 EK RK4 EK IRK5

1.0
3.1439
×10−07

3.1439
×10−07

3.7567
×10−08

3.7569
×10−08

8.6301
×10−08

8.6301
×10−08

2.0
6.2529
×10−07

6.2529
×10−07

7.4958
×10−08

7.4963
×10−08

1.7251
×10−07

1.7251
×10−07

3.0
9.2992
×10−07

9.2992
×10−07

1.1208
×10−07

1.1208
×10−07

2.5855
×10−07

2.5855
×10−07

4.0
1.2330
×10−06

1.2330
×10−06

1.4910
×10−07

1.4910
×10−07

3.4436
×10−07

3.4436
×10−07

5.0
1.5319
×10−06

1.5319
×10−06

1.8592
×10−07

1.8592
×10−07

4.2985
×10−07

4.2985
×10−07

6.0
1.8582
×10−06

1.8584
×10−06

2.2249
×10−07

2.2249
×10−07

5.1496
×10−07

5.1496
×10−07

7.0
2.1921
×10−06

2.1922
×10−06

2.5910
×10−07

2.5911
×10−07

5.9962
×10−07

5.9962
×10−07

8.0
2.5265
×10−06

2.5264
×10−06

2.9549
×10−07

2.9549
×10−07

6.8378
×10−07

6.8378
×10−07

9.0
2.8587
×10−06

2.8587
×10−06

3.3165
×10−07

3.3165
×10−07

7.6738
×10−07

7.6738
×10−07

10.0
3.1965
×10−06

3.1959
×10−06

3.6776
×10−07

3.6776
×10−07

8.5037
×10−07

8.5037
×10−07

behavior confirms the superior numerical stability of the MOL-
IRK5 scheme for long-term integration.

The solitary pulse case shows that the numerical method
effectively preserves localized traveling wave structures. Com-
pared to the classical RK4, the IRK5 scheme more accurately

follows the exact solitary pulse as it propagates (Mihalache,
2021) , maintaining the wave’s amplitude and width with higher
fidelity. Although small deviations observed at later times are
caused by accumulated numerical errors. These deviations do
not significantly alter the overall wave profile (Qi et al., 2024) .
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Table 9. Convergence Results Obtained for Different Grid Resolutions

Δx
Kink-Like Waves Case Solitary Pulse Case

Error Order Error Order
1 6.180927 × 10−7 – 2.690838 × 10−5 –

0.5 1.574208 × 10−7 1.9732 7.368389 × 10−6 1.8686
0.25 3.953863 × 10−8 1.9933 1.891260 × 10−6 1.9620
0.125 9.895997 × 10−9 1.9983 7.378937 × 10−7 1.3579

The results confirm that the scheme performs well for localized
wave solutions of the Gardner equation.

The kink-like wave case highlights the robustness of the
numerical method for solutions with sharp transition regions.
The MOL-IRK5 scheme captures the monotonic structure
of the kink-like wave with exceptional precision, producing
global error values (Table 8) that are significantly smaller than
those obtained for the solitary pulse case. When compared
to RK4, the IRK5 scheme consistently maintains lower L∞
and L2 norms, indicating enhanced numerical stability when
handling steep gradients (Mandikas and Voulgarakis, 2025) .

The efficiency of the MOL- IRK5 scheme is achieved
through the combination of spatial discretization and high-
order time integration. While both MOL-RK4 and MOL-
IRK5 are constrained by the second-order spatial discretization,
the IRK5 time-stepping provides a more accurate temporal
evolution, leading to smaller global errors, especially in the
kink-like wave case where monotonic structures reduce nu-
merical dispersion. This combination makes the scheme more
suitable for practical numerical studies requiring a balance be-
tween computational cost and high-order precision (Liu et al.,
2022) . The smaller global errors observed in the kink-like
wave case can be attributed to the monotonic structure of the
solution, which reduces numerical dispersion effects compared
to localized solitary pulse solutions. Although the Improved
Runge-Kutta method provides fifth-order accuracy in time, the
overall accuracy of the numerical scheme is mainly governed
by the second-order spatial discretization. Consequently, the
combined MOL-IRK5 scheme demonstrates approximately
second-order convergence with respect to spatial grid refine-
ment.

3.5 Convergence Analysis
To verify the accuracy of the proposed numerical scheme, a
convergence test is conducted using progressively refined spatial
grids. The numerical error is evaluated using the maximum
norm defined in Equation (19). The experimental order of
convergence is calculated using Equation (22):

p =
log

(
E1
E2

)
log

(
h1
h2

) (22)

where E1 and E2 represent numerical errors corresponding
to grid sizes h1 and h2.

Table 9 confirms that the numerical scheme exhibits ap-
proximately second-order convergence, which is consistent
with the spatial discretization used in the Method of Lines.

4. CONCLUSIONS

This study has successfully developed and implemented a nu-
merical scheme based on the Method of Lines combined with
an Improved Runge-Kutta method of order five (MOL-IRK5)
to solve the Gardner equation. The application of second-
order central finite difference spatial discretization and fifth-
order time integration to solitary pulse and kink-like wave
cases demonstrated high accuracy and robust numerical per-
formance. A key finding is that the MOL-IRK5 scheme con-
sistently outperforms the classical MOL-RK4 method, yield-
ing lower global error norms (E∞ , ER , EK ) and showing supe-
rior stability in preserving wave profiles and sharp gradients
over long-term simulations. These results confirm that the
MOL-IRK5 approach provides a more precise and efficient
framework for modeling nonlinear dispersive wave solutions
compared to standard fourth-order schemes. While the over-
all accuracy is primarily governed by spatial discretization, the
IRK5 temporal integrator ensures a more stable evolution, mak-
ing it a reliable tool for investigating complex nonlinear evolu-
tion equations in fluid dynamics and related physical systems.
Future work may focus on stability analysis, adaptive time step-
ping, and extension to higher-dimensional nonlinear evolution
equations.
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