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In this paper, we investigate the line graph of the prime coprime graph associated with the integers modulo group. Explicit general
formulas are derived for the first Zagreb index, the second Zagreb index, and the hyper-Zagreb index of the considered structures.
A comparative analysis is performed between the newly obtained results and previously reported findings, highlighting structural
differences and index growth behaviour under the line-graph transformation. Furthermore, a statistical analysis is conducted to
explore the quantitative relationship between the prime coprime graph and its corresponding line graph with respect to the computed
Zagreb-based indices. The results provide deeper insight into the structural complexity of algebraically defined graphs and clarify
how degree-based topological descriptors evolve under graph transformations.
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1. INTRODUCTION

Degree-based topological indices play a central role in relat-
ing graph structure to chemical and physicochemical proper-
ties. Among the most prominent are the Zagreb family of
indices, including the first Zagreb index, the second Zagreb in-
dex, and the hyper-Zagreb index. These indices quantify local
degree interactions and thereby capture structural complexity
and molecular connectivity. Related graph invariants such as
the locating chromatic number also describe vertex position
in graphs (Abel et al., 2025). Their applications span drug
design, synthesis planning, and property prediction (IHassan,
2023). Related work on the codification of chemical connec-
tivity for small-sized drugs via topological indices is reported
in (Gonzalez-Diaz et al., 2007). The predictive strength of
Zagreb-type descriptors is further supported by the use of
general multiplicative Zagreb indices to estimate enthalpies
of formation for hydrocarbons, particularly on a dataset of 25
benzenoid compounds (Noureen et al., 2024). Similarly, sev-
eral degree-based descriptors, including the Zagreb and Randic
indices, have been applied to analyze structural complexity and
electronic characteristics of non-kokule benzenoid systems,
which are known for their behavior and potential applications
in molecular design (Yow et al., 2026).

Research on connection-based Zagreb descriptors includes
investigations of the expected value of the first Zagreb con-

nection index for random cyclooctatetraene chains, random
polyphenyl chains, and random chain networks (Raza et al.,
20238), as well as studies on polycyclic aromatic hydrocarbon
structures (Arockiaraj et al., 2023; Usman and Javaid, 2024).
Related theoretical work also derives formula for Zagreb index,
in Cayley digraphs and shows that these indices grow linearly
with the structural size of the graph (Pongpipat and Nupo,
2026). Beyond chemical systems, the hyper-Zagreb index has
also been benchmarked against three classical Zagreb indices
in the statistical analysis of “Murder” crime patterns in India
(Islam et al., 2024), illustrating the broader methodological
applicability of Zagreb-based measures in complex network
analysis.

A complementary line of research investigates topological
indices on transformed graph structures, particularly those aris-
ing from line-graph constructions. Eccentricity-based indices
have been computed for para-line graphs of certain hexag-
onal cactus chains (Durgut and Turaci, 2023), while reverse
degree-based indices on line graphs have been explored in ap-
plications to coronavirus drug design (Rosary, 2022). Extremal
properties under the super line-graph operation have been
analyzed through the generalized Randic index (Ul Ain et al.,
2024). From a spectral perspective, the characterization of ex-
tremal eigenvalues of line graphs, once regarded as challenging
(Chang et al., 2024), has been completely resolved (Zhen et al.,
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2025). Related contributions include best-possible bounds for
the arithmetic-geometric index (Li and Zhang, 2022) and a
comprehensive study of the general sum-connectivity index of
line graphs, together with a classification of the extremal graphs
(Chen, 2023). These results collectively demonstrate that line-
graph transformations significantly enrich the structural and
behavior of degree-based and connectivity-based indices.

Motivated by these developments, the present study focuses
on Zagreb-based indices within a structured algebraic graph
family, namely the prime coprime graph of the integers mod-
ulo group and its associated line graph. Studies on the orders of
elements in groups provide an important algebraic foundation
for graph structures derived from group operations (Mannan
etal.,, 2022). Related algebraic studies have also extended com-
muting mapping from ring structures to modules using the
concept of idealization (Fitriani et al., 2025). The prime co-
prime graph has been investigated in terms of its-Zagreb-type
properties (Abdurahim et al., 2025) and spectral characteristics
(Romdhini et al., 2025).

Although Zagreb-type indices for the prime coprime graph
of the integers modulo group have recently been investigated
(Abdurahim et al., 2026), the behavior of these indices under
graph transformations has not yet been explored. In particular,
the line graph transformation fundamentally alters the degree
structure of the original graph by converting edges into vertices,
which consequently changes the interaction patterns among
vertex degrees. Therefore, the Zagreb indices of the resulting
line graph cannot be directly inferred from those of the orig-
inal prime coprime graph and require a separate theoretical
derivation. To the best of our knowledge, no previous study
has established explicit formulas for Zagreb-based indices of
the line graph associated with the prime coprime graph of
the integers modulo group. This gap motivates the present
work. Recall that the line graph of the prime coprime graph
is constructed by representing each edge of the original graph
as a vertex; two vertices in the line graph are adjacent if and
only if their corresponding edges in the prime coprime graph
share a common endpoint. In contrast to existing studies on
Zagreb indices of algebraic graphs, this work derives the ex-
plicit formulas for the first Zagreb, second Zagreb, and hyper
Z.agreb indices for the line graph of the prime coprime graph
of the integers modulo group and analyzes the structural be-
havior. Studying Zagreb-based indices on both the original
and line-graph structures enables a deeper understanding of
how algebraic constraints influence degree-based complexity
measures under graph transformation.

In addition to deriving explicit formulations and structural
properties, this paper incorporates a statistical analysis to fur-
ther elucidate the interrelationships among Zagreb-based in-
dices. Such statistical perspectives contribute to the refinement
of quantitative structure-property relationship (QSPR) models
and support the development of statistical-mechanical descrip-
tors of molecular graphs (Estrada, 2022). Logarithmic regres-
sion analyses conducted using SPSS have revealed strong and
statistically significant correlations between proposed topologi-
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cal indices and entropy-based measures (Ahmed et al., 2025).
Building upon these findings, multilinear regression models
have demonstrated that topological indices of selected antiviral
compounds exhibit strong associations with physicochemical
descriptors (Manonmani and Selvarani, 2025). Furthermore,
additional regression modeling has confirmed meaningful rela-
tionships between these indices and pharmacological properties
(Gayathri and Roy, 2025). These results indicate that degree-
based descriptors such as Zagreb indices can serve as useful
variables in QSPR models that relate molecular structure to
chemical and biological properties. These statistical validations
reinforce the practical relevance of Zagreb-based descriptors
beyond purely theoretical graph analysis.

2. EXPERIMENTAL SECTION

In this section, we fix notation and recall the basic objects and
indices used throughout the paper.

Definition 2.1. (Adhikari and S. Banerjee, 2021) Let G be a finite
group. The prime coprime graph of G, denoted by I';, is the graph
whose vertex set is G. Two distinct vertices a, b € G are adjacent
if and only if (ul, [v]) = 1 or (u|, [v|) = p, where p is a prime
number.

We now recall the Zagreb-based indices for the graph G =
(V,E). Let deg(v) denote the degree of v in /. The first
Zagreb index is the sum of squared vertex degrees (Gutman
and Das, 2004):

My (G) = ), (deg(v))? (1)

vel

The second Zagreb index is the sum, over all edges (u, v),
of the product of the endpoint degrees (Das et al., 2015):

My(G)= ) deg(u) - deg(v) 2)

(uv,)ek

The hyper-Zagreb index is the sum, over all edges (u, v), of
the square of the sum of the endpoint degrees (Shirdel et al.,

2013):

HM(G)= ) (deg(u) + deg(v))* @)
(u,v)€E

Throughout this paper, let I'z, denote the prime coprime
graph on the integers modulo n. The vertex set and edge set
of I'z, are denoted by V' (I'z,) and E(I'z, ), respectively. The
following results was established in (Abdurahim et al., 2025).

Theorem 2.2. (Abdurahim et al., 2025) Let n = p*, where p is a
prime number and k > 2 is an integer. Then the number of edges of
Iz, is given by
1 .
2 (gphtl — 52 _ ) .
9 ( P [

We next summarize prior results on Zagreb-based indices
for I'z,, for n = p* with p prime and integer & > 2, which will
be used in the subsequent sections.

|E (Tz,)| =
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Theorem 2.8. (Abdurahim et al., 2025) The first Zagreb index of
an is

Mi(Tz,) = p (o2 + o5 = 20F = p% + 1)

Theorem 2.4. (Abdurahim et al., 2025) The second Zagreb index
of Tz, is

1 (
My (Iz,) = 5ot = 1) (31 = pt =2 =p +1).

Theorem 2.5. (Abdurahim et al., 2025) The hyper-Zagreb index
of Tz, is

HM (FZ,,) — P3k+1 + 3p2k+2 _ 4p2k+1 _pk+3

_4Pk+2 k+1_P4+2P3+P2_2P-

+5p

Moreover, we denote by L(I'z,) the line graph of I'z,.
Its vertex set and edge set are denoted by /" (L (I'z,)) and
E (L (T'z,)) for its vertex and edge sets, respectively. By def-
inition, each vertex of L(I'z,) corresponds to an edge of the
prime coprime graph I'z,. Hence, the set of vertices can be
expressed as

V(L(Tz,)) ={(w,v)|u,0eV (Tz,), u~v}.

Furthermore, two vertices in the line graph are adjacent if
and only if the corresponding edges in I'z, share a common
vertex. Formally, the set of edges is given by

{u,v} N {w,xz} # 0

u,v,w,x €V ,
E(L(FL)):{((u,v),(w,x)) € (Fz,,)}

Therefore, the degree of a vertex (u, v) in the line graph
L(I'z,) is equal to the number of edges in I'z, that intersect
the edge (u, v), that is, all edges incident to either vertex « or
v, except the edge (u, v) itself. Mathematically, this can be
expressed as:

deg; (4, v) = deg(u) + deg(v) — 2.

3. RESULTS AND DISCUSSIONS

Definition 8.1. Let 'z, be the prime coprime graph of Z,,. The
line graph of T'z,, denoted by L(T'z,), is the graph whose vertex set
V (L(Tz,)) and edge set E (L(T'z,)) are define as follows.

V(L(Tz,)) = {(u,v) |u,velV (Tz,), u~v}.

w,v,w,x €V (FZ") ,}

E (L(an)) = {((u’v), (w, x)) {u,U} n {wr Z} #0

In other words, Definition 3.1 states that the vertex set of
the graph L(I'z,) corresponds to the edge set of the graph I'z, .
Moreover, two vertices in L(I'z,) are adjacent if and only if the
corresponding edges in 'z, share a common endpoint.

Suppose the group Zg is given. The graph I'z, can be seen
in Figure 1 of (Abdurahim et al., 2025). From the figure, the
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Figure 1. Line Graph for Zgy

edges formed are (0, 1), (0, 2), (0, 3), (0,4), (0, 5), (0, 6),
(0,7),(0,8),(1,3), (1, 6), (2, 3), (2, 6),(3,4), (3, 5), (3, 6),
(8,7), (3,8), (4,6), (5,6), (6,7), and (6, 8). These edges
then become the vertices of the graph L (I'z,). The graph
L (T'z,) is illustrated in Figure 1.

In this section, we present the main results concerning the
Zagreb-based topological indices of the line graph of the prime
coprime graph associated with the integers modulo group. We
begin by determining the degree of each vertex and the total
number of edges in L(I'z, ), since these structural parameters
are fundamental for the computation of the first Zagreb index,
the second Zagreb index, and hyper Zagreb index.

Theorem 3.2. Let L (T'z,) be the line graph of the prime coprime
graph of the Z,, group. If n = p* with p prime and integer k > 2,
then the degree of every vertex in L (I'z,) is
1. degy ((u1,v1)) = 2(p* - 2) foruy, vi € Vy and uy # .
2. deg; ((v1,v9)) = p* + p — 8 forvy, € V1 and vy € V.
with V7 = {0, pk=1, 2pk=1 3pk=1 .. (p = Dpt~1} and Vg =
{0,1,2,8,...,pk = 1}\/.

Proof. We begin by considering the vertex partition of the
prime coprime graph I'z, where n = p*. The partitions are
given by 77 = {0, p*=1, 2p%=1, 8pt-1 ... (p — D)p*F 1} and
Vo =1{0,1,2,8, ..., pF = 1}\V1. According to the definition
of the prime coprime graph of the group Z,, the adjacency
relations are as follows:

e Any two distinct vertices # and v} are adjacent foru;, v; €

"

» Avertexv; € /] is adjacent to every vertex vy € Vy;

* Any two vertices ug, vg € Vy are non-adjacent.
Observe that,

1. Because every pair of distinct vertices in /7 is adjacent,
it follows from the definition of the line graph that the
vertex (u1,v1) € V (L (T'z,)) is adjacent to every vertex
corresponding to an edge that has a non-empty intersec-
tion with {#1, v;}. From Theorem 2.2 in (Abdurahim
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et al., 2025), we obtain that deg(u1) = deg(v;) = pF — 1.
This 1mphes that both #; and v — 1 are incident with
exactly p¥ — 1 edges. Furthermore, because the vertex
{ur,v1} €V (L (T'z,)) must be distinct, it follows that u;
and v — 1 are incident with exactly p¥ — 2 edges. Hence,
it follows that

-2+ (P -2) = 20" - 2).

2. In this proof, two cases are considered. The first in-
volves determining the number of edges incident to v;
or (v, v;) for each v; € V. The second is to determine
the number of edges incident to vy or to (v;, v9) for each
v; € 1\{v1}. Asvy € /7 is adjacent to every vertex, it
follows that vy is adjacent to pf — 1 vertices. Thus the
edge (v1, v;) in I'z, is adjacent to (Pt =1)—1=pk—
edges. For each v; € J1\{v1}, the vertex vg on the edge
(vj, ve) is adjacent to p — 1 edges. Hence

deg; ((u1,v1)) = (P

degy, ((v1,v9)) = (P =2+ (p-1)=p* +p - 3.

Furthermore, by the definition of a line graph, it is clear
that the number of vertices of the line graph equals the number
of edges in the coprime-prime graph, namely |/ (L (T'z,))| =

% (Qj)k” —p? —p) (Abdurahim et al., 2025).

The vertex degrees obtained in Theorem 3.2 reflect the
structure of the prime coprime graph for n = p*. Vertices of
the graph L (I'z,) that originate from edges of 'z, connecting
two vertices in the set /] have relatively large degrees in the
line graph. This occurs because each vertex in /7 is adjacent to
every vertex in the graph I'z,. Consequently, edges involving
these vertices tend to intersect with a larger number of other
edgesinIz,.

Conversely, vertices in the graph L (I'z,) that originate
from edges connecting vertices in /] and /5 have smaller de-
grees. This is because vertices in /y are adjacent only to vertices
in /7 in the graph I'z,. Consequently, such edges share end-
points with fewer other edges in I'z, .

The difference indicates that the line graph transformation
amplifies the role of vertices with large degrees in the graph
I'z,. In other words, the connectivity structure of I'z, strongly
influences the degree distribution in the graph L (I'z,).

Theorem 3.3. Let L (T'z,) be the line graph of prime coprime graph
of the Z,, group. If n = p* with p prime and integer k > 2, then the
number of edges is

[E (L (Tz,))| = % (P21 + M2 =t =P p? 4 2.

Proof. Letuy, vy € V7 and ug, vy € Vy. By Theorem 3.2, we

have deg;, ((u1,v1)) = 2(p*~2) and degy ((v1,v9)) = p*+p—
Since |/7]| = p, the number of vertices (u,v;) € V7, with u; #

v1is C(p, 2) = §(p — 1)p. Next, the number of vertices of the
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form (v1, vg) equals the number of edges in the prime coprime
graph I'z, minus the number of vertices («1,v1) € ¥ (L (T'z,)),
namely

1 k+1 2 1 — pktl 2
Q(QP - —p)—g(p—l)p—p a
Note that

E@Tz) =g Y degs ((w,0)

(u 7}) eV

degy (i, o))+ Y. degy ((v1,v9))

((ff o e

:é(%( -Dp- z p - ) (Pk” 7P2).(pk+p73))
4l )
A
:%(%1 Pt Py +2p)

and we complete the proof.

We now present a theorem that determines the first Zagreb
index of the line graph L (I'z, ).

Theorem 3.4. Let L (I'z,) be the prime coprime graph of the Z,,
group. Ifn = p* with p prime and integer k > 9, then the first Zagreb
index of L (T'z,) is

Z‘41 (L (FZ,L)) — P3k+1 + 3P2k+2 _ 8p2k+l
_pk+3 _ 8Pk+2 k+1

—pt+6p% - p* - 8p.

+ 17p

Proof. An argument identical to that of Theorem 3.3 yields
MU(L(Tz,) = D) (degy(@,o))*+ D) (degy((v1,09)))*

(uq,01)€ly, (v1,v9)€l],
uy,vy €y vy €V, v9€ly

) o)
plc+2+8pk+1 +8P 8P)+(Pdk+l

- 9p%)

= 0= Dp- (2(s!
_ (2P2k+z gl _

2k+2 2k+1

+ p2H2 _ gp2hrl _ phd 4 gpte]

_p4 + 6]’(
M, (L (FZ,,)) :P3/(+l + 3P2k+2 _ 8P2k+1 _p/c+3 _ Splc+2 + 17plc+l
—pt+6p —p? - 8p.

The formula obtained in Theorem 3.4 shows that the domi-
nant term of My (L(I'z,)) is p®**1. This indicates that the value
of the first Zagreb index for the line graph L (I'z,) increases
significantly compared with that of the graph I'z, . This occurs
because in the line graph L (I'z,) each vertex represents an
edge of the graph I'z,. Consequently, the degree of a vertex
in the line graph L (I'z,) depends on the degrees of the two
adjacent vertices in the graph I'z,. Since many edges in I'z,
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share common endpoints, the line graph L (I'z,) exhibits a
larger degree distribution.

Theorem 3.5 systematically examines the relationship be-
tween the first Zagreb index of the prime coprime graph and
that of its line graph, providing a deeper understanding of how
the structures of the two graphs are related.

Theorem 3.5. Let L (I'z,) be the prime coprime graph of the Z,
group. If n = p* with p prime and integer k > 2, the relation between
the first Zagreb index of the prime coprime graph and that of its line
graph is given by

My (L (Tz,)) < (¢ + 20 = 6) M, (T2,)

Proof. By Theorem 2.3, the first Zagreb index of the prime
coprime graph is M| (Tz,) = p2+1 + pt+2 — g9ph+l — p3 4 .
Therefore

3k+1 2k+2 2k+1 _pk+3 k+1

PMy (Tz,) = pP* 1+ p2*2 - 9p +p
PMI (FZ,,) :p2k+2 +Pk+3 _ 2Pk+2 _P4 +P2

follows. Note that

]\41 (L (FZ”)) — P3k+l + 3P2k+2 _ 8P2k+1 _ pk+3 _ 8Pk+2

+ 17ple+l _P4 + 6})3 _PQ _ Sp

_ (P3/e+1 4 p2he2 g pal ke +Pk+1)
+9 (P2k+2 4 k8 _gpht2 _ pt +p2)

-6 (P2k+1 +Pk+2 _ 2]>k+1 _PS +P)

k+3 k+2 k+1

- 2p +p' =8p" -2
= ple (FZ") + 2])M1 (FZ") - 6M1 (FZ,,)
—9pF*3 L 9p* 2 Upth + 1+ pt = 3p® - 2
M (L (Tz,)) = (¢ + 20 = 6) My (Tz,) + (26" + p+ 1)
P =2)(p +1).
Clearly, p(p — 2)(p + 1) = O for prime p. We next show
that p2 > p + 1, equivalently f(p) = p? —p — 1 > 0. Since the

quadratic has discriminant D > 0 and leading coeflicient a > 0,
its graph opens upward. Furthermore, one of its roots is p; =

1+V5
2

+ 2" + 4p

with p; > pg. Hence, the quadratic f(p) is positive if

1+vV5

2
already shown p2 > p + 1. Hence, fork > 2, 2pF > 22 > p+1,
so —=2p% + p + 1 < 0. Moreover, p(p — 2)(p + 1) > 0 for all
primes p, with strict inequality > 0 when p > 3. Therefore,
(—2pk 4 l)p(p ~9)(p+1) < 0forp >3, and it equals to
0 when p = 2. Hence,

and only if p > ~ 1,618. Since p is prime, we have

M, (L(Tz,)) < (pk +2p— 6) M, (Tz,),

which completes the proof.
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The following theorem provides an explicit formula for the
second Zagreb index of L (I'z, ).

Theorem 3.6. Let L (I'z,) be the prime coprime graph of the Z,,

group. If n = p* with p prime and integer k > 2, then the second
Zagreb index of L (T'z,,) is

1 5 gii9 s 1 gpia 3 gy
M, (L (FZ”)) — §P4k+l + §Pdlﬁ—z _ ()PJIH—I + §PZL+4 _ szk+&

23 oo, 43 op1 _ 9 ks, 7
5P tyf gb 16p™"" + 9P

= 25p* 1 4+ 7pt — 26p% + 19p% + 4p.

k+2

Proof. From the definition of the prime coprime graph " (Z,,),
every edge of I (Z,) contains a vertex from /;. Hence, every
vertex of V' (L (T" (Z,))) involves a vertex from /}. Therefore,
checking adjacency between arbitrary vertices in the line graph
L (T (Z,)) reduces to considering edges incident with vertices
of V1. If vy € V1, then the edges of ' (Z,,) incident with v| are
of two types: edges (u1, v1) with uy, v1 € V7, and edges (v1, v9)
with v] €V and vg € V9.
1. Case 1. Edges of the form ujvy with uy,v; € 11
The edge u1v; in E (' (Z,)) corresponds to the vertex
(u1,v1) in
V (L(I'(Z,))). Hence, in L (I" (Z,)), the vertex (u1, v1)
is adjacent to every vertex (71, s1) withr,s1 € V1, =
u1 or s = vy. It is also adjacent to vertices of the form
(u1,v9) or (ug, v1) with ug, v9 € Vo.
(a) Case 1.1 Avertexoftype (u1,v1) € Vi (L (I'(Z,)))
is adjacent to a vertex of type (ry, s1) € V (L(I'(Z,)))
A vertex of type (u1, v7) is adjacent to a vertex of
type (r1,s1) if and only if w1 = r{ or v; = sy;
equivalently, («1, v1) and (71, s1) share an endpoint.
Hence each (uy1, v1) is adjacent to all (r1, s7)that
share one endpoint with it. The number of vertices
of type (u1,vy) is

C(r, ) = 50~ p= 50"~ p).

Therefore, the number of edges connecting vertices
of type (u1, v1) to vertices of type (r, s1) is

Ly L R T P B
C(g(p —p),Q)—Q(Q(p p))(Q(p ?) 1)
1 .
=50 -0 -r-2)

1
=g(P+1)P(P—1)([’—2)-

(b) Case 1.2 The vertex (u1, v1) is adjacent to (u1, v9)
or (ug, v1) for any ug, vy € Vo
The number of edges connecting a vertex of type
(u1,v1) to all vertices of type (u1,v9) equals the
number of vertices of type (u1, vg), i.e., the number
of edges from u; to all members of V, which is
Vo] = p* — p. By the same reasoning, the number
of edges connecting (u7, v1) to all vertices of type
(ug, v1) is also p* — p.
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1
The number of vertices of type (u;, v1) is B (P2 -p).

Hence, the number of edges connecting a (1, v1)-
type vertex to vertices of type (u1, vg) or (ug, v;)
is

(%(p - l)p) (¢ =2)+ (o = 2)) = (#* - 2) =D

2. Case 2. The vertex (v1,v9) € V (L (I'z
and vy € Vy
A vertex of type (vi,ve) € V (L (I'z,)) is adjacent to
every vertex of type (v1, ug) or (u1,v9) di ¥ (L (I'z,))
where u; # vy € V7 and ug # vg € V9. Consequently, the
total number of edges connecting vertices of type (v;, v9)
to vertices of types (vy, ug) and (u1, vg) equals the num-
ber of such neighbors per (v}, vg) times the number of
vertices of type (v, v9).
(a) Case 2.1 A vertex of type (vi,v9) €V (L (I'z,)) is
adjacent to a vertex of type (vy, ug).
A vertex of type (v, ve) is adjacent to every ver-
tex of type (vy, ug), since they share the common
endpoint v; € /7. The number of neighbors of
this kind equals the number of edges from v; to Vo
excluding vy itself, namely

n)) with vy € 1

Vol =1=pt—p-1.

Next, the number of vertices of type (vy,v9) €
V (L (Tz,)) equals the total number of line graph
vertices minus those of type (u1, v1) (edges inside

.
|V (L (FZ"))|—C(P, 2) = ( (2pk+1 P P) - %(P - ])p) :P}HI_P2~

Since each vertex (vy, v9) is counted twice (once for
each orientation), the number of edges connecting
all vertices of type (v1,v9) € V' (L (I'z,)) to vertices
of type (vy, ug) is

L)),

(b) Case 2.2 A vertex of type (v, vg) €V (L (FZ”)) is
adjacent to a vertex of type (u, v9).
A vertex of type (v, ve) is adjacent to every ver-
tex of type (u1, ve), since they share the common
endpoint vg € V9. The number of neighbors of
this kind equals the number of edges from vy to /]
excluding itself, namely

Vl-1=p-1.

Since each (vy, v9) is counted twice (once for each
orientation), the number of edges connecting all
vertices of type (v, v9) € V' (L (I'z,)) to vertices of

type (v1, ug) is
l k+1 2
5 (=1 (=2
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Therefore, the total number of edges incident to all ver-
tices of type (vy, v9) is

Py

Observe that,

My (L(Tz))= ). D7 degy () degy (f),

vel (L(Tz,)) {e:/}CEy

%(P}‘ - 1) (pkﬂ —p2) = % (Pk _ 2) (1)"” _Pz).

where E, is the set of edges of I'z, incident with v. Hence,

My (L (Tz,)) = (l(i’ +Dpp -1 (p - 2))dfgL((ul,vl))df‘gL((rl,-n))

({74 = 2) - 50 = Do) ey (1)) ey (G 020)
#(( - %(P*1)P)df‘gL((ulﬂfl))df‘Q.L((uz,vl))
+(§ #-p=1) (o —p2))degL<(v1,v2>>degL<<m,u2>>
+(§ =D (P - ))degu(m,vz))dem((ul,w))

-2y
(R TR R T
() 1o n) 2 -2) -3
e [ | R I
(

(P—l)(PM—PQ)) (#F+p-38) (s +r-3)

1
- (§<z:+ Dp(p - 1)(p—2>)~2(pf‘

= (%(p +Dp(p - D - 2)) (pk - 2)2 + ((Pk ‘P) (r= l)f’)

) op-o) e ) (o)

_ l Qk+4 2%+3 1 2%+2 2%k+1
=|g? 4

k+4
P +P

k+3 k+2

—2p"T + 4p"T0 + 9p

—4pttl p9pt _4pB _ 9p? +4p)+(2p3k+z 9pBk+l _ 10p2t+2

+10P2/e+1 2P/e+-t Pk+3 +GP1<+2 _ 12Pk+1 +4pt — 16p% + 12P2)

4pdk+l 1P1k+d P2k+2 + 271 2k+1

1, 1 g
+(7p4k+l +§pdk+z 3 »

2

7%pk+4 +4pk+3 _ gpnz _ gpk+l +P4 _ 6p3 + gPZ)

1, 5 4 1 s 3 e 23 opio
M, (L (FZ,,)) — §P4le+l + gpdku Gp%k+1 2pzle+4 _ §P1L+d _ 7pzk+2+

4(73 9%k+1 gpk+4 1654 4 Zp _95pt 17y - 965+

19p% + 4p.

The result in Theorem 3.6 shows that the second Zagreb
index of the line graph L (I'z,) is influenced by the interaction
pattern among edges in the prime coprime graph I'z,. In
contrast to the first Zagreb index, which depends only on vertex
degrees, the second Zagreb index takes into account the product
of the degrees of adjacent vertex pairs.

In the line graph L (I'z, ), each vertex represents an edge
of the graph I'z,. Therefore, adjacency in the graph L (I'z,)
corresponds to pairs of edges in I'z, that share a common
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endpoint. Since many edges in the graph I'z, are incident to
vertices with large degrees, the corresponding pairs of vertices
in the line graph L (I'z,) also tend to have large degrees

In contrast to the previous study (Abdurahim et al., 2025),
which directly investigated the prime coprime graph FZ" with
V(lz,) = Z, and E (I'z,) = {uv | ged(w,v) = 1 or prime},
the present study considers the line graph L(I'z,), where V' (L
(I'z,)) = E(I'z,) and
E(L(Tz,)) = {((x,v), (w,x)) (Tz,), {u,v}n{w,x} #0}.
This transformation increases both the number of vertices and
the density of the graph, since each edge of I'z, becomes a
vertex in L(I'z,), and adjacency in the line graph represents the
interactions between edges of the original graph. Furthermore,
two vertices in the line graph are adjacent if and only if the
corresponding edges in 'z, share a common vertex.

Theorem 3.7. Let L (T'z,) be the prime coprime line graph of the
Z, group. If n = p* with p prime and integer k > 9, the relation
between the second Zagreb index of the prime coprime graph and that
of its line graph is given by

145

145 65 4ot 1015 4y 1
27

18 54 3

5

5, 1, 2
My (L (Tz,)) > (gﬁ" +gptg - )Mg (Tz,) -

Proof. By Theorem 2.4, the second Zagreb index of the prime

coprime graph is Mg (FZ") = %pﬁkﬂ - %p%“ —pk+3 - 2pk+2 +
P+ p3 4 $p? — Lp. It follows that
145 145 one 145 oy 145 g 290 Gy 145 4
—g7 Mo (Tz,) = = Ggp™ ™+ oop™ 0w oy 27
145 4 145 4 145

ST A
g p _l 2k+3 1 2k+2 2 k+4 4 /e+‘% 2 k+2 2 4 l 3 _ l 2
gPM2 (Tz,) =gp™ ™ = g™ "% = G = G ™+ Gp 4 Gpt + gp° = g

épzMg (Tz,) = ipzku épzkm épho _ zpw, (lpkw ép N 11>4 1P3
gpkMQ (Iz,) = Zpsuz Zptskﬂ _ % %sd lqopzku ‘;PZ/H-I ;pk+3+
ﬁpk& _ épleﬂ.
6 6
Note that
My (L(rz,)) = ‘p“‘” . Jp3k+2 63+ 4 21,1k+4 3P2k+3 _ %P2/¢+2+
L;I,Zkﬂ _ gpkm S 163 4 %Pk +2 g5kt 4 7,4 o634
1952 + 4p
:(gpzskw _ gpxm _ §P2k+3 _ %P2k+2 . §P2k+l N %Pk+3+
gl,k+2 _ %I,kn) N (%P2k+4 _ ép2k+3 _ %P/H& _ %Pk+4+
%Ple+3+ 3p . GP _ 7,,3) (épzma _ %P2k+2 _ %Pk+4_
1p1e+3+ %Pk+2+ 2pts 6p3’ %P2)+(711L;P2k+2+
1:4’p2k+1 1245 S8 %Pkﬂ _ %Pkﬂ _ 12475P3 174:1’2
17447[)) ;P4k+1 %(lpam . %P%n . %les B %pk+4+
124; k43 _ %pkw _ %[,h—l _ éP5+ % 4 _ “,JI,IPi
1£Z7r2 + %p
:(Jph%p‘ iw 7) My (an) ip4/e+l i:p3k+l+
4;76 LN ;Pkw _ %Pku . 12479 S¥8 %PML
© 2026 The Authors.
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31 463 1 31 463
P%M—l ch—l 7sz _ 9k —

97 2 67 97
). Observe that the quadratic expression

Let X = pF, then 4 p*’f”

st (1og 31 403
L b Y
1 31 463
X2 - X+

2 6 97
and a negative discriminant (D < 0); hence, it is strictly posi-

tive for all real X. Similarly, consider 119p4 1111;;3 + ﬂ;ﬁ =

18 54 54
»? (%pz - %p + %) Since the corresponding quadratic term

also satisfies @ > 0 and D < 0, the expression is positive for
prime numbers p. Moreover, the respective minimum val-

P1k+l

has a positive leading coeflicient (a > 0)

821
ues of these expressions are given by p%+1 . 516 = 8, 8p2h+l
o 446.435 .
and p? - 1l - 5, 78;)2 It follows immediately that
245 .4 294
ka” 57 k+2 5 0 and pk“ > 0. Therefore,
M (L(02,) > (374 + 77+ 5 - 4 | M (02, - St - 000t = 9

The subsequent theorem characterizes the hyper-Zagreb

index of L (I'z, ).

Theorem 3.8. Let L (I'z,) be the prime coprime graph of the Z,,

group. If n = p* with p prime and integer k > 2, then the hyper

Zagreb index of L (I'z,) is

HM (L (FZ,,)) - 2P4/<+1 + 11P3k+2 _
8821 _ 15pk+t 4 65508 4 11pk+2 —
—108p® + 77p% + 16p.

25P3}e+1 + 2P2k+4 _ 91;21“'3 _ 45P2k+2+

101p4*1 — p° + 27p*

Proof. Observe that

HM (L ( (degy (¢) +deg (1)),

)=, 2,

vel {e,f}C€EE,

where E, denotes the set of edges in I'z, incident with the
vertex v. By employing the same reasoning as in Theorem 3.6,
we obtain

Actual values and predicted values of |[E(L(Fz_n))|

Value
3e+08  4e+08
| I

2e+08
I
O

1e+08
I

0e+00
I
lo]

T ] \/ T T T L
5 6669 28470 83368 130131

Edge

Figure 2. Actual Values and Predicted Values of |E (L (T'z,))|
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M (L(rz,)) = ( G+ Dp(p-1)(p - z))(rlng<(u1,v1))+dogL((r1,sl>))2
(v —p)-§(p—1>p) (degg (g, 1)) +degg (a1, 9)))2
(P -5) 50— 1>p) (deg, (g, 1)) +deg (g, v1)))2
- 1) (ke fp2)) (degr, (o1, v9)) + deg (o1, u9)))2

(=1 (! fpz)) (degr, (v, 09)) +degg, ((u1,09)))?

9

(1(p+1>z><p71)(z> 2)) (2 (et - 2)+2(pk—2))2

(P’“P) % *W’) (20 - 2)*( 3))2
e [ e
(<p V(AT )( ’

o) es-i)
=200+ Voo~ 10 =2) (o = 2) + (£ = p) (o= -

(8t +p=7)" w2 (st —2) (4*1 = p2) - (k40 -3)°

- (2p2/e+.1 _ 4i)21e+3 _ 2})2k+2 + 4l)21e+l _ Spk” + 161)]"*3 + 8pk+2

_16p+] 4 gt 71@378;}2”61)) (()P%Ie+2 0pBb+l _ g, 2+3

_39,,2k+2 . 42P2k+1 _ 5Pk+4 " %Ple+3 +21Pk+2 _ 49/’k+1 _

254 1% — 6358 + 402 ) (P4k+1 4 opBb+2 _ g, 8kel

21’2k+3 _ 4P2Ic+2 +42P2/e+1 _ 2Pk+4 " mpkﬁ’i _ 18[7"*2—
3ot apt - 24p% 4 36p2)
HM (L (rZ;,)) =2P4k+1 . ”p3/e+2 _ 25P3k+1 4 2P2k+4 _ gp2/e+3 _ 451’2/«24—2+

2k+1

ggp2htl _ p5pk+d

+65pk8 4 11842 _ 101pk+]

- p5 + 27[74—
1083 +77p2 + 16p.

Theorem 3.9. Let L (T'z,) be the prime coprime line graph of the
Z, group. If n = p* with p prime and integer k > 2, the relation
between the hyper Zagreb index of the prime coprime graph and that
of its line graph is given by

HM (L (FZN)) < (QPk +5p — 17) HM (FZ,,) + 14P2k+4-

Proof. According to Theorem 2.5, we have HM (I'z,) = p®*+1+
—p*+2p3 +p? - 2p.

3P2k+2 -4 2%+1 _ k+3 _ 4ple+2 + 5Pk+1

Consequently, it follows that
QP}(HAM (FZ,,) :2P4}(+1 + 6P3}é+2 _ 8P3}é+1 _ 2P2k+3 _ 8p2k+2 + 10P2k+1 _
2Pk+4 4Pk+3 + 2Pk+2 _ 4P/e+l
5pHM (FZ,,) 5P%L+2 + 151’2&4—3 _ 20P2k+2 _ 5ple+4
5% +10p* + 5p% — 10p?
- _ 17P3k+1 _ 51P2k+2 + 68P2k+l + 17Pk+3 + 68pk+2
— 85p% 4 17p* — 84p% — 17p% + 34p.

_ 20ple+3 + 25ple+2_

~17HM (Tz,)
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Thus,

HM (L (FZ,,)) 2p4}c+1 + 11P3k+2 _ 25p3k+1 + 2P2k+4 _ 9p2k+3 _ 45p2k+2+
88P2k+] _ 15Pk+4 + 65ple+3 + llpk+2 _
108p°% + 77p% + 16p

101p41 — p% + 27p" -

_ (2p«11e+1 +GpHL L gpBrl | g %43 | gp2+2 L 1241 _
9+ 4 4phHS 4 gpht? 4Pk+1) i (5p3k+2 +15p2k+8_
20p2k+2 _ 5Pk+4 _ Qopk+3 +25Pl>+2 ~5p% +10p" + 5p° - 10?2)

n (_17P3k+1 Z 51p2H2 4 68p2+T 4 17pk+8 4 G8pktE

85911 + 17" = 84p% — 17p% + 84p) + 10p%+1 — 84*14
64ph+s — 84pt2 — 1981 1 4p® — 74p + 104p? - 18p

=9p*HM (Tz,) + 5pHM (Tz,) — 17HM (Tz,) + 2p%+4 -
22P2k+3 + 34P2k+2 + 107)‘2/(+1 _ Spk+4 + 64‘0}”3 _ 84;7/”2—
19pF+1 4+ 4p® — 74p% + 104p% - 18p

= (204 +5p = 17) HM (Tz,) + 2p™+4 - 29p%+8 4 34p%02
10P2k+] _ 8Pk+4 + 64?’“3 _
104p% - 18p.

84pH+2 — 194 4 4p — 74p%+

To ensure certain quadratic forms have a negative discriminant
D < 0, we adjust coefficients to obtain a sharper upper bound.
Observe that, for p prime and integer k£ > 2,

_22P2k+3 + 34P2k+2 + 10P2k+l < _10P2k+3 + 34p2k+2 _ 29P2k+l
“4)
= %1 (<1092 + 34p - 29),
and
—74p3 + 104p% — 18p < =50p° + 104p% — 55p
(%)

= p(~500% + 104p - 55)

Consider the quadratics —10p2+84p—29 and —50p2+104p—55.
Both have negative leading coeflicients and negative discrim-
inants, ¢ < 0 and D < 0. Hence, each quadratic is strictly
negative for primes p. In particular, since the right-hand sides
of 4 and 5 are positive powers of p multiplied by these quadrat-
ics, it follows that 4 and 5 are negative. Consequently, we
obtain

HM (L (Tz,)) < (2" +5p = 17) HM (Tz,) + 4p*** & (= 10p2+ 4+ 84p2+2
29P2k+1) _ SPM N 64pk+3 _ 84P1e+2 i 28pk+1 +4p°+
(—5()p3 +104p2 — 55p)
< (2p’f +5p— 17)HM (Tz,) + 4p2+t — 8ph+t 4 G4pt+3
84p4*2 1+ 98pk+1 4 4p5
< (2% +5p = 17) HM (Tz,) + 4p%+ + 6443 1 2841 4 4p
= (26" + 50 = 17) HM (Tz,) + 4p™+ (14 16p"F+ D+

7P-(k+3) +P—(2k—l)).

Since
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1 1 1
—(k+1) - _
? pk+1 < 92+1 ~ 8’
1 1 1
—(k+3) P
? 1)1”'3 < 92+3 ~ 39’

P S 2 TR
then
' 2k+4 1 ! !
HM(L(FZH))<(2P +5p—17)HM(rz,l)+4p 141647 0=+ =
8 32 8
= (29" +.5p ~ 17} HM (7,) + 4 %7

HM (L(Tz,)) < (24 +5p = 17) HM (Tz,) + 14p%+

The following parts presents the statistical analysis of the
obtained results. Regression modeling with a non-linear ap-
proach was performed to examine the relationships between:
(i) the number of edges of T'z, and the number of edges of
L (T'z,), (i) the number of vertices of I'z, and the number of
vertices of L (I'z, ), and (iii) the hyper-Zagreb index of I'z, and
the hyper-Zagreb index of L (I'z, ).

The modeling process was carried out using the R -statistical
software package. Based on the regression analysis, the follow-
ing non-linear models are obtained:

For the relationship between the number of edges of I'z,
and the number of edges of L (I'z,) according to Theorem 2.2
and Theorem 3.3, the fitted model is

|E (L (T2,))| = 231.6x|E (T2, )|+0.0875x|E (T2, )" -4.674x 10 ¥ X |E (T2, )[*
For the relationship between the number of vertices of T'z,
which is p* and the number of vertices of L (T'z,) which is
equal to the number of edges of I'z, as given in Theorem 2.2,
the regression model is

I (L (T2,))| = 10.58 x|V (Tz,)|+0.001287 x|V (T2, )|*
For the relationship between the hyper Zagreb index of I'z,

and that of L (I'z,) according to Theorem 2.5 and Theorem
3.8, the model is given by

HM (L (Tz,)) = 5.767x 107 xHM (Tz,)*=9.431x10""Ox HM (T7,)* .

Based on the constructed regression models, comparison
plots are generated to evaluate the agreement between the ob-
served values and the predicted values of the parameters of the
line graph L (I'z, ). The statistical analysis is conducted using a
dataset obtained from the computed structural characteristics
of T'z, for different values of the graph order n. For each value
of n, several structural parameters of I'z, , including the number
of vertices, the number of edges, and the hyper-Zagreb index,
are determined analytically and used as explanatory variables
to estimate the corresponding parameters of the associated line
graph L (I'z,).

© 2026 The Authors.
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To model the relationship between these parameters, non-
linear regression models are employed. The use of non-linear
regression is motivated by the non-linear patterns observed
in the computed dataset, where the structural parameters of
the line graph do not increase proportionally with those of the
original graph.

Actual values and predicted values of |V(L(I'z_n))|

e eree ot VL [ o

Value
100000
1

60000
L

1

e

0 20000

L

v

T TT T T T T
4 343 1331 2197 4913 6859

Vertex

Figure 3. Actual Values and Predicted Values of |V (L (FZ"))’

Actual values and predicted values of HM(L(I'z_n))

Value
I 1 1
O

L

0.0e+00 5.0e+15 1.0e+16 1.5e+16 2.0e+16

wWwo

T T T
24976547964

136 10231578112

Hyper Zagreb

Figure 4. Actual Values and Predicted Values of HM (L (I'z,))

Figures 2, 3, and 4 illustrate the comparison between the
observed values and those predicted by the fitted regression
models. In each figure, the plotted points are concentrated
near the identity line, indicating strong agreement between
the predicted and actual values. The result suggests that the
proposed regression models effectively approximate the func-
tional relationship between the structural parameters of T'z,
and those of its line graph.

From a theoretical perspective, the observed behavior of
the Zagreb-type indices can be explained by the structural
properties of line graphs. In the line graph L (I'z, ), each vertex
corresponds to an edge of the original graph, and adjacency
between vertices reflects the incidence of edges in I'z,. Con-
sequently, the degree of a vertex in the line graph depends on
the degrees of the endpoints of the corresponding edge in the
original graph. This transformation modifies the vertex-degree
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distribution while preserving local adjacency patterns, which di-
rectly affects the magnitude of degree-based topological indices
such as the hyper-Zagreb index.

The regression analysis further reveals that these indices
exhibit a stable functional relationship with respect to the graph
order n. As the size of the graph increases, the structural param-
eters of L (I'z,) follow consistent growth patterns that reflect
the underlying algebraic structure of I'z, . Such regular behav-
ior indicates that the structural descriptors of line graphs can
be effectively estimated from the corresponding parameters of
the original graph through suitable non-linear models.

These findings have potential implications both in graph
theory in QSPR modeling. In graph theory, the results pro-
vide insight into how graph transformations, particularly the
line-graph operation, influence degree-based topological in-
dices. In QSPR studies, where chemical compounds are often
represented by molecular graph, reliable relationships between
graph invariants and structural parameters are essential for pre-
dicting physicochemical and biological properties of molecules.
Therefore, the proposed regression framework may provide a
useful tool for estimating molecular descriptors associated with
line-graph transformations in chemical graph theory (Mah-
boob et al., 2024; Gayathri and Roy, 2025; Hakeem et al.,
2025).

4. CONCLUSIONS

This paper presented a comprehensive investigation of the line
graph of the prime coprime graph associated with the integers
modulo group. Explicit general formulas for the first Zagreb
index, second Zagreb index, and hyper-Zagreb index were
derived for the considered structures. A comparison with pre-
viously reported Zagreb indices of the prime coprime graph
shows how the line graph transformation affects the degree-
based topological descriptors and their growth behavior. In
addition to the theoretical derivations, a statistical analysis was
conducted to explore the quantitative relationships between
the prime coprime graph and its corresponding line graph.
The findings demonstrated strong relations among the com-
puted Zagreb-based indices, highlighting their complementary
roles in capturing both local degree interactions and global
structural complexity. These results contribute to a deeper
understanding of algebraically defined graphs from both com-
binatorial and statistical perspectives. For future research, the
proposed framework may be extended to other families of topo-
logical indices. Moreover, further investigations may consider
line graphs derived from non-abelian groups, composite alge-
braic structures, or other algebraically generated graph classes,
thereby broadening the applicability of Zagreb-based analysis
in algebraic graph theory and quantitative structure analysis.
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