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AbstractJacobson-type graphs provide a combinatorial framework for studying structural properties of finite commutative rings. We addresstwo foundational questions: the behavior of these graphs under subring inclusions, and conditions under which distinct Jacobson-typeconstructions are isomorphic. This paper proves that whenever S is a subring of a finite commutative ringR, the Jacobson-type graphsof S arise naturally as induced subgraphs of the corresponding graphs ofR, with finiteness playing an essential role in sustaining thisembedding. We further characterize precisely when the Jacobson graph, the n-array Jacobson graph, and the matrix Jacobson graphover a ring are isomorphic. These results establish a correspondence between algebraic relations of rings and combinatorial relationsof their associated graphs.
KeywordsJacobson Graph, Jacobson Radical, Induced Subgraph, Graph Isomorphism, Matrix Rings, Finite Commutative Rings

Received: 19 May 2026, Accepted: 1 September 2026
https://doi.org/10.26554/sti.2026.11.4.1715-1723

1. INTRODUCTION

Graphs built from algebraic structures create a bridge between
ring theory and combinatorics, allowing purely algebraic prop-
erties to be viewed through a geometric lens. The broader
tradition of associating graphs with commutative rings dates
back to Beck (1988) , which first introduced a graph on a com-
mutative ring, using zero divisors to define adjacency, primarily
in the context of graph coloring. Anderson and Naseer (1993)
later studied Beck’s coloring in greater depth, before Anderson
and Livingston (1999) proposed the now-standard formulation
of the zero-divisor graph, which has since become the main
reference point for the field. Parallel efforts to encode ring
structure via graphs were also pursued by Sharma and Bhat-
wadekar (1995) , who defined adjacency based on the non unit
elements of a ring, an approach that directly anticipated the con-
struction later formalized as the Jacobson graph. The Jacobson
graph, introduced by Azimi et al. (2013) , builds on this tradi-
tion by replacing the zero-divisor condition with one governed
by the Jacobson radical, thereby capturing finer ring-theoretic
information through its adjacency structure. This construction
has since attracted sustained attention, with researchers inves-
tigating various graph parameters. These include diameter
and matching (Ghayour et al., 2018) , girth and clique number
(Akbari et al., 2015) , planarity (Parsapour et al., 2015) , as well
as vertex degrees (Fattahi et al., 2019) , isomorphisms (Azimi
et al., 2014) , and Hamiltonian properties (Azimi and Farrokhi

D. G., 2017) .
Motivated by this framework, several extensions of the Ja-

cobson graph have emerged. Matrix Jacobson graphs, n-array
Jacobson graphs, and their higher-dimensional counterparts
preserve the original idea of translating algebraic relations into
adjacency conditions, while adding new structural properties
that arise from matrix rank, dimension, and determinantal
constraints (Ghayour et al., 2017; Humaira et al., 2020, 2022,
2023) . Parallel developments in the study of graphs associated
with matrix rings have also been explored, notably the zero-
divisor graphs of Mn (R) examined in (Akbari and Mohamma-
dian, 2004) and the planarity results discussed in (Akbari et al.,
2003) . Furthermore, Anderson et al. (2011) demonstrated
that passing from a ring to its matrix ring introduces qualita-
tively new graph-theoretic properties, particularly concerning
vertex degrees stratified by matrix rank. These observations
motivate a closer examination of how Jacobson-type construc-
tions behave under analogous algebraic operations, such as
subring inclusions and ring-theoretic decompositions. Precise
definitions of each construction used in this paper are collected
in Section 2 for reference.

Despite the growing body of work on these extensions, two
foundational questions have received little systematic atten-
tion. The first concerns the subring–subgraph correspondence:
given an inclusion S ⊆ R of finite commutative rings, does
the Jacobson-type graph associated with S embed naturally

https://crossmark.crossref.org/dialog/?doi=10.26554/sti.2026.11.4.1715-1723&amp;domain=pdf
https://doi.org/10.26554/sti.2026.11.4.1715-1723


Humaira et al. Science and Technology Indonesia, 11 (2026) 1715-1723

as a subgraph of the one associated with R, and if so, in what
sense? The second concerns isomorphism: when do distinct
Jacobson-type graph constructions over the same ring, or over
different rings, produce isomorphic graphs? Addressing these
questions in a unified manner is the central aim of this paper.

In Section 3.1, we show that whenever S is a subring of a
finite commutative ringR, the graphs 𝔍S , 𝔍Mn (S ) , 𝔍

n
S , and 𝔍n×nS

naturally appear as induced subgraphs of the corresponding
graphs overR. We identify the precise role that finiteness plays
in preserving this embedding. Section 3.2 then provides a
complete characterization of the conditions under which the
various Jacobson-type graph constructions over a ring become
isomorphic. Together, these results yield a coherent account
of the isomorphism classes and induced embedding properties
of Jacobson-type constructions.

2. EXPERIMENTAL SECTION

Throughout this paper, all rings are assumed to be finite and
commutative with identity, unless explicitly stated otherwise.
The finiteness assumption is not merely conventional; it plays
a decisive role in several of the main results, as discussed in
Remark 3.2. We use standard ring-theoretic terminology from
(McDonald, 1974; Herstein, 1991) , and graph-theoretic termi-
nology from (Diestel, 2017) . In particular, all graphs consid-
ered are simple and undirected. For background on subgraph
relations and graph isomorphism problems, we refer the reader
to Diestel (2017) .

Let R be a commutative ring with identity IR , and letU (R)
denote the group of units of R. The Jacobson radical of R,
denoted J (R), is the intersection of all maximal ideals of R.

Definition 2.1. (Azimi et al., 2013) The Jacobson graph of R,
denoted by 𝔍R , is a graph whose vertex set is R \ J (R), and two
distinct vertices x , y are adjacent whenever IR − xy ∉U (R).

This construction fits naturally within the broader frame-
work of ring-theoretic graphs initiated by Beck (1988) and
Anderson and Livingston (1999) , in which algebraic proper-
ties of a ring are encoded as adjacency conditions on a graph
built from its elements. The defining feature of the Jacobson
graph is its use of the Jacobson radical J (R) rather than the
set of zero divisors, as the structural parameter governing both
the vertex set and the adjacency rule. Elements of J (R) are
excluded from the vertex set since, by the definition of the
Jacobson radical, for any x ∈ J (R) and y ∈ R, the element
IR − xy is a unit in R. Thus, the condition IR − xy ∉ U (R)
is never satisfied, meaning any element in J (R) would be an
isolated vertex (adjacent to no other vertices) and therefore
combinatorially trivial. In this work, we always write a vector
in Rn as a column vector.

Definition 2.2. (Ghayour et al., 2017) The n-array Jacobson
graph of R, denoted by 𝔍nR , is a graph whose vertex set is Rn \ J (R)n
(viewed as column vectors), and two distinct vertices x, y are adjacent
whenever 1 − xTy ∉U (R).

Definition 2.3. (Humaira et al., 2022) The matrix Jacobson graph
of R, denoted by 𝔍n×nR , is a graph whose vertex set is Mn (R) \
Mn ( J (R)) and two distinct matrices A, B are adjacent whenever
IR − det(AB) ∉U (R).

The matrix Jacobson graph 𝔍n×nR may be regarded as a
Jacobson-type analog of the zero-divisor graph of the ma-
trix ringMn (R) studied by Akbari and Mohammadian (2004) .
While both constructions use non-invertibility to define adja-
cency, the Jacobson-type variant employs the determinant as
its algebraic invariant, introducing a richer stratification of the
vertex set according to matrix rank, as studied systematically in
(Humaira et al., 2020, 2022) .

Definition 2.4. Let G1 = (V1 , E1) and G2 = (V2 , E2) be two
graphs. The graphs G1 and G2 are isomorphic, denoted by G1 � G2,
if there exists a bijective function f :V1 →V2 such that (u , v) ∈ E1
if and only if ( f (u) , f (v)) ∈ E2 for all u , v ∈ V1.

This definition ensures that adjacency and non-adjacency
are preserved, implying that the two graphs are structurally
identical despite differences in labeling. A natural extension
of this notion is obtained by restricting the correspondence
to a portion of the vertices and edges of a larger graph. This
leads to the concept of subgraph isomorphism, which plays
a central role in structural graph theory. The specific notion
of an induced subgraph, in which adjacency is fully inherited
from the ambient graph, is the primary subgraph relation used
in this paper, as it preserves both edges and non-edges between
the selected vertices.

Definition 2.5. Let G1 = (V1 , E1) and G2 = (V2 , E2) be two
graphs. The graph G1 is subgraph-isomorphic to G2 if there exists
a bijection f : V1 → V ′ ⊆ V2 such that if (u , v) ∈ E1, then
( f (u) , f (v)) ∈ E2. If |V1 | ≠ |V2 | or |E1 | ≠ |E2 |, we say G1 is
proper subgraph-isomorphic to G2.

Several variations of subgraph isomorphism are commonly
studied:

• The graphG1 is spanning subgraph-isomorphic toG2 ifG1
is subgraph-isomorphic toG2 and |V1 | = |V2 |.

• The graph G1 is aV ′ induced subgraph-isomorphic to G2
if f : V1 → V ′ ⊆ V2 is a bijection satisfying (u , v) ∈ E1
if and only if ( f (u) , f (v)) ∈ E2. Thus, G1 corresponds
exactly to an induced subgraph ofG2.

The set of all n × n upper and lower triangular matrices
over R is denoted byUTn (R) and LTn (R), respectively. The
set of diagonal matrices is denoted by Dn (R) and is defined in
Equation (1) :

Dn (R) = {A = diag(x1 , x2 , . . . , xn) | xi ∈ R}. (1)

The notation defined in Equation (1) will be used throughout
the paper.

3. RESULT AND DISCUSSION

3.1 Subring and Subgraph of Jacobson-type Graphs
A careful analysis of how a subring interacts with the Jacobson-
type graph of a ring requires comparing units, non units, and
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Jacobson radicals of both rings. Since adjacency is determined
by the (non-)invertibility of certain expressions, these compar-
isons become essential. We begin with some basic lemmas.

Lemma 3.1. Let R be a finite ring with identity IR , and let S ⊆ R
be a subring. Then S \U (S) ⊆ R \U (R).

Proof. In a finite commutative ring, an element is a unit if and
only if it is not a zero divisor. Let x ∈ S \U (S). Then x is
a zero divisor in S, so there exists a non zero y ∈ S such that
xy = 0. Since S ⊆ R, the same equation holds in R. Hence, x
is a zero divisor in R, so x ∉U (R).

Remark 3.2. The finiteness assumption in Lemma 3.1 is essential. If
R is infinite, a non unit of S may become a unit of R. For example, take
S = ℤ ⊆ ℚ = R. Then ℚ\U (ℚ) = {0}, ℤ\U (ℤ) = ℤ\ {−1, 1}.
Thus 2 ∈ S \U (S), but 2 ∈ U (R).

Lemma 3.3. Let R be a finite ring with identity IR , and let S be a
subring of R with identity IS . The following statements are satisfied.

(i) If IS = IR , then S ∩U (R) =U (S).
(ii) If IS ≠ IR , then S ∩U (R) = ∅.

Proof.
(i) IS = IR. It is clear that U (S) ⊆ S ∩U (R). Conversely,

let u ∈ S ∩ U (R). Then there exists v ∈ R such that
uv = IR. Without loss of generality, consider the left-
multiplication map ℓu : S −→ S defined by s ↦→ us.
If ℓu (s) = 0, multiplying by v gives s = v(us) = 0. Thus,
ℓu is injective. Since S is finite, ℓu is also surjective; hence,
there exists s0 ∈ S such that us0 = IS . Thus, u is invertible
in S.

(ii) Suppose IS ≠ IR. Assume, for contradiction, that there
exists u ∈ S ∩U (R). Let v = u−1 ∈ R. Then IS = ISIR =

IS (uv) = (ISu)v = IR , contradicting IS ≠ IR. Therefore,
S ∩U (R) = ∅.

Lemma 3.4. Let R be a finite local ring with identity IR and
a unique maximal ideal 𝔪R . If S ⊆ R is a commutative subring
containing an identity IS , then

(i) IS = IR ,
(ii) S is local, and

(iii) the unique maximal ideal 𝔪S of S satisfies 𝔪S = S ∩𝔪R .

Proof. (i) Since IS is the multiplicative identity of S ⊆ R,
then IS is an idempotent of R. Since R is finite, it is
Artinian (see Atiyah and Macdonald (1969) , Proposi-
tion 8.2). Moreover, in a commutative Artinian local
ring, the only idempotents are 0 and IR (see Atiyah and
Macdonald (1969) , Exercise 8.2; see also Matsumura
(1986) , Theorem 2.7). Since IS is a non zero idempo-
tent, it follows that IS = IR.

(ii) Since any idempotent of S is also an idempotent of R, S
has no non trivial idempotents. For a finite commutative
Artinian ring, the absence of non trivial idempotents is
equivalent to indecomposability. Moreover, an Artinian

commutative ring is local if and only if it is indecompos-
able (see Atiyah and Macdonald (1969) , Proposition 8.7
and Corollary 8.8; see also Matsumura (1986) , Theo-
rem 2.7). Therefore, S is local.

(iii) Since R is a finite commutative ring and S is a subring
of R with the same identity, we haveU (S) = S ∩U (R)
by Lemma 3.3 (i). Therefore, 𝔪S = S \U (S) = S \ (S ∩
U (R)) = S ∩ (R \U (R)) = S ∩𝔪R.

In the next lemma, we give a useful relationship between
the Jacobson radicals of a ring and its subring.

Lemma 3.5. Let R be a finite ring and S be a subring of R. Then
S \ J (S) ⊆ R \ J (R).

Proof. We show S ∩ J (R) ⊆ J (S). By Proposition 1.9 in
(Atiyah and Macdonald, 1969) , an element x ∈ J (R) if and
only if IR − yx is a unit in R for all y ∈ R. Let y ∈ S. Since
S ⊆ R, y is also an element of R. Since x ∈ J (R) and y ∈ R,
the element IR − yx must be a unit in R. Next, we consider two
cases as follows.

Case 1. IS = IR. If IR − yx is a unit in R, then it cannot be a
non unit in S, by Lemma 3.1. Thus, IS − yx must be a unit in
S.

Case 2. IS ≠ IR. Since S ∩U (R) = ∅ by Lemma 3.3 (ii),
then IR − yx ∉ S. Since S is a subring, IS − yx ∈ S, then
IS − yx ∉U (R). We now show that IS − yx ∈ U (S). Assume to
the contrary that IS − yx ∉U (S). Then there exists a non zero
z0 ∈ S with z0 ∉ U (R) such that (IS − yx)z0 = 0. However,
(IR − yx)z0 = z0 − yxz0 = ISz0 − yxz0 = (IS − yx)z0 = 0. Since
z0 is non zero, then IR − yx ∉U (R), which is a contradiction.

Since IS − yx is a unit in S for all y ∈ S, it follows that
x ∈ J (S). This implies S ∩ J (R) ⊆ J (S). The statement
S \ J (S) ⊆ R \ J (R) is equivalent to S ∩ J (R) ⊆ J (S), which
completes the proof.

Theorem 3.6. Let R be a finite ring and S be a subring of R with
identity IS . Then

1. 𝔍S is an (S \ J (S))-induced subgraph of 𝔍R ,
2. 𝔍nS is an (Sn \ J (S)n)-induced subgraph of 𝔍nR , and
3. 𝔍n×nS is an (Mn (S) \Mn ( J (S)))-induced subgraph of 𝔍n×nR .

Proof. By Lemma 3.5,V (𝔍S) = S \ J (S) ⊆ R \ J (R) =V (𝔍R).
Let x , y ∈ V (𝔍S). Suppose x and y are adjacent in 𝔍S . Then
IS − xy ∉ U (S). If IS = IR , then IR − xy = IS − xy, and by
Lemma 3.1, it is also a non unit in R. If IS ≠ IR , the same
argument as in Lemma 3.5 shows that IR − xy ∉U (R). Thus,
x and y are adjacent in 𝔍R.

Suppose x , y ∈ V (𝔍S) and IS − xy ∈ U (S). If IR − xy ∉

U (R), then (as in the proof of Lemma 3.4) we reach a contra-
diction because this would imply IS − xy is also a non unit of S.
Therefore, IR − xy ∈ U (R), so x and y are not adjacent in 𝔍R.
Thus, 𝔍S is induced in 𝔍R. The array and matrix cases follow
by the same argument, with the dot product and determinant
replacing multiplication, respectively.
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By Theorem 3.6, we derive a necessary and sufficient con-
dition for a ring and its subring to share the same Jacobson
graphs. Consequently, by Remark 3.2, Theorem 3.6 does not
hold in general for infinite rings.

Corollary 3.7. Let S be a distinct subring unity of a ring R. The
graph 𝔍S = 𝔍R if and only if S \ J (S) = R \ J (R).

Proof. If𝔍S = 𝔍R , then S\ J (S) =V (𝔍S) =V (𝔍R) = R\ J (R).
Conversely, if R \ J (R) = S \ J (S) , then V (𝔍R) = V (𝔍S).
Since 𝔍S is an induced subgraph of 𝔍R , then 𝔍R = 𝔍S .

For a ring R, the set of all n × n invertible matrices with
entries in R, together with matrix multiplication as the group
operation, is denoted byGLn (R). In other words,GLn (R) =
{A ∈ Mn (R) | A is invertible over R}.

Let (R , 𝔪) be a local commutative ring with unique maxi-
mal ideal𝔪. It is clear that J (R) = 𝔪. We denoteR = R/J (R)
as the quotient field of R with respect to J (R), where R = {a =
a + J (R) | a ∈ R} with a = a + J (R) = {a + x | x ∈ J (R)}.
Since R is a field, thenU (R) = R \ {0̄}.

Let 𝔲(R) = {a ∈ U (R) | a−1
= a} and 𝔲′ (R) = {a ∈

U (R) | a−1
≠ a}. The vertex set of square matrix Jacobson

graph, 𝔍n×nR , can be partitioned as shown in Equation (2) :

V (𝔍n×nR ) =V0̄ ∪V
𝔲 (R) ∪V𝔲′ (R) , (2)

where V0̄ = {A ∈ V (𝔍n×nR ) | det(A) = 0̄}, V
𝔲 (R) = {A ∈

V (𝔍n×nR ) | det(A) ∈ 𝔲(R}, and V
𝔲′ (R) = {A ∈ V (𝔍n×nR ) |

det(A) ∈ 𝔲′ (R)}.

Theorem 3.8. (Humaira et al., 2022) Let (R , 𝔪) be a local ring.
The graph 𝔍n×nR is a disjoint union of the following components:

(i) |V0̄ | isolated vertices,
(ii) |𝔲(R) | complete subgraphs, where the vertex set Vx̄ forms a

complete subgraph for each x̄ ∈ 𝔲(R),
(iii) |𝔲′ (R) |

2 complete bipartite subgraphs, where the vertex set Vx̄ ∪
Vx̄−1 forms a complete bipartite subgraph for each x̄ ∈ 𝔲′ (R).

If a graph G has isolated vertices with vertex set V0̄, we
define G∗ to be the graph obtained from G by removing all
isolated vertices, such that the vertex set of G∗ is V (G∗) =

V (G) \V0̄.

Theorem 3.9. Let (R , 𝔪) be a local ring. Then 𝔍GLn (R) is a
spanning subgraph of (𝔍n×nR )∗ if and only if R/J (R) � 𝔽2.

Proof. Let R/J (R) � 𝔽2. Then by Theorem 3.8 and Equa-
tion (2) , the graph 𝔍n×nR consists of isolated vertices with vertex

setV0̄ = {A ∈ V (𝔍n×nR ) | det(A) = 0̄} and a complete subgraph

(𝔍n×nR )∗ with vertex set V1̄ = {A ∈ V (𝔍n×nR ) | det(A) = 1̄}.
Therefore, V (𝔍GLn (R) ) = V ((𝔍n×nR )∗) = GLn (R), and it is
clear that 𝔍GLn (R) is a spanning subgraph of (𝔍n×nR )∗.

Assume that |R/J (R) | ≥ 3. Then there exist non zero
x , y ∈ R such that x̄ ≠ ȳ and x̄ , ȳ ∈ R/J (R). By Theorem 3.8,
𝔍n×nR has at least one isolated vertex setV0̄ and two complete

components with vertex sets Vx̄ and Vȳ , where Vx̄ = {A ∈
V (𝔍n×nR ) | det(A) ∈ x+𝔪} andVȳ = {A ∈ V (𝔍n×nR ) | det(A) ∈

y + 𝔪}. Consider the matrices A =

(
1 0
0 x

)
∈ Vx̄ and B =(

1 0
0 y

)
∈ Vȳ. Then AB ∈ E(𝔍GLn (R) ), but AB ∉ E(𝔍n×nR ). So,

𝔍GLn (R) is not a spanning subgraph of (𝔍n×nR )∗.

3.2 Isomorphism in Jacobson-type Graphs of a Ring
Isomorphism plays a central role in graph theory, providing
a means to compare graphs based solely on their structural
characteristics. Two graphs are isomorphic when they share
the same adjacency pattern, differing only by a relabeling of
vertices. In this section, we study when different Jacobson-
type graphs associated to a ring are isomorphic, and how these
isomorphisms relate to the algebraic structure of the underlying
rings.

The disjunctive product of two graphs G and H , denoted by
G ⊕H , is defined on the vertex setV (G) ×V (H ). Two vertices
(g , h) and (g ′ , h′) are considered adjacent if either gg ′ ∈ E(G)
or hh′ ∈ E(H ). Similar to the Cartesian and direct products of
two graphs, this operation is commutative. The concept was
first introduced by Ore (1962) under the name Cartesian sum
of graphs, while the term disjunctive product was later adopted in
subsequent literature (Scheinerman and Ullman, 1997) .

The following proposition establishes a relationship be-
tween 𝔍R and 𝔍Dn (R) .

Proposition 3.10. Let R be a finite commutative ring. The n-
disjunctive product of 𝔍R , denoted by 𝔍⊕n

R = 𝔍R ⊕𝔍R ⊕ · · · ⊕𝔍R , is
Dn (R \ J (R)) induced subgraph-isomorphic to 𝔍Dn (R) . Moreover,
𝔍⊕n
R is Dn (R \ J (R)) induced subgraph-isomorphic to 𝔍Mn (R) .

Proof. SinceV (𝔍R) = R \ J (R), we haveV (𝔍⊕n
R ) = R \ J (R) ×

· · · × R \ J (R). Define a map

f :V (𝔍⊕n
R ) →V (𝔍Dn (R\J (R) ) ) ⊂ V (𝔍Dn (R) ) (3)

by f (x1 , x2 , . . . , xn) = diag(x1 , x2 , . . . , xn) ∈ Dn (R \ J (R)).
The map in Equation (3) is a bijection. If (x1 , x2 , . . . , xn)
and (y1 , . . . , yn) are adjacent in 𝔍⊕n

R , then there exists an in-
dex i such that xi and yi are adjacent in 𝔍R. This implies
IR − xiyi ∉ U (R). Thus, the matrices diag(x1 , x2 , . . . , xn)
and diag(y1 , y2 , . . . , yn) are adjacent in 𝔍Dn (R) . The converse
clearly holds as well, establishing the first isomorphism.

Moreover, Dn (R) is a subring of Mn (R) sharing the same
identity matrix In. By Lemma 3.3 (i), Dn (R) ∩U (Mn (R)) =
U (Dn (R)). For any two matrices A, B ∈ Dn (R \ J (R)), the
matrix In − AB is diagonal. Thus, In − AB ∉U (Dn (R)) if and
only if In − AB ∉ U (Mn (R)). Consequently, the adjacency
relation is strictly preserved when viewed in the larger matrix
ring, meaning 𝔍⊕n

R is also Dn (R \ J (R)) induced subgraph-
isomorphic to 𝔍Mn (R) .

Theorem 3.11. (Azimi et al., 2014) Let R and R′ be finite com-
mutative rings. Then 𝔍R � 𝔍R′ if and only if | J (R) | = | J (R′) |
and R/J (R) � R′/J (R′).
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Corollary 3.12. Let (R , 𝔪) be a local ring. If R1 = R ⊕ · · · ⊕ R
is an n decomposition of R, then 𝔍R1 is isomorphic to 𝔍Dn (R) .

Proof. Let f be a map fromV (𝔍R1 ) toV (𝔍Dn (R) ) defined by
f (x1 , x2 , . . . , xn) = diag(x1 , x2 , . . . , xn). Let (x1 , x2 , . . . ,
xn) and (y1 , y2 , . . . , yn) be adjacent in 𝔍R1 . Then there ex-
ists an index i such that IR − xiyi ∉ U (R). Thus, the matrix
diag(IR − x1y1 , . . . , IR − xnyn) ∉ U (Dn (R)). It follows that
diag(x1 , x2 , . . . , xn) and diag(y1 , y2 , . . . , yn) are adjacent in
𝔍Dn (R) .

Next, we characterize when the Jacobson graphs of matrix
rings over R and R′ are isomorphic.

Theorem 3.13. Let R and R′ be two finite rings. Then 𝔍Mn (R)
and 𝔍Mn (R′ ) are isomorphic if and only if | J (R) | = | J (R′) | and
R/J (R) � R′/J (R′).

Proof. Let | J (R) | = | J (R′) |. ThenMn ( J (R)) andMn ( J (R′))
have the same cardinality. Since R/J (R) � R′/J (R′), there
exists a bijection T : R/J (R) → R′/J (R′). Now, we de-
fine L : Mn (R/J (R)) → Mn (R′/J (R′)) such that L(A) =

B, where A = (ai j) and B = (bi j) with bi j = T (ai j). It is
clear that L is a bijection. Therefore, Mn (R)/Mn ( J (R)) �
Mn (R/J (R)) � Mn (R′/J (R′)) � Mn (R′)/Mn ( J (R′)). Since
𝔍Mn (R) and 𝔍Mn (R′ ) are undirected graphs, Theorem 3.11 im-
plies that 𝔍Mn (R) � 𝔍Mn (R′ ) .

Conversely, let 𝜙 : 𝔍Mn (R) → 𝔍Mn (R′ ) be a graph isomor-
phism. By Theorem 3.9 in (Humaira et al., 2023) , vertices
with rank 1 have the minimum degree, and vertices with rank
n have the maximum degree. All vertices at the same rank
can have one of two possible degrees. Without loss of general-
ity, 𝜙 maps the subgraph with vertex set e1eT1R onto e1eT1R

′.
Consequently, 𝔍R � 𝔍R′ . By Theorem 3.11, we conclude that
| J (R) | = | J (R′) | and R/J (R) � R′/J (R′).

Theorem 3.14. The graph 𝔍nR is isomorphic to 𝔍Dn (R) if and only
if R = 𝔽2 and n = 2.

Proof. It is obvious that 𝔍2
𝔽2

is isomorphic to 𝔍D2 (R) , since both
graphs are paths of length 2.

Conversely, assume that 𝔍nR � 𝔍Dn (R) , but either n ≠ 2 or
R ≠ 𝔽2. Let 𝜆 :V (𝔍nR) →V (𝔍Dn (R) ) be a graph isomorphism.
We consider several cases based on the values of n and |R | as
follows.

a. If n = 2 and |R | ≥ 3, then there exists x ∈ R such
that N [(1, 1)T ] = {(0, 1)T , (1, 0)T , (x , y)T | x−1 =

y and x , y ∉ {0, 1}}. Meanwhile, the neighborhood of
diag(1, 1) can be expressed as in Equation (4) :

N [diag(1, 1)] = {diag(1, x) , diag(x , 1) | x ∈ R}, (4)

which implies that deg[(1, 1)T ] < deg[diag(1, 1)].
b. If n = 3 and R = 𝔽2, then we obtain N [(1, 1, 1)T ] =

{(1, 0, 0)T , (0, 1, 0)T , (0, 0, 1)T }, while the neighbor
set of diag(1, 1, 1) is N [diag(1, 1, 1)] = {diag(x , y , z) |
x = 1 or y = 1 or z = 1, x , y , z ∈ R}. So, it is clear that
deg[(1, 1, 1)T ] = 3 < 6 = deg[diag(1, 1, 1)].

c. If n > 3 and R = 𝔽2, then deg[(1, 1, 1, 0, . . . , 0)T ] =
3(2n−3) < 6(2n−3) = deg[diag(1, 1, 1, 0, . . . , 0)].

d. If n > 3 and |R | ≥ 3, then we get deg[(1, 1)T ] |R |n−2 <

deg[diag(1, 1)] |R |n−2. Thus, deg[(1, 1, 0, . . . , 0)T ] <
deg[diag(1, 1, 0, . . . , 0)].

In all cases, we have deg[(1, . . . , 1)T ] < deg[diag(1, . . . , 1)],
which contradicts the assumption that 𝜆 is an isomorphism.

More specific details regarding subgraph isomorphisms be-
tween the n-array Jacobson graph and the Jacobson graph of a
diagonal matrix are explained below.

Theorem 3.15. The graph 𝔍nR is a proper spanning subgraph-
isomorphic to 𝔍Dn (R) if and only if R = 𝔽2 and n ≥ 3.

Proof. We construct a map T : V (𝔍n
𝔽2
) → V (𝔍Dn (𝔽2 ) ) by

T (a1 , a2 , . . . , an)T = diag(a1 , a2 . . . , an). Since T is surjec-
tive and |V (𝔍n

𝔽2
) | = |V (𝔍Dn (𝔽2 ) ) |, thenT is a bijection.

If (a1 , a2 , . . . , an)T is adjacent to (b1 , b2 , . . . , bn)T , then∑n
i=1 aibi = 1. Therefore, there exists an odd number of indices

i (1 ≤ i ≤ n) such that ai = bi = 1. Hence,T (a1 , a2 , . . . , an)T
is adjacent to T (b1 , b2 , . . . , bn)T in 𝔍Dn (𝔽2 ) . Therefore, 𝔍nR
is spanning subgraph-isomorphic to 𝔍Dn (R) . The properness
follows from the fact that if the number of such indices i is even,
then T (a1 , a2 , . . . , an)T is adjacent to T (b1 , b2 , . . . , bn)T in
𝔍Dn (𝔽2 ) , but (a1 , a2 , . . . , an)T is not adjacent to (b1 , b2 , . . . ,
bn)T in 𝔍n

𝔽2
.

Conversely, assume that 𝔍nR is a proper spanning subgraph-
isomorphic to 𝔍Dn (R) and either R ≠ 𝔽2 or n = 2. We consider
the following cases:

a. If R = 𝔽2 and n = 2, then by Theorem 3.14, 𝔍nR is
isomorphic to 𝔍Dn (R) , contradicting the properness as-
sumption.

b. If R ≠ 𝔽2 and n = 2, then there exists an x ∈ R \ {0, 1}
such that (1, 1)T is adjacent to (x , x)T , and IR − x ∈
U (R). However, T (1, 1)T = diag(1, 1) is not adjacent
toT (x , x)T = diag(x , x) in 𝔍D2 (R) , which is a contradic-
tion.

c. If R ≠ 𝔽2 and n ≥ 3, then there exists x ∈ R \ {0, 1}
with 2x = 1 such that (1, 1, 0, . . . , 0)T is adjacent to
(x , x , 0, . . . , 0)T and IR − x ∈ U (R). Therefore, we
obtainT (1, 1, 0, . . . , 0)T = diag(1, 1, 0, . . . , 0) is not
adjacent toT (x , x , 0, . . . , 0)T = diag(x , x , 0, . . . , 0) in
𝔍Dn (R) , a contradiction.

Previously, we examined the relationship between the Ja-
cobson graph over the matrix ring and the matrix Jacobson
graph over the ring, but only in the case of its invertible ele-
ments (matrices with rank equal to n). We will now examine
the adjacency rules in the set of matrices with rank less than n
in 𝔍Mn (R) , involving the graph 𝔍Mk (R) where k < n.

Let ei ∈ Rn be a standard basis vector with the i-th coordi-
nate being 1 and the others being 0. Let Sn be the symmetric
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group on the set {1, 2, . . . , n}. For 1 ≤ k ≤ n, we define the
subsets of Mn (R) as in Equation (5) and Equation (6) :

Mlk =

{
k∑︁

m=1

vime
T
im

����� vim ∈ Rn \ {0}, i1 , . . . , ik ∈ Sn

}
(5)

and

Mrk =

{
k∑︁

m=1

eimv
T
im

����� vim ∈ Rn \ {0}, i1 , . . . , ik ∈ Sn

}
. (6)

If A ∈ Mlk , then AT ∈ Mrk . For every A ∈ Mn (R) with
rk(A) = k < n, A is always equivalent to some B ∈ Mlk or
B ∈ Mrk . In other words, there exist invertible matrices P and
Q such that B = PAQ.

Example 3.16. Let k = 1, and let v1 = (v11 , v12 , . . . , v1n)T
and v2 = (v21 , v22 , . . . , v2n)T be vectors in Rn . Then, the matrix
product v1eT1 is defined in Equation (7) :

v1eT1 =

©­­­­«
v11 0 . . . 0
v12 0 . . . 0
...

...
. . .

...
v1n 0 . . . 0

ª®®®®¬
∈ Ml1 , (7)

and its corresponding transposed form e2vT2 is given by Equation (8) :

e2vT2 =

©­­­­­­«

0 0 . . . 0
v21 v22 . . . v2n
0 0 . . . 0
...

...
. . .

...
0 0 . . . 0

ª®®®®®®¬
= (v2eT2 )

T ∈ Mr1 . (8)

Furthermore, the multiplications of these matrices can be explicitly
evaluated as demonstrated in Equation (9) and Equation (10) , re-
spectively:

(v1eT1 ) (v2eT2 ) =
©­­­­«
0 v11v21 0 . . . 0
0 v12v21 0 . . . 0
...

...
...

. . .
...

0 v1nv21 0 . . . 0

ª®®®®¬
= v1v21eT2 ∈ Ml1 ,

(9)

(e1vT1 ) (e2vT2 ) =
©­­­­«
v12v21 v12v22 . . . v12v2n

0 0 . . . 0
...

...
. . .

...
0 0 . . . 0

ª®®®®¬
= e1v12vT2 ∈ Mr1 .

(10)

Lemma 3.17. Let A, B ∈ V (𝔍Mn (R) ). If A and B are adjacent,
then AT and BT are adjacent in 𝔍Mn (R) .

Proof. Suppose In − AB ∉ U (Mn (R)). Since transposition
preserves invertibility, In−BTAT = In− (AB)T = (In−AB)T ∉

U (Mn (R)). Thus, AT is adjacent to BT .

Lemma 3.18. For 1 ≤ k < n, let A be the sum of
∑k
m=1 vime

T
im

and
∑n
m=k+1 eime

T
im

. Then A ∉U (Mn (R)) if and only if

©­­«
vi1 ,i1 vi2 ,i1 . . . vik ,i1

...
...

. . .
...

vi1 ,ik vi2 ,ik . . . vik ,ik

ª®®¬ ∉U (Mk (R)). (11)

Proof. For A =
∑k
m=1 vime

T
im
+ ∑n

m=k+1 eime
T
im

, we apply elemen-
tary row and column operations such that A is equivalent to
the block matrix B in Equation (12) :

B =

(
C1 0
C2 In−k

)
, (12)

where the submatrices C1 and C2 are explicitly defined in Equa-
tion (13) and Equation (14) :

C1 =
©­­«
vi1 ,i1 vi2 ,i1 . . . vik ,i1

...
...

. . .
...

vi1 ,ik vi2 ,ik . . . vik ,ik

ª®®¬ (13)

C2 =
©­­«
vi1 ,ik+1 vi2 ,ik+1 . . . vik ,ik+1

...
...

. . .
...

vi1 ,in vi2 ,in . . . vik ,in

ª®®¬ . (14)

If A ∉ U (Mn (R)), then B ∉ U (Mn (R)) and rk(B) < n. This
implies rk(C1) < k yielding C1 ∉ U (Mk (R)) , as we get in
Equation (11) .

The following theorem establishes a relationship between
𝔍Mn (R) and 𝔍Mk (R) for 1 ≤ k < n.

Theorem 3.19. For a natural number n and 1 ≤ i , j , k ≤ n − 1,
let vi = (vi1 , . . . , vin)T and u j = (u j1 , . . . , u jn)T be vectors in
Rn . Then the following statements are equivalent.

(i)
∑k
r=1 vir e

T
ir

and
∑k
r=1 u jr e

T
jr

are adjacent in 𝔍Mn (R) .

(ii)
∑k
r=1 eirv

T
ir

and
∑k
r=1 e jru

T
jr

are adjacent in 𝔍Mn (R) .
(iii) The matrices

©­­­­«
vi1 , j1 . . . vik , j1
vi1 , j2 . . . vik , j2

...
. . .

...
vi1 , jk . . . vik , jk

ª®®®®¬
and

©­­­­«
u j1 ,i1 . . . u jk ,i1
u j1 ,i2 . . . u jk ,i2

...
. . .

...
u j1 ,ik . . . u jk ,ik

ª®®®®¬
are adjacent in 𝔍Mk (R) .

Proof. According to Lemma 3.17, statement (i) holds if and
only if statement (ii) is satisfied.
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Let
∑k
r=1 vir e

T
ir

and
∑k
r=1 u jr e

T
jr

be adjacent in 𝔍Mn (R) . Using
the multiplication approach demonstrated in Examples 3.16
and Equation (9) , we obtained Equation (15) :(

k∑︁
r=1

vir e
T
ir

) ©­«
k∑︁
p=1

u jpe
T
jp
ª®¬ =

k∑︁
p=1

(
k∑︁
r=1

vir u jp ,ir

)
eTjp . (15)

Consequently, the expansion of the identity matrix minus this
product can be evaluated through Equation (16)

In −
(
k∑︁
r=1

vir e
T
ir

) ©­«
k∑︁
p=1

u jpe
T
jp
ª®¬

=

n∑︁
q=1

eqeTq −
k∑︁
p=1

(
k∑︁
r=1

vir u jp ,ir

)
eTjp

=

k∑︁
p=1

(
e jp −

k∑︁
r=1

vir u jp ,ir

)
eTjp +

n∑︁
p=k+1

e jpe
T
jp .

(16)

By Lemma 3.18, we have Equation (17)

Ik −
©­­­­«
vi1 , j1 . . . vik , j1
vi1 , j2 . . . vik , j2

...
. . .

...
vi1 , jk . . . vik , jk

ª®®®®¬
©­­­­«
u j1 ,i1 . . . u jk ,i1
u j1 ,i2 . . . u jk ,i2

...
. . .

...
u j1 ,ik . . . u jk ,ik

ª®®®®¬
∉U (Mk (R)).

(17)

Thus, statement (iii) is proved. Conversely, statement (iii)
holds if and only if statement (i) also applies.

Example 3.20. Consider two vertices
(
0 1
2 2

)
and

(
1 2
1 0

)
which

are adjacent in 𝔍M2 (ℤ3 ) . By Theorem 3.19, we can determine that
the following pairs of matrices constitute the edges in 𝔍M4 (ℤ3 ) :

1.
©­­­«
0 0 0 1
0 0 2 2
0 0 1 2
0 0 1 1

ª®®®¬ ∼
©­­­«
1 0 0 0
0 2 0 0
1 2 0 0
1 0 0 0

ª®®®¬ ,

2.
©­­­«
0 0 1 2
0 0 0 1
0 0 2 2
0 0 1 1

ª®®®¬ ∼
©­­­«
0 1 0 0
0 0 2 0
0 1 2 0
0 1 0 0

ª®®®¬ , and

3.
©­­­«
0 1 0 2
0 0 0 1
0 2 0 2
0 1 0 1

ª®®®¬ ∼
©­­­«
0 1 0 0
0 1 2 0
0 0 2 0
0 1 0 0

ª®®®¬ .

By applying Theorem 3.19 with k = 1, we obtain the
following corollary.

Corollary 3.21. For a natural number n and 1 ≤ i , j ≤ n, let vi =
(vi1 , . . . , vin)T , u j = (u j1 , . . . , u jn)T ∈ Rn . Then the following
statements are equivalent:

1. vieTi and u jeTj are adjacent in 𝔍Mn (R) .

2. eivTi and e juTj are adjacent in 𝔍Mn (R) .
3. vi j and u ji are adjacent in 𝔍R .

Furthermore, we have the following corollary, which de-
scribes the relation of two adjacent vertices in 𝔍nR with two
adjacent vertices in 𝔍Mn (R) .

Corollary 3.22. Let v, u ∈ Rn . The vertices u and v are adjacent
in 𝔍nR if and only if, for any xm ∈ Rn , at least one of the following
pairs of vertices is adjacent in 𝔍Mn (R) .

1. ueTi and eivT + ∑n
m=1
m≠i

emxTm ;

2. veTi and eiuT + ∑n
m=1
m≠i

emxTm ;

3. eiuT and veTi + ∑n
m=1
m≠i

xmeTm ;

4. eivT and ueTi + ∑n
m=1
m≠i

xmeTm .

Proof. Let u, v ∈ Rn \ J (R)n. Then we obtain the following
system of matrix products in Equation (18) :

ueTi
©­­«eivT +

n∑︁
m=1
m≠i

emxTm
ª®®¬ = zeTi ;

veTi
©­­«eiuT +

n∑︁
m=1
m≠i

emxTm
ª®®¬ = yeTi ;

eiuT
©­­«veTi +

n∑︁
m=1
m≠i

xmeTm
ª®®¬ = eizT ;

eivT
©­­«ueTi +

n∑︁
m=1
m≠i

xmeTm
ª®®¬ = eiyT ,

(18)

with eTi z = e
T
i y = zTei = yTei = uTv.

Since IR − uTv ∉ U (R) and IR − vTu ∉ U (R), the equiv-
alent conditions for the invertibility of these matrices can be
expressed through Equation (19) :

In − zeTi ∉U (Mn (R)) ⇐⇒ IR − eTi z ∉U (R);
In − yeTi ∉U (Mn (R)) ⇐⇒ IR − eTi y ∉U (R);
In − eizT ∉U (Mn (R)) ⇐⇒ IR − zTei ∉U (R);
In − eiyT ∉U (Mn (R)) ⇐⇒ IR − yTei ∉U (R).

(19)

We illustrate Corollary 3.22 above with the following ex-
ample.

Example 3.23. In Figure 1, we have a 2-array Jacobson graph of
ℤ2. (

1
0

)(
1
1

)(
0
1

)
Figure 1. Graph 𝔍2

ℤ2
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By Corollary 3.22, we can determine the set of matrices that are

adjacent to e1

(
1
1

)T
=

(
1 1
0 0

)
in graph 𝔍M2 (ℤ2 ) by Figure 2.

(
1 1
0 0

) (
1 0
0 1

)

(
1 0
0 0

)

(
1 1
0 1

)

(
0 0
1 1

)
(
0 1
1 1

)

(
0 1
1 0

)

(
0 0
1 0

)
Figure 2. All Matrices which are Adjacent to

(
1 1
0 0

)
in 𝔍M2 (ℤ2 )

4. CONCLUSIONS

This paper provides a clear structural explanation for the exis-
tence of subgraphs induced by subrings within Jacobson-type
graphs. Our findings demonstrate that the finiteness condition
plays a crucial role in preserving the inclusion relations among
units and radicals. Moreover, we have completely characterized
the conditions under which the various Jacobson-type graphs
associated with a ring are isomorphic. The finiteness assump-
tion is essential to both main results, as these embeddings and
structural properties may fail for infinite rings. Natural direc-
tions for further research include extending these results to
infinite or non-commutative rings and investigating how other
graph products interact with Jacobson-type constructions.
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