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Abstract

LetY be a nonempty set of X and denote by Fiz (X, Y) a semigroup of full transformations & on X provided that aa = a for all
a €Y. Further, let 4 be a nonempty subset of Fiz (X, Y). The Cayley digraph Cay(Fiz(X,Y), A) is defined to be a digraph whose
vertex set is Fix(X,Y) and arc set is the set of all ordered pairs (@, 8); where a, 8 € Fix(X,Y), such that 8 = a7y for some
v € A. Anonempty subset I of Fix(X,Y) is said to be independent if every two vertices in I are independent, that is, there is no arc
joining them. The maximum cardinality of an independent set is called the independence number. Moreover, an edge independent
set is called a matching and the maximum cardinality of an edge independent set is called the matching number. In this paper, we
determine several independence and matching parameters of Cayley digraphs of iz (X, Y) whose connection sets are relative to

minimal idempotents and permutations.
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1. INTRODUCTION

An interesting object used to present a connection between al-
gebras and graph theory is known as the Cayley digraph which
is firstly constructed from a finite group. The investigation of
Cayley graphs provides a vital bridge between abstract alge-
bra and structural graph theory, allowing algebraic properties
of algebraic structures to be visualized and analyzed through
combinatorial topologies. While Cayley graphs of groups have
been extensively studied due to their high degree of symmetry
and vertex-transitivity, Cayley digraphs of semigroups, espe-
cially transformation semigroups, present a richer and far more
complex structural landscape defined by directional flows and
inherent asymmetry.

Throughout the paper, all sets are assumed to be finite. Let
S be a semigroup and A4 a nonempty subset of S. The Cayley
digraph Cay(S, A) of a semigroup S with respect to a connection
set A is defined to be a digraph with vertex set S and arc set
consisting of all ordered pairs (x, xa) for some a € 4 and x
is an arbitrary element in S. The Cayley digraphs have been
investigated for various types of groups and semigroups, includ-
ing important applications, see for instance (Feng et al., 2022;
[li¢-Georgijevic, 2023; Kelarev, 2003; Khosravi et al., 2021;
Knauer and Knauer, 2019; Limkul and Panma, 2023; Ma et al.,

2022; Nupo and Chaiya, 2023) and references therein. One
of the well-known semigroups is related to transformations of a
set. In this paper, we consider a semigroup of transformations
with fixed sets. Let T'(X) be a semigroup of transformations
on X under composition and called the full transformation semi-
group. In 2013, Honyam and Sanwong (Honyam and Sanwong,
2013) defined Fizx(X,Y) as follows:

Fix(X,Y)={a eT(X):aa =aforallaeY}.

Indeed, Fix(X,Y) is a subsemigroup of T'(X) which is called
transformation semigroup with fixed set. They introduced the regu-
larity, Green’s relations and ideals of Fix (X, Y). Later, Chaiya
et al. (2016) proposed the concept of the natural partial order
on Fiz(X,Y). The literature review of researches related to
Cayley digraphs of transformation semigroups can be found in
(Riyas and Geetha, 2018; Tisklang and Panma, 2018). Nupo
and Pookpienlert (2020) studied the structural properties of
Cayley digraphs of Fiz(X,Y). Later in 2021, they (Nupo
and Pookpienlert, 2021) investigated the domination parame-
ters on Cayley digraphs of Fix(X,Y) with respect to minimal
idempotents and permutations.

The well-known parameters we consider in this research are
independence parameters and matching parameters of Cay-
ley digraphs of Fiz(X,Y). These parameters are known as
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the graph invariant property. In graph theory, studying graph
invariants is the prominent research area which plays a role
for applying results to approximate some parameters in real
world models. One of such invariants is an independence
number of graphs or digraphs. It is the size of a maximum
independent set in graphs. Many researchers are interested to
find a maximum independent set called the maximum inde-
pendent set problem which is an NP-hard optimization prob-
lem. In addition, the independence number of several types of
graphs or digraphs are spaciously investigated. For example,
Frieze (1990) determined the independence number of ran-
dom graphs. Selkow (1993) obtained the independence num-
ber of graphs in terms of degrees. Csizmadia (1998) showed
some results about the independence number of minimum
distance graphs. Lichiardopol (2005) determined the indepen-
dence number of iterated line digraphs. Asmerom et al. (2011)
studied the independence number of the cartesian product of
graphs. Panma and Nupo (2018) investigated the indepen-
dence number of Cayley digraphs of rectangular groups. Later,
Bresar and Pabon (2019) studied the independence number
of products of Kneser graphs.

For the part of the matching number, Henning and Yeo
(2006) determined the matching number of claw-free graphs.
Further, Henning et al. (2008) proposed lower and upper
bounds for matching numbers of regular graphs. Vukicevi¢
(2011)presented methods for determination of the existence
and enumeration of perfect matchings and provided applica-
tions to chemistry. Ciucu et al. (2012) considered the perfect
matchings on fisher graphs of cubic graphs and gave several
applications including two concrete three-dimensional crystal
structures whose entropy can be computed exactly using their
results. Dong et al. (2018) computed the number of perfect
matchings of line graphs and showed applications in statisti-
cal physics. Aaghabali et al. (2015) presented upper bounds
for the number of perfect matchings and discrete 2-factor in
graphs with given number of vertices and edges. Yang and Xie
(2016) developed an eflicient approach to identify maximum
matchings of a digraph based on the largest geometric multi-
plicity. Lukotka and Rollova (2017) provided the existence
conditions for perfect matchings of regular bipartite graphs.
Ye (2018) studied the maximum matchings in regular graphs.
Recently, Cseh and Kavitha (2021) constructed the popular
matchings in complete graphs and showed that the problem
they considered becomes NP-complete.

Within this framework, the transformation semigroup Fix(X,

Y), consisting of full transformations on a set X that fix a non-
empty subset Y C X, represents a fundamental class of re-
stricted transformation semigroups. Investigating the indepen-
dence and matching parameters of Cay(Fix(X,Y), A) relative
to connection sets 4 formed by minimal idempotents and per-
mutations is highly motivated by several key theoretical per-
spectives. Idempotents (particularly minimal idempotents) and
permutations constitute the structural backbone of semigroup
theory. Minimal idempotents generate the minimal ideals (the
kernel) of a semigroup, while permutations characterize its
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maximal subgroup structures. Choosing connection sets based
on these specific algebraic elements allows us to directly trans-
late core algebraic properties, such as structural idempotency,
projectivity, and fixed-point invariance, into graph-theoretic
behaviors. Evaluating digraph invariants under these genera-
tors exposes how the algebraic constraints on Y influence the
overall system dynamics of the semigroup. The independence
number and matching number are among the most celebrated
structural invariants in graph theory, serving as foundational
metrics for network sparsity, internal stability, and edge-disjoint
matchings. Determining these exact values for directed graphs
is notoriously difficult due to the lack of undirected symmetry.
In semigroup Cayley digraphs, where vertex-transitivity gener-
ally fails, exact closed-form expressions for independence and
matching numbers reveal crucial information regarding non-
interfering transition states (independent sets) and maximal
concurrent reachability paths (matchings) within asymmetric
directed systems. By bridging these two domains, determining
these new independence and matching parameters not only
advances the structural characterization of transformation semi-
groups, but also enriches the broader graph-theoretic catalog
of exact parameters for directed algebraic networks.

2. EXPERIMENTAL SECTION

We now provide some preliminaries and relevant notations re-
lated to Cayley digraphs of semigroups, a class of independence
and matchings in digraphs. Further information about digraphs
can be found in Pirzada (2012) and others on semigroups can
be seen in Clifford and Preston (1961/1967); Howie (1995).

For a digraph D with vertex set /(D) and arc set E(D),
let u, v be a pair of distinct vertices of D and I a nonempty
subset of /(D). We present definitions for several types of
independence of digraphs as follows.

The vertex u is said to be independent to v, or simply called
u and v are independent, if (u, v), (v, u) ¢ E(D). If vertices in
I are pairwise independent, then [ is called an independent set
of D. The maximum cardinality of an independent set of D is
called the independence number of D and denoted by a (D). An
independent set with cardinality a (D) is called an a-set of D.

The vertex u is said to be weakly independent to v, or simply
called # and v are weakly independent, if («,v) ¢ E(D) or
(v, u) ¢ E(D). If vertices in [ are pairwise weakly independent,
then I is called a weakly independent set of D. The maximum
cardinality of a weakly independent set of D is called the weakly
independence number of D and denoted by @, (D). A weakly
independent set with cardinality a,, (D) is called an @, -set of
D.

The vertex u is said to be path independent to v, or simply
called « and v are path independent, if # and v are not connected
by a dipath in D. That is, a [, v]-dipath and a [v, «]-dipath
do not exist in D where the notation [, v]-dipath means the
dipath joining from u to v in D. If vertices in [ are pairwise path
independent, then [ is called a path independent set of D. The
maximum cardinality of a path independent set of D is called
the path independence number of D and denoted by a,(D). A

Page 1725 of 1734



Nupo and Pookpienlert

path independent set with cardinality @, (D) is called an a,-set
of D.

The vertex u is said to be weakly path independent to v, or
simply called « and v are weakly path independent, if there is
no dipath joining from u to v or there is no dipath joining from
v to u. If vertices in I are pairwise weakly path independent,
then [ is called a weakly path independent set of D. The maximum
cardinality of a weakly path independent set of D is called the
weakly path independence number of D and denoted by (D). A
weakly path independent set with cardinality a,,, (D) is called
an aqp-set of D.

Generally, every (path) independent set of D is also a weakly
(path) independent set of D. For more details, if we let X be
an independent set of D such that [ X| = (D), then X is a
weakly independent set of D. By the definition of a,, (D), it
is the maximum cardinality of a weakly independent set of D,
50 |X| £ aw(D). Hence a(D) < a,(D). Similarly, we can
conclude that @, (D) < @y (D).

Moreover, the definition of a matching in a digraph D with
vertex set /(D) and arc set E (D) are prescribed as follows. Let
M be a nonempty subset of E(D) without loops. The set M is
called a strong matching or simply called a matching in D if there
is no two arcs in M shared vertices in common. Equivalently,
we can say that M is a matching in D if every two arcs (a, b) and
(¢, d) in M are independent, that is, a, b ¢ {c, d}. Moreover,
the set M is called a weakly matching in D if every two arcs
(a, b) and (¢, d) in M are weakly independent, that is, @ # ¢
and b # d. The maximum cardinality of a (weakly) matching
in D is called the (weakly) matching number of D and denoted
by (a;, (D)) a’(D). A (weakly) matching in D with cardinality
(@, (D)) a’ (D) is called an (a,,-set) a’-set of D.

For a digraph with vertex set /' and arc set F, we define

N*(v) ={u € V\{v}: (v,u) € E} and
N~=(v) ={u € V\{v}: (u,v) € E} foranyv € J.

Now, we introduce some basic concepts of the semigroup
Fiz(X,Y). Throughout the paper, letY = {a; : i € I} be a
nonempty fixed subset of X. Further, let @ € Fiz(X,Y). Then
aja = q; foralli € I. Denote by Xa ={a; :i e [} U{b;:j €
J'} the image of . In general, the index set J can be empty
which means that Xa = {a; : i € I} =Y. Hence we can write

a as follows:
_(4i B
= (a,- b])

such that 4; = ¢;a~! and B; = bja/_1 foreachi € I and j € J.
Also, we can observe that 4; NY = {¢;} and B; € X\Y for all
ielandje J.

Next, we present certain subsemigroups of Fiz(X,Y) con-
sisting of the set E,, of all minimal idempotents, and the group
H;4, of permutations. It has been proved that

E, = {(Zjl) : {A4; : i € I} is a partition of X with a; € /I,-}
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which is shown in Honyam and Sanwong (2018). Moreover,
it can be verified that « is a left zero element for all @ € E,,
and H,g, is the Green’s #-class of Fiz(X,Y) containing the
identity map idy.

Clearly, Fix(X,Y) = {idx } whenever X =Y. In the sequel,
we then consider the case Y € X. Let I be the Cayley digraph
Cay(Fix(X,Y), A) of Fix(X,Y) with a nonempty connection
set A. For information about I' not mentioned in this paper,
we refer to Nupo and Pookpienlert (2020).

We now recall the following known results, which are help-
ful for verifying the independence and matchings of T'.
Theorem 2.1. (Nupo and Pookpienlert, 2021) The Cayley
digraph I is the disjoint union of subdigraphs induced by E,,,
Hig, and Fiz(X, Y)\(E, U H;q,), respectively if and only if
A c Hy, .

Lemma 2.2. (Nupo and Pookpienlert, 2020) Let 4 be a
nonempty subset of Fiz(X,Y) and p avertexof I'. If u € E,,
then N*(u) = 0.

Lemma 2.3. (Nupo and Pookpienlert, 2020) Let A be a
nonempty subset of Fix(X,Y). Then T is locally connected if
and only if 4 C Hyy, .

The following notation table collects mathematical symbols
which are frequently used in the paper.

Table 1. Table of Symbols

Symbols Meanings

r the Cayley digraph of Fix(X,Y)

E, the set of all minimal idempotents
Hiq, the group of permutations

G the set Fix(X, Y)\(£, U H;q,)
R-class  the equivalence class of Green’s R -relation
G/R the set of all R -classes of G

a the independence number

@, the path independence number

Ay the weakly independence number

Qrp the weakly path independence number
a’ the matching number

a;, the weakly matching number

3. RESULTS AND DISCUSSION

3.1 Independence Parameters of I Related to Minimal Idem-
potents

In this section, we propose some results about independence
parameters of I whose connection sets are contained in the set
E,, of minimal idempotents in Fizx(X,Y).
Lemma 3.1. Let A C E,,. Then E,, and Fix(X,Y)\E,, are
independent sets of .

Proof. We first show that E,, is independent in I". Since
every minimal idempotent g is a left zero element in I, we
have N*(B) = 0. Hence E,, is an independent set of I'. Next,
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for each y € Fix(X,Y)\E,,, we obtain that yA € E,, for all
Ae€ACE,. Thus Fix(X,Y)\E, is an independent set of I.

As a consequence of Lemma 3.1, we obtain a lower bound
of a(T") and show that such a lower bound is sharp.

Theorem 3.2. lLet A C E,,. M = {B € E, : (X\Y)B N
Ueges(X\Y)a = 0}, then @ (I") = max{|E,,|, |Fiz(X, Y)\E,|+
|M]}.

Proof. Let M = {B € E;, : (X\Y)B N Uyes(X\Y)u = 0}.
We will prove that (Fiz(X,Y)\E,) UM is an independent
set of I'. It is clear when M = 0. We now consider M # 0.
Let 8,6 € (Fix(X,Y)\E,) UM. By Lemma 3.1, it is known
that E,, and Fix(X, Y)\E,, are independent sets of I'. Since
M C E,, we obtain that M is also an independent set of T'.
Hence it suffices to consider the case g € Fix(X,Y)\E,, and
6 € M. Suppose to the contrary that 8 and § are not mutually
independent. We have mentioned in the proof of Lemma
3.1 that N*(u) = 0 for every minimal idempotent u € E,,
that is, there is no a directed edge from u to other vertices.
In this situation, 8 € Fix(X,Y)\E,, and 6 € M C E,, it
follows that T" does not contain an arc of the form (&, 8), that is,
(6, B) ¢ E(T'). Therefore, we consider only the case (8, §) €
E(T"). Then there exists 2 € A such that 6 = BA. Since
B € Fix(X, Y)\E,, there exists x € X\Y for whichxB € X\Y.
Thus (x8)4 = 2B = 26 € (X\Y)d N U,ues(X\Y)p, which
contradicts 6 € M. Therefore, (Fix(X,Y)\E,) UM is an
independent set of T
Proposition 3.3. The lower bound presented in Theorem 3.2
is sharp.

Proof. Let |[X\Y| = 1. Then Fiz(X,Y) = E, U {idx},
which implies that |E,,| > |Fix(X,Y)\E,| + |[M|. Since E,, is
independent as shown in Lemma 3.1, we have a (") > |E,,|. If
there exists an independent set I of I' in which |I| > |E,,|, then
I = Fix(X,Y). However, Fiz(X,Y) is not independent since
(idx, A) € E(T') for some A € A, a contradiction. Therefore,

a(l') = |Ey| = max{|E,|, [Fiz(X,Y)\Eu| + [M]}.

Further, let [X\Y] > [Y], [4] = 1, and U e (X \Y)u C Y.
SoM # @ and |Fix(X, Y)\E,| > |X\Y[XI=FT > |y |IXI=T =
|Ex|. By Lemma 3.1, we have (Fix(X,Y)\E,) UM is an
independent set of T'. Therefore, (") > |Fix(X,Y)\E,| +
|M|. Suppose that there exists an independent set I of I in
which @ (') = |I| > |Fix(X, Y)\E,|+|M|. Then IN(E,,\M) #
0. Now, we have two possibilities to consider.

Case 1: IN"(B)] = 1forall B € I n (E,\M). Let J =
I n(E,\M). Define K = (I\J) UUges N™(B). We show
that K ¢ (Fix(X,Y)\E,) UM. Let p € K. If B € I\J,
then either B8 € Fix(X,Y)\E,, or B € M. It follows that
B e (Fix(X,Y)\E,)UM.If B € N~ (2) forsome A € J, then
(B,1) e E(T)and A € E,,\M. Hence 2 = B u for some u €
A C E,,. Suppose to the contrary that 8 € E,,. ThusA = Bu =
B since f is a left zero element in Fix(X,Y). This contradicts
B € N~(1). Therefore, B € Fiz(X,Y)\E,. Consequently,
K C (Fix(X,Y)\E,) UM. Since (Fix(X,Y)\E,) UM is in-
dependent, it implies that K is also independent. Furthermore,
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we can observe that, for each 8 € J, [N~ (8)| = 1 since |4| = 1.
This yields that [J]| = X3¢ IN7(B)| = \UﬁeJ N‘(ﬁ)\, which
leads to |K| = [(I\J) U Uges N™(B)| = |I|. We obtain that
[ = |K| < |Fix(X,Y)\E,| + [M], a contradiction.

Case 2: there exists 8 € I N (E,,\M) such that [N~ (8)| > 2.
Then |(IN{B}HUN=(B)| > |I]. To show that (/\{B})UN~(B)
is an independent set of T', let 2, u € (I\{B}) UN(B). It
is clear that A is independent to u if both of them belong to
I\{B} since [ is independent. If 2, u € N™(B),then A, u €
Fix(X,Y)\E, by the argument mentioned in Case 1. Since
Fiz(X, Y)\E, isindependent by Lemma 3.1, A is independent
tou. IfA e I\N{B}and u € N=(B), then (u, B) € E(I'). From
|A| = 1, it follows that N*(u) = {8}. Since 1 # B, we get
that A is independent to u. Therefore, (I\{B}) U N~(B) is an
independent set of ", which contradicts the maximality of 1.

Consequently, we obtain a(I") = |[Fix(X, Y)\E,| + |[M|.
Moreover, a(I') = max{|E,|, |Fix(X, Y)\E,| + |[M|}.

The following theorem presents the exact value of the
weakly independence number of T'.

Theorem 8.4. Let A C E,,. Then (') = | X |IXI=IY],

Proof. Since every arc (except loops) of T is precisely ex-
pressed in the form (B, ) where g € Fix(X,Y)\E, and
6 € E,, this implies that Fix(X,Y) is weakly independent.
Therefore, a, (T') = |Fiz(X,Y)| = | X|XI=1,

We now investigate the properties of other independence
parameters of I' including path independence and weakly path
independence. In this situation, a connection set of I' is con-
tained in E,,. Thus the general structure of I is provided by
Lemma 2.2 as follows. All minimal idempotents in Fix(X,Y)
have loops attached to themselves and further, N*(8) = 0 for
all B € E,,. Moreover, all arcs (except loops) of T are precisely
expressed as (A, u) where 1 € Fix(X,Y)\E, and u € E,,.
This also implies that N=(6) = 0 forall § € Fix(X, Y)\E,.
Hence there are no two distinct elements 3, § in Fix(X,Y)
satisfying the following conditions:

) (B, 6), (5, B) € E(D);
(ii) [B, d]—dipath and [§, B]—dipath exist in T.

Therefore, Fiz(X,Y) is weakly independent and weakly
path independent in T, respectively. In addition, if [8, §]-
dipath exists in T, then such dipath would be of length 1, that
is, the arc (8, ¢), immediately. Consequently, we obtain the
following theorem.

Theorem 3.5. If 4 C E,,, then the following statements hold:
@) a'w[)(r) = @ (T) and
(i) ap(T) =a(D).

3.2 Independence Parameters of I" Related to Permutations
According to Theorem 2.1, the Cayley digraph I is the dis-
joint union of subdigraphs induced by E,,, H;4, and Fiz(X,Y)
\(E, U Hyy,) if and only if A € Hjy, . For convenience, we
denote by I'[S] the subdigraph of T" induced from S where S
is a subset of Fixz(X,Y). In order to investigate the indepen-
dence properties of I" with respect to a connection set 4 € H,g, ,
we then separate our study into three parts corresponding to
E,, Hiy, and Fiz(X, Y)\(E, U H;y, ), respectively.
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3.2.1 Independence Parameters of I'[E,, ]
Theorem 8.6. Let A C H;y, be a connection set of I'. Then
a(C[Ex]) = |Enl.

Proof. We first show that N*(u) = 0 = N~ (u) for all
uek,. Let uekE,. We have by Lemma 2.2 that N*(u) = 0.
Consider the in-neighborhood of g, that is, N~ (u) = {p €
Fix(X, Y)\{u}: (o, p) € E()}.

If there exists p € N™(u), then p # g and u = pa for
somed € A C Hyy. Letx € X. Ifxp ¢ Y, then xpu =
z(pd) = (xp)d ¢ Y, which is impossible. Therefore, xp € Y
and thus xu = (xp)d = xp. Consequently, u = p, which is a
contradiction. Hence N~ (u) = 0. Therefore, every minimal
idempotent of Fixz(X,Y) is an isolated loop. This implies that
E,, is an independent set of I'[ E,,], which leads to «(T'[E,,]) =
|E,,| immediately.

The proof of Theorem 3.6 related to the independence
number of I'[E,,] can be applied to the weakly independence
number @, (I'[E,,]), the path independence number @, (T'[ E,,]),
and the weakly path independence number ay, (I'[E£,,]). Thus
we directly obtain the following theorem.

Theorem 3.7. Let A € H;y, be a connection set of I'. Then
(T [E,]) = 0 (T[E]) = ap(T[En]) = aup (T[E, ).

3.2.2 Independence Parameters of I'[ [, |
We start this part with the characterization of I'[ H;4, ] with
respect to a connection set AC Hidx-

Theorem 3.8. Let p = T and Hig, /() = {11(4), Ay(4),
..., Ap(A)} be the set of all left cosets of (A) in H;y, . Then
I'[H;q,] is the disjoint union of isomorphic subdigraphs I"
[2i(A)] where T'[1;(A)] is a connected component of I'[H;4, ]
foralli € {1,2,...,p}.

Proof. Obviously, V' (T'[H;q, 1) = Hiq, = Ul_, V (T[:(A)])
and I'[1;{A4)] is a subdigraph of I'[H;4,]. Next, let (1, 6) €
E(T'[H;q,]). Then there exists u € A such that § = A pu. As-
sume that 1 € A;{A) for some k € {1,2,...,p}. Hence
A = A1e189 - g, for some &; € 4 wherei € {1,2,...,¢}.
Consider 6 = Au = Aye189 - g4 € {A). We obtain that
(2, 6) € E(T'[A;{A)]). This implies that I'[ H,4, ] is the disjoint
union of subdigraphs I'[1;{A)] foralli € {1,2, ..., p}.

For eacht € {1,2,...,p}, we now show that I'[1,(A)]
is connected. Let 2,6 € 4,(A4). Then 2 = 24,6189 &; and
6 = 4,818 -+ - &, for some &, 8]’. € Awherei e {1,2,...,q}
and j € {1,2,...,r}. Since 4 € Hy, so si_l € (A) € Hyy,
foralli € {1,2,...,¢q}and thus A, = /lsq_l ‘-osglsl 1 Hence
0 = /lsq_l ~~~82_181_1£;sé -+ &l € A{A), which implies that
6 = Auyug -y for some uy, pg, ..., up € A. That means
A, Ay, A1 g, ..., A g - - wp = 6 form a dipath from A
through to ¢ in I'[1,{A)]. Therefore, I'[1,{A4)] is a connected
component of I'[H;y, ].

Next, leti,j € {1,2,...,p}. We prove that I'[2;{A)] =
I'[A;{A)]. Define ¢ : 1;{A) — A;{A) by ¢(A;u) = A;u for all
u € {A). Since A;, Aj € Hyy,, it follows that ¢ is well-defined
and bijective. Let (A; uy, A;u9) € E(I'[2;{(A)]). Then A; ug =
A; 1 p forsome p € A. We obtain that ¢(2; ug) = ¢(A; 1 p) =
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Ajpurp = ¢(A;p1)p. This yields that (¢(2;u1), #(Aipg)) €
E(CLA)).

Next, let (An1, Ang) € E(T[A;{A)]). Then Aing = A;mé
for some ¢ € A, which implies that ng = 17,£. Since ¢ is sur-
jective, there exist 4;n1, 4;n9 € A4;{A) such that ¢(A;n1) =
Ajn1 and ¢(A;n9) = A;n9. Considering ¢~1(An9) = Aing =
Amé = ¢ (Am1)é where € € A, we have (71 (4;71), ¢!
(4jn2)) € E(I'[4;{4)]). Consequently, I'[1;(A4)] = I'[1;{A)],
as required.

As a consequence of Lemma 3.8 and by applying Lemma
5 in Panma and Nupo (2018), we obtain the following result.
Theorem 3.9. Let A € H,4, be a connection set of I'. Then

|mhw|un |m@w&9%
(A | 2047+ 1 2 |

Surprisingly, the weakly independence number of T" can be
obtained from its independence number as follows.
Theorem 3.10. Let A € H,y, and AV = {27t A e A}
Then

}sawumg)s

@ (Cay(Higy, A)) = a(Cay(Higy, AN A1)
= a(Cay(Hqgy, AN A™Y)).

Proof. Since Cay(H;q4, , ANA ~1) is a spanning subdigraph of
Cay(H,q, , A), we have aqy (Cay (H;gy , A)) < oo (Cay(Higy , AN
A7), Let I be a weakly independent set of Cay(H;q, , AN
A7) such that |I]| = ap (Cay(Hyq, , A N A~1)). We will show
that I is weakly independent in Cay(H;q, , A). Suppose to the
contrary that there exist A1, 19 € [ such that they are not
weakly independent in Cay(H,q, , A). Thatis, (11, A9), (19,
A1) € E(Cay(Hq,, A)) which implies that 19 = A and
A1 = Agp forsome p, p € A € Hyy, respectively. Thus A9 =
(19p) ut which leads to pu = idx and hence p, u € AN AL
Therefore, (11, A9), (12, 11) € E(Cay(Hq,, A NnA1), a
contradiction. So we conclude that e, (Cay(H;q, , A nA—1) =
lI] < ay(Cay(Hjqy, A)). Moreover, it is easy to verify that

@ (Cay(Higy, ANA™Y) = a(Cay(Higy, ANA)).

3.2.3 Independence Parameters of I'[FFix (X, Y)\(£,,UH 4, )]
From now on, we denote by G the set Fix (X, Y)\(E, U H;y, ).
We now recall the definition of the &-Green’s relation on a
semigroup introduced by Howie (1995). Let S be a semigroup
with identity and a,b € S. Then a R b if and only if there
exist x,y € S such that ¢ = bx and b = ay. Obviously, the
relation R is an equivalence relation on the semigroup S. Fur-
ther, we denote by R, the R-class of S containing a. Honyam
and Sanwong (2013) characterized the R -Green’s relation on

Fix(X,Y) as follows. For each a, 8 € Fix(X,Y),
aRp

ifand only if 7, = mp

where 7, = {ra™' : & € Xa}. Therefore, for each a €
Fix(X,Y), the R-class of Fix(X,Y) containing « is

Ry ={p € Fix(X,Y) : ng = 7o }.
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To consider a(I'[G]) and a, (I'[G]), we investigate the
following lemmas.
Lemma 3.11. Let 4 € H;y \{idx} be a connection set of
I'. If R is an R-class of G, then there exists A € R such that
N* () #0.

Proof. Let R be an R-class of G and 8 € G. Then we can
write B as follows:

e

a; [)J

where 0 # |J| # |[X\Y|. Let u € A € Hjq \{idx}. If bju # b;
for some j € J, then (B8, Bu) € E(T'[G]) in which Bu # B
and Bu R B. Hence, we can choose A = B € Rg and then
NT¥() = N*(Bp) # 0. If bju = b; forall j € J, then we
choose b, € (X\Y)\{b; : j € J} such that by # b;. Define
A € Fiz(X,Y) by

A:(Ai By Bjo) .

ai b e Jicny

Then 2 € G and (1,Au) € E(I'[G]). Moreover, we can
observe that Ay # A and 2 R B. Therefore, N*(1) + 0.
Lemma 3.12. Let 4 C H;y, be a connection set of I'. If
(a, B) € E(T'), thena R B.

Proof. Let (a, B) € E(T'). Then there exists u € A € Hyy,
in which 8 = @ . Thus @ = g u~!, which implies that « & S,
as required.

‘We now present the number |G /R | of all R-classes of G.
Actually, the number |G/R| relates to the Stirling number
S(n, k) of the second kind, which is the number of ways to
partition a set of n objects into £ nonempty subsets.

Lemma 3.138. Let |X| = n and |Y| = m. Then the number of

all R -classes in G 1is

n-m—-1 m n—-m—-1

EDIIP)

(",’)(”"km)S(k,j)S(n—m—k, i)l
is1 =0 =

Proof. In order to determine the number of & -classes in G,
it suffices to count the number of all distinct sets 7, = {zxa ™! :
x € Xa}in which @ € G. Since G = Fiz(X,Y)\(E, U Hjy,),
the partition % of X (domain of each element in G) must
contain m cells of elements in Y and 7 cells of elements outside
Y where 1 <i <n—m — 1. Indeed, the element @ € G can be

written as

o = 141 AQ 14,” Bl BQ Bi
a ay ce [ bl b2 RPN bi .

To investigate the possibilities of 2, we may assume that

P ={A41,Aqs,...,An,B1,Be, ..., B;}.

Let j be the number of 4, € P such that 4, N (X\Y) # 0.
Obviously, 0 < j < m. Then the number of ways to construct

asubset {4y, Ag, ..., Ay} of P is
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=0

Moreover, for each {41, Ag, ..., Ay} of P satislying such
number j, we have to choose elements from X\Y and put them
into those j cells, randomly. Then the number of ways in this
process is

n—m—1 ;
Z (n ) m)S(/e,j).

k=

Hence the number of ways to construct a subset {B;, By,
..., B;} of & is the number of ways to distinguish n —m — k
elements (remaining from the above process) into those 7 sets
which equals S(n — m — k, 7). Consequently, the number of
required partitions is equal to

i=1 j=0 k=j

Recall that two elements «, 8 € Fix(X,Y) are J-related
if and only if |[Xa| = |X 8], which can be seen in Honyam
and Sanwong (2018). We now present the characterization of
Ir'[G].

Lemma 8.14. Let [X| = n, [Y| = mand |[X\Y| =r. If 4 C
H;g,, then the following statements hold.

()IfA,6 eGand A ¥ 6, thenT'[R,] = T'[Rs].

(ii) I'[G] is the disjoint union of |G /% | subdigraphs which
each of them is induced from an R -class of G.

Proof. Let 1,6 € G and 1 ¥ 6. Furthermore, let R, and
Rs be R-classes of G containing A and §, respectively. We first
show that T'[R,] = I'[Rs]. Since 1 ¥ §, we can write

. . A B
A= i B and ¢ = T
a; bj a; llj

Define ¢ : Ry — Rs by

. 4 A B , .

‘P(( A B )) = ( i ) for all ( Ai B
a; m; a; mj a; mj

It is clear that ¢ is a well-defined bijection. Now, we prove

that ¢ and @~! are arc-preserving. Let (¢, p) € E(I'[R;]).
Then p = &y for some u € A € Hyy, . So we can write

_[4i Bj _[4i Bj @ o
é:_(al_ Sj )’ P—(ai tj )’ 'u_(ai p;)y

where r» = [ X\Y]. Hence

A; Bj _ A; Bj a; pr _ A; Bj
a; 1 a; Sj a; P; a;  SiM ’

which implies that ¢; = s; 4. Hence

)ER}.
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(A B\ a b
90(6)/1—( o ij )( a P )
A B A B
:( i ]):(a-l A]):(’p(p),

a;  SjiM i lj

Therefore, (¢(£), ¢(p)) € E(T'[Rs]). On the other hand,
assume that (¢, p’) € E(I'[Rs]). By the surjectivity of ¢,
there exist £, p € R, such that ¢(£) = &" and ¢(p) = p’. Thus
p’ =¢&'n, thatis, ¢(p) = ¢(&)n for somen € A € Hyy, . Let

_(4i B _(4i B (@ q
S i B S B S

where r = | X\Y|. Hence

(/i Ijjf)=¢(p)=so(§)n
(a2 )
a; d; a; q

(1 n)

ai d; ’

This yields that ¢; = d;n. Therefore,
o~ (&m = én
_( A4 B;j a qr
a4 ai q,

(A4 B\ _ (A4 Bi\_ _ i,
—(az. d; )—(ai Cj)—p—so (P

Consequently, (¢7'(£"), ™' (p")) € E(T[R,]).

Next, we prove that

I'[G] = U{T'[R] : R is an R-class of G}.

Obviously, the vertex sets of those two digraphs are equal.

Let (4, 6) € E(T'[G]). Then 6 = A u for some u € A C Hjy,,
which implies that 4 = §u~!. Hence, AR, thatis, 1,6 €
R, = V(I'[R;]). We conclude that (1, 6) € E(T'[R,]). The
other containment is clear. Furthermore, the set

{T'[R] : R is an R-class of G}

is pairwise disjoint since G is partitioned by an equivalence
relation R.

The following theorem shows the bounds of @ (I'[G]) and
a (T'[G]) relative to the number of R -classes of G and the
number of isolated loops in I'[G].

Theorem 3.15. Let |[X| =n and [Y| =m. If A C Hjy,, then

[AnA

|IG/R|+l < a(T[G]) £ ap(T[G)]) < |G- P

}IG/%I,

where [ is the number of isolated loops in I'[G].
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Proof. As we have known that the number of R -classes of
G is equal to |G/R|. By Lemma 3.11, we can choose exactly
one vertex which is not an isolated loop from each R -class
of G and let I be the set of such vertices. If there exist two
vertices A1, A9 € I such that they are not independent, that
is, (11, Ag) € E(T'[G]) or (19, A1) € E(I'[G]), this implies by
Lemma 3.12 that 1;%R 19, which is a contradiction. Hence, 1
is an independent set of I'[G]. Further, this evidently implies
that

a(T[G]) = I| +1 = |G/R| +1.

Next, we prove an upper bound of a, (I'[G]). If ANA~! =
0, then the upper bound is attained. We now consider the case
ANA"1 £0. Let K be a subset of G with order greater than

61-[20 .
In this case, it is clear that
[M} -1,
4]

We obtain that there exists an R-class, say R, of G such that
R C K. Since AN A" # 0, there exists u € A N A~" which
implies that (8, Bu), (Bu, B) € E(I'[G]) for some B € R
and B is not an isolated loop (B always exists by Lemma 3.11).
Therefore, K is not a weakly independent set of I'[G]. Conse-
quently,

@ (TIG]) < 1G] - [ X7 ] 16/,

Moreover, by the fact that @ (T'[G]) < @ (T'[G]), the proof
is done.

Now, we will present the result on path independence num-
ber and weakly path independence number of T'.

Theorem 38.16. Let 4 € H;4, be a connection set of I'. Then
,(T) = a(T") = awp(I).

Proof. It is clear by the definitions of «(I") and a, (T") that
a,(I') < a(l). Let 4,6 € Fiz(X,Y). Since 4 € Hjy,, we
have by Lemma 2.3 that T is locally connected. That is, if a
[1, 6]-dipath exists in ', then a [§, 1]-dipath must be exist,
as well. Hence the weakly path independence implies the path
independence. Thus @, (I') < @, (T"). As a consequence of the
above argument, we conclude that any two independent vertices
must be weakly independent. Therefore, @ (I") < @, (T). Thus
we have @) (I') < @p(I") < a(I') < aqp(I7). This completes
the proof.

3.3 Matching Parameters of I" Related to Minimal Idempo-
tents

This section provides results of matching parameters of I" with

respect to E,,. We start with an upper bound of @ (I") which is

related to the matching number o’ ().

Lemma 3.17. Let A C E,, be a connection set of I". Then

a(D) < | X|XI=YT— /().
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@ — >o

A J n

Figure 1. Subdigraph of T Induced by (2, ¢) and (6, )

Proof. Let T be the maximum matching. Clearly, no more
than |T'| elements of /' (I'[T']) can be in an independent set of
I. Let V() = V(T)\V(T[T]). Then V()| + |V (T[T])| =
()| = |Fizx(X,Y)|. Therefore, a(I') < |T| + [V'(I')| =
a' (D) + |Fix(X,Y)| = W (@[TYH| = o’ (I) + |[Fiz(X,Y)| -
2a/(T) = [Fiz(X,Y)| - a’(I) = | X|XI=IT — o/(T).

We now present the bounds of &, (') in the following the-
orem. Indeed, we also obtain that both ¢’(I") and a/,(T") coin-
cide.

Theorem 3.18. Let A C E,, be a connection set of I'. Then

N qa\(r r—k ’ o
; (k)(k)k!(m—k) <o/ () = a,(T)

< |X|IXI-IY]
= max{|Ey |, [Fia(X, Y)\Ex| + M|},

_ @}
and ¢ = max{|(X\Y)p|: p € 4}.

Proof. By the definitions of &’(I") and @, ('), we have
a’(I') < @,(T). Suppose that there exists a weakly match-
ing of I" which is not strong. Then it contains two arcs (4, &)
and (6, ) where A, 6, 5 are all distinct, which can be viewed
in Figure 1.

Hencen = §pand 6 = A p for some u, p € A C E,,. Since
all minimal idempotents of Fiz(X,Y) are left zero elements,
we obtain that § = A p = A which is a contradiction. Thus every
weakly matching is also strong. This implies that ), (T) <
a’(T'). Consequently, a;,(T") = ’(T).

Next, let 4 € A be such that [(X \Y)u| = ¢, that is, | (X \
Y)ul = max{|(X \Y)p|: p € A}. For convenience, let X\ Y =
{x1, x9, ...,z } for some r € N. Furthermore, let W = {5 €
E,: (X\Y)nn(X\Y)u # 0}. For eachn € W, we define
Ay € Fiz(X,Y) as follows:

where

M= {ﬁ € By (X\V)B N (U (X\V)

AeA

x ifrxeY;
ifx=x;e X\Yandxin ¢ (X \Y)u;
zj fx=x€e X\Yandain =z;u

xdy =iy

where j = min{t : 2, u = x;n}.

By the definition of 4, it is obvious that A,, ¢ E,,. More-
over, we obtain that 4, ¢ = n which yields that (1,, ) € E(T).
If A, = Ay, then gy = A, u = Ayou = no. Therefore,
M = {(4,,1) : 7 € W} is a matching of I". We conclude
that
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@ (T) = M| = 1| = i, () (kom — ),

where ¢ = max{|(X \Y)p|: p € 4}.

Next, we prove the upper bound of @’ (I"). By Lemma 8.17
, we have a’(T') < |Fiz(X,Y)| — a(T"). Further, we obtain
by Theorem 3.2 that (") = max{|E,|, |Fix(X,Y) \ E.| +
IM|}. Hence o' (") < |Fix(X,Y)| — max{|E,|, |Fiz(X,Y) \
Eyl + M} = | XXV —max{|E,,|, [Fiz(X,Y) \ Eu| + [M]}.
Consequently, the assertion is completely proved.

From Theorem 3.2, we obtain the lower bound of a(T).
Moreover, by Lemma 8.17 and Theorem 8.18, we get the
upper bound of @(I") as presented in the following corollary.
Corollary 3.19. Let 4 C E,, be a connection set of I'. Then

max{|Ey|, [Fiz(X, Y)\Eu| + M|} < (')

$|X||XHY|
(1) -
- R (m — k) k,
;(k k

where

M= {ﬁ € Ey: (X\Y)B N (U (X\Y)/l) = @}

A1eAd

and g = max{|(X\Y)p|: p € 4}.

3.4 Matching Parameters of I Related to Permutations
The last section shows results for matching parameters of T,
whose connection sets are contained in H,4, , including o’(T")
and a,,(I"). To start the section, we need to prescribe some
notations which are useful for our results. Let C; denote a
directed cycle with d vertices. Moreover, let A be an element in
a group Hjq, . The order |A] of A is defined to be the smallest
positive integer d such that A4 = idy. As the fact that, in this
situation, I'[E,,] is exactly the union of isolated loops. Hence
we will focus on I'[H;4, ] and I'[G], eventually.

Theorem 8.20. Let A C H;y, be a connection set of T" and
IX\Y|=r.

(i) If A contains an even-order element, then

!
o (T[Higy]) = bJ :

(ii) If 4 does not contain an even-order element, then

, k|r!

where £ = max{|1]| : 2 € A}.
Proof. (i) Assume that A contains an even-order element,
say 6 € A. That is |§] = d for some even positive integer d.
Consider the Cayley subdigraph Cay({é6), {d}) of T, we get

that Cay({6), {6}) = C;. Moreover, we can simply observe
H

that Cay(H,q, , {6}) is the disjoint union of ‘ I?|x‘ subdigraphs

of I where each subdigraph is isomorphic to Cy;. It is well

known that @’ (Cy) = %. Therefore,
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[Ha, | (d r!
"(T'[H; = ==
@' (MH)) = =02 (5] = 5
(i1) Assume that A does not contain an even-order element.
Let u € A be such that |u| = £ = max{|1]| : 2 € 4}. Similarly
to the proof of (i), we obtain that

Hig| | k Ul &
vt = 5] 7 g

Theorem 3.21. Let A C Hjy, be a connection set of " and
|X\Y| =7. Then

o' (T[G ])<|G/RI{|</24>|H|(A)IL

Proof. By Lemma 3.14, we obtain that I'[G] is the disjoint
union of |G /2| subdigraphs which each of them is induced
from an R-class of G. Let R be an R -class of G with maxi-
mum cardinality. Then the number of elements in R is exactly
(,71)( = DL Thatis, ["('[R])| = r!. Furthermore, we get
from Lemma 2.3 that T'[G] is locally connected. Hence every
vertex of ['[G] lies on a directed cycle. Moreover, we can ob-
serve that each directed cycle has length less than or equal to
|(A)| and the matching number of the directed cycle is less than

V%—HJ . Therefore, an upper bound of o’ (I'[G]) is

or equal to

achieved.
Theorem 8.22. Let A C H;y, be a connection set of " and
IX\Y] =r.

(@) @y, (C[Hiay]) =l

(i) a7, (TIG) < 1G/RN D | 2y |

Proof. ¥From A C H;y,, we have by Lemma 2.3 that I is
locally connected. Further, by Theorem 2.1, we know that T’
is the disjoint union of induced subdigraphs I'[E,,], T'[H;4 ]
and I'[G]. Hence T'[H}4, ] and I'[G] are also locally connected.
This implies that every vertex, except isolated loops, lies on a
directed cycle. Let § € A. By the similar argument mentioned
in the proof of Theorem 3.20(i), Cay (H;q4, , {}) is the disjoint
[Hiay |

ol

isomorphic to C; where d =
we conclude that

ay, (C[Hiq]) = (

union of

subdigraphs of I'" where each subdigraph is
|6]. As the fact that @, (Cy) = d

|Hjqy |
5]

(ii) By applying the proof of the upper bound for @’ (I'[G])
in Theorem 8.21, we get that each directed cycle has length
less than or equal to |{A4)|. Thus the weakly matching number
of the directed cycle is less than or equal to |[{A4)|. Therefore,

)d=|HidX|=r!.

<
a, (T'[G]) < |G/R|[K4)] L(/I)J

Finally, we propose some illustrative examples with graph-
ical representations of small Cayley digraphs under different
connection sets. The following examples introduce certain facts
for improving the accessibility of the theoretical results. Let
X ={1,2,3,4}and Y = {1, 2}. All 16 elements of Fiz(X,Y)
can be expressed as follows:
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13)

(12) %
(32)

Figure 2. Cay(F'ix(X,Y), A) when 4 = {(21)} C E,,
Reprinted from (Nupo and Pookpienlert, 2020)

(41)
(14)%11}
24}%21

(1234

19 xg) where x1, 29 € X.

Conveniently, the above expression will be shortly written
as (r1x9).
Example 3.23. Let 4 = {(21)} C E,,. The Cayley digraph
I' of Fizx(X,Y) with respect to the connection set A is shown
in Figure 2. We can observe that the set M in Theorem 3.2
is empty. Moreover, we can investigate that Fiz(X, Y)\E,, is
the maximum independent set of T which yields that a(T") =
|Fiz(X,Y)| - |E,| = 16 =4 = 12. However, Fiz(X,Y)
is a weakly independent set of T" and thus a,(I') = 16 =
|[Fiz(X,Y)| = |X|XI=-?l Furthermore, a,(I') =12 = a(I)
and @y (I") = 16 = @4 (). In addition, the set {((41), (11)),
((42), (12)), ((31), (21)), ((32), (22))} is the maximum (we
-akly) matching of T'. Therefore, @’(T') = 4 = «],(I") which
satisfies the bounds presented in Theorem 8.18.
Example 3.24. Let A = {(43)} € H;q,. The Cayley digraph
I of Fiz(X,Y) with respect to the connection set A is shown in
Figure 3. It is not hard to compute that a(T'[E,]) = 4 = |E,|
and further, we have

a(T'[En]) = aw(T[En]) = ap(T[En]) = awp(T[En]).
For the induced subdigraph I'[ H;4, ], we obtain that a (I" [Hj4, ])
=1 which corresponds to the bounds stated in Theorem 3.9.
We conclude that @ (T'[G]) = 5 = a,(I'[G]) with the maxi-
mum independent set {(14), (41), (24), (42), (33)} of ['[G].
These parameters satisfy the bounds mentioned in Theorem
3.15 where |G/®R| = 5,1 =0, |G| = 10and 4 = A~!. More-
over, by the Cayley digraph I" shown in Figure 3, we observe
that @ (I") = (') = a(T") = awp(I') = 10. In addition, we
obtain that @’(T") = 6 and «,,(T") = 12.
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(34) @«—>r-@ (43)
(31)
/ (11) 22)
24) O Q (4D
\, (12) @) o
(32) (13)
(33) @@ (44)

Figure 3. Cay(Fix(X,Y), A) when A4 = {(43)} € Hjy,

4. CONCLUSIONS

In this paper, the independence and matching parameters have
been studied for the Cayley digraph I" of Fix (X, Y). Our main
results have been separated into two parts corresponding to
minimal idempotents and permutations, respectively. We have
found that @(T") = ,(T") and @ (I") = @y, (I') whenever a
connection set is contained in E,,. Moreover, we have obtained
that &’(I') = a/,(T"). For the case where a connection set is
contained in H;y4, , we have proved that

a(T'[Ey]) = aw(T[E,]) = ap(r[Em]) = awp(F[Em]) = |E,|.

Furthermore, we have provided the lower and upper bounds
for a(T'[H;4y 1), @(T[G]) and a4 (I'[G]). We have also investi-
gated that @ (I') = @(T") = @y (T'). In addition, some results of
the matching parameters for induced subdigraphs of T" relative
to permutations have been presented. Finally, the explicit ex-
amples of Cayley digraphs of Fiz(X,Y) have been illustrated
to improve the accessibility of the theoretical results.
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