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Abstract

Keywords

Spectral graph theory and group theory help reveal how the structure of graphs shapes their mathematical properties. This research
aims to analyze the spectral descriptors of the prime coprime graph of a dihedral group associated with the Laplacian, normalized
Laplacian, and Seidel matrices. We also establish a method for determining the eigenvalues of these matrices. The results show that
the Laplacian, signless Laplacian, and normalized Laplacian energies of the obtained graph are always even integers, whereas the
adjacency and Seidel energies are never odd integers. These findings are consistent with previous studies and further strengthen the
role of spectral descriptors in understanding algebraicgraph structures.
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1. INTRODUCTION

Spectral graph theory investigates graph structures through
the eigenvalues and eigenvectors of matrices associated with
graphs. The spectra of graph matrices, including the adjacency,
Laplacian (Ding et al., 2024) and normalized Laplacian (Hu
and Huo, 2026) matrices, encode fundamental information
about connectivity, expansion, and other topological properties.
In particular, graph eigenvalues, graph energy, spectral radius,
and related energy decompositions have been extensively stud-
ied because of their close relationships with various structural
invariants of graphs (Codogni and Lido, 2026; Rada, 2026).
Beyond its theoretical importance, spectral graph theory
has become an influential framework for modeling complex sys-
tems across diverse scientific and engineering domains. Its ap-
plications include characterizing grain-boundary network evo-
lution in anisotropic grain growth (Nifio and Johnson, 2025),
modeling magnetoencephalography-based frequency spectra
in neuroscience Verma et al. (2022), and solving graph-based
heat equations using Laplacian eigenvalues and eigenvectors
(Cole et al., 2022). Spectral graph-based methods have also
been extended to computational heat transfer modeling for

the efficient prediction of thermal histories in additive manu-
facturing (Cole et al., 2020). Moreover, closely related graph
signal processing techniques have been applied to medical im-
age analysis, where graph Laplacian spectral features extracted
from MRI data support accurate and computationally eflicient
brain tumor classification (Dip and Meena, 2026). In addition,
recent studies by Fujita et al. (2025, 2026), demonstrate the
usefulness of specialized graph structures in representing com-
plex relational systems, particularly in decision analytics and
uncertainty-based frameworks.

Graphs associated with algebraic structures constitute an im-
portant research direction at the interface of graph theory and
group theory. In this framework, a group can be represented as
a graph whose vertices correspond to group elements, while ad-
jacency is determined by prescribed algebraic relations. Several
recent studies have examined algebraic structures using graph-
theoretic and spectral approaches, including the construction of
binary linear codes from zerodivisor graphs (Krisnawati et al.,
2026) and the investigation of element orders in groups of
higher even, odd, and prime orders (Mannan et al., 2022).
Related work in algebra has further generalized commuting
maps from rings to modules through the idealization construc-
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tion (Fitriani et al., 2025). Various classes of group-based
graphs have also been introduced, including non-commuting
graphs (Salman et al., 2022), commuting graphs (Romdhini
and Nawawi, 2026), and Cayley graphs (Hua et al., 2026), each
capturing different structural aspects of the underlying group.

The graph was first introduced by Aschbacher (2000) under
the term co-prime order graph, which was also used by (Sehgal
etal., 2021). The same graph construction was subsequently
published by (Adhikari and Banerjee, 2022) under the term
prime coprime graph. Despite the different terminology, both
terms refer to the same graph, in which two distinct elements
of a finite group are adjacent whenever the greatest common
divisor of their orders is either 1 or a prime number. Co-prime
order graphs of finite groups have attracted increasing attention
from both structural and spectral perspectives. Sehgal et al.
(2021) investigated co-prime order graphs of finite Abelian
and dihedral groups, including several of their graph-theoretic
and spectral properties . Further structural investigations ad-
dressed connectivity and related properties Hao et al. (2022),
positive genus Li et al. (2022), and divisor labeling Saini et al.
(2024). More recently, degree-based matrix representations of
co-prime order graphs have been studied to provide a broader
spectral characterization beyond the adjacency matrix (Saini
et al., 2025). These developments demonstrate that graph con-
structions based on element orders provide a useful framework
for relating the algebraic structure of finite groups to structural
and spectral graph invariants.

In a related direction, the construction and adjacency spec-
tral properties of prime coprime graphs associated with dihe-
dral groups have been investigated in Romdhini et al. (2025),
while further structural properties of these graphs were dis-
cussed in Abdurahim and Romdhini (2026). Owing to their
well-defined algebraic structure and rich interaction between
rotational and reflectional elements, dihedral groups provide
a natural framework for constructing and analyzing group-
based graphs, including singular graphs with dihedral group
action (Al-Tarimshawy and Siemons, 2021)and prime coprime
graphs. Previous studies have established the adjacency spec-
trum (Romdhini et al., 2025), the Laplacian (Sehgal et al.,
2021), and the normalized Laplacian spectrum (Saini et al.,
2025) of the corresponding graph. However, the associated
spectral energies and the Seidel spectral properties remain less
explored. This represents a theoretical gap because different
graph matrices provide complementary structural information
that is not fully captured by the adjacency matrix alone. Moti-
vated by this gap, the present study determines the Laplacian
and normalized Laplacian energies from their corresponding
spectral structures and derives the Seidel spectrum and en-
ergy of prime coprime graphs associated with dihedral groups.
Thus, the main contribution of this work is to provide a broader
multi-matrix spectral characterization and comparison of this
class of graphs.

© 2026 The Authors.
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2. EXPERIMENTALL SECTION

Let Q¢ be the prime coprime graph of a group G. The con-
cept of Qg naturally leads to the consideration of powers of
prime numbers and products of two distinct primes. Its formal
definition is presented as follows.

Definition 2.1 (Adhikari and Banerjee, 2022) The prime
coprime graph of a finite group G with two distinct vertices u
and v, are adjacent whenever the greatest common divisor of u
and v is equal to 1 or a prime p, (|ul, [v]) = 1 or (|u|, |v]) = p.

Moreover, let D(Qg) denote the diagonal degree matrix of
Q¢ and let A() denote its adjacency matrix. The following
is the definition of Laplacian and signless Laplacian matrices
of Q.

Definition 2.2. (Brouwer and Haemers, 2011) The Lapla-

cian matrix of Qg is given by
L(Qg) = D(Q¢) — A(Q¢).

Moreover, the normalized matrix is a degree-normalized
version of the Laplacian matrix, defined as follows.

Definition 2.3. (Brouwer and Haemers, 2011) The nor-
malized Laplacian matrix of Qg is

N(Qc) =1 - D(Qc) ? A(Qc)D(Q¢)*.

Definition 2.4. (Brouwer and Haemers, 2011) The sign-
less Laplacian matrix of Qg is

Q(Qc) = D(Q) + 4(Q).

The Seidel matrix of a graph is defined based on the adja-
cency and non-adjacency relations between its vertices and is
given as follows.

Definition 2.5. (Brouwer and Haemers, 2011) The Seidel
matrix of Qg is

S(Qc) =dJ =1 -24(Q).

The characteristic polynomial of Laplacian matrix of L(Qg)
is written by

P(L(QG)) = |/lln - L(QG)| .

The roots of P(L(£¢)) = 0 are the eigenvalues of L(€), and
denoted by A1, Ag, ..., ,. The spectral radius of L(Qg) is
the largest absolute values of A;, fori = 1,2, ..., n (Horn and

Johnson, 1985). The energy of L(Qg) is

E(L(Qc)) = ) I4l.
i=1

These terms also apply to normalized Laplacian and Seidel
matrices (Gutman, 1978).

The dihedral group is one of the fundamental classes of
finite groups in abstract algebra. It represents the group of
symmetries of a regular polygon, consisting of rotations and
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reflections. For a positive integer n, the dihedral group Dg, has
order 2n and is commonly presented as

Dy, = (a,b | a' = b2 =e, bab = a_1>,

where a denotes a rotation, b denotes a reflection, and e is
the identity element (Aschbacher, 2000). Its elements can be
written as

C — C —_
Dy, ={e,a,d®, ...,a" " Vb, ab,d®, ..., a" " 'b}.

Accordingly, the prime coprime graph of Dy, is denoted
by Qp,,, and the degree formula for the graph Qp, can be

extended in a general form, as stated in the following theorem.

Theorem 2.6. (Abdurahim and Romdhini, 2026) For
n = p* with p is prime and # > 2 is a natural number, then the
degree of each vertex in Qp,, is

1. d(e) = 2% - 1;

2. d(a') = 2p*—1,fori =c-pF- T withc € {1,2, ..

3. d(a') =pt+m,fori =c-pF-lwithee{1,2,..

4. d(a'b) =2k -1, fori €{0,1,2,...,pF = 1}.

Furthermore, the following theorem provides a useful tool
for simplifying the characteristic polynomial of a matrix, which
will be employed in the next section.

Theorem 2.7. (Gantmacher, 1959) If a square matrix

L p=1)
Lp=1}

vl

C D

can be partitioned into four blocks, where |A4| # 0, then the
determinant of M is

A B

_ _ _ -1
|M|_‘C D‘_|A|‘D cA B’.

3. RRESULT AND DISCUSSION

This section begins with the derivation of a general formula for
the determinant of the resulting matrix.
Theorem 3.1. If an n X n matrix

a lexnl ¢J1xng
M = an]xl (d - e)Inl + eJnl bJ’llX"lQ s
CJ,12>(1 anzxnl (a _C)In2 +CJn2

where n = ny + ng + 1, then characteristic polynomial of M is
Proof. The characteristic formula of M is the determinant
of A1, — M as follows.

A—a _[)Jlxnl _CJIXIL2
P;W(/l) = (a_b_/l)‘ln]xl (/l _d+e)[n] +(b+e)(]nl (C_b)‘]nlxng
(a—c— /l)JnQXl OHQX’!L] (A—a+ 6)1712

Let R; and C; represent the i-th row and column of the
matrix, respectively. Assume that R/ and C/ denote the updated
i-th row and column obtained after performing elementary

© 2026 The Authors.
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row and column transformations on R; and C;, respectively.
These apply to Py (1) as follows:
We replace the n; + i-rows with the row operation:

Rn1+i - Rn1+i _R17

fori =1,2,...,n1,nm1+1,n1+2, ..., ny+ng. We can express
Py(2) as

We transform the first column by adding to it the columns
Cy, Cs, ..., Cy 41, or in other words,

C2—>C2+C3+C4+-~~+C,ll+1.

Followed by replacing the first column and elements of n; +
2,n1+3,...,n1+n2+1,0r

Cl - Cm+2 + Cnl+3 +- Cnl+n2+1-

Based on Theorem 2.7, we can write the characteristic
polynomial M as follows.

Py(d) = (A =d+e)" (A —a+¢)"” [(A —a—cng)]
(A=d+bn; +e(l —ny)) [+bny(cng —b(ng +1) +a—1)].

The following theorem gives the explicit form of the Lapla-
cian, normalized Laplacian, and Seidel matrices of Qp,, . This
matrix representation becomes the basis for deriving the char-
acteristic polynomial, spectral radius, and energy of the graph.

Theorem 8.2. Let Qp,, be the prime coprime graph on
Doy, where n = pf and integer £ > 2. Then the Laplacian
energy of L(Qp,,) is

E(L(Qp,,) = (0" +p)(8p* —p - 1).

Proof. We label the set Gy as {a,a?,...,a" '} and Gy
as {b, ab, a®b, ..., a"~'b}. Considering the definition of the
prime coprime graph, every vertex in G is always adjacent to
each vertex of Gg. Besides, every vertex in Gg is also always
adjacent to each vertex in that itself. Based on Definition 2.2
and Theorem 2.6, we see that 2n Laplacian matrix for Qp, .

b -1 -1 -1 -1 -1 -1 - |

-1 pk+p 0 - 0 -1 -1 -
-1 0 p+p - 0 -1 -1 P |
L(Qp,)=| -1 0 0 Coptep -1 . |
-1 -1 -1 - -1 -1 -1 e -1
-1 -1 R | -1 -1 - -1
-1 -1 . | -1 -1 o9k -1

or in other words, we can write as the block matrices:

2Pk -1 _Jlx(p’?—l) _Jlxpk
LQ@n,,) = | =Jpionxa (08 +P) ey ~ot- 1
—Jp"xl _kax(p"—l) (QP - I)Iplz + ka
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By Theorem 8.1 where a = 9 —1,b = ¢ = —1,d = p* +p,
e=0,n, =pk—p, ng = pf — 1, we have

Prip, y(1) = (A =d+e)" "1 (A —a+c)”
X [(A —a—cng)(A —d+bny +e(l—ny))
+bny(cng —b(ng + 1) +a—-2)].

= (=@ ) - @Yy
x| = @ -6t -n -G -p+D)

¢ =) (-0 = p D= - pr D2t - 1-a)].

=@ =ph=p)! (- gpty!
x @ =t -2t + 1) - (- 2t - )]

= (A =ph=p) (2 - gphy]
x| =t +pa-2Y)].

Priap,,)(4) = (4 - 24 (4 = ph = py'

Eigenvalues of L(p,,) are 11 = 0 of multiplicity 1, 19 =
2p% of multiplicity p* + p, and A3 = p* + p of multiplicity
p* —p—1. This Laplacian spectrum is consistent with Theorem
4.5 of (Sehgal et al., 2021), after adjusting the notation for
the dihedral group parameters. While their result establishes
the Laplacian spectrum, the present theorem uses this spectral
structure to determine the corresponding Laplacian energy
explicitly. The spectral radius of L(Qp,,) is p(L(p,,)) = Wk,
and the Laplacian energy of Qp, is

EL(Qp,,) = 101+ (" +2)(20"] + (0 = p = DIp" + 7]
=+ @ - - D).

Having established the Laplacian energy in the previous
theorem, we now determine the normalized Laplacian energy
of Qp,,.

Theorem 3.3. Let Qp,, be the prime coprime graph on

Da,, where n = p* and integer £ > 2. Then the normalized
Laplacian energy of Qp, is

Ex(Qp,,)(1) = 2p*.

Proof. By the same argument as in Theorem 8.2, we can
construct N (Qp,,) as follows.

© 2026 The Authors.
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1 1 1 1

2t -1 @ DF ) N -DE ) @ - -n
I B Pep 0 1
V- D(F+p) P+p Ph+p
I 0 pep . 1!
Ve =10 ) tp er
N@p,) = : : : - :
4 p
- ! 0 0 /k+/
Ve -DGF+p) »p
_ 1 1 1 1 1
e

21 Y Y ’ Y

or in other words, we can write as the block matrices:

o I S gy
opf -1 - DGt ep O Tyt
, 1 1
N@Qp,) = —m%wm Iy Tyt
1 1
— — I
9k 1 Phx1 i Phx(pt=p) "

By Theorem 3.1 where

1 1
a=1, b=- ) C==o0
V(@ - Dk +p) 2 =1
d:l, 620, nlzpk_P) n2:Pk+P_l’
consequently
Paep—1
A( = 1ypt-r-] (2;%@ A2t - 1))
Py, )(4) =

(2~ D+
x (3;%‘ -1 A2t - 1)).

Eigenvalues of N (Qp,,) are

A1=0

of multiplicity 1,

g =1

of multiplicity p* —p — 1,

9 k
Ag d

BTk

of multiplicity p* + p — 1, and

gk —p—1

Ay = ——
4 9k -1

of multiplicity 1.

The normalized Laplacian spectrum obtained above is closely
related to Corollary 5.3. (Saini et al., 2025). Using the block
parameters p* + p and p* — p in their general result (Theorem
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5.3) yields the same eigenvalues and multiplicities as those de-
rived here. This theorem further determines the corresponding
normalized Laplacian energy explicitly.

The spectral radius of N(Qp,,) is

3k —p—1

N(Qp, ) = ——
PN (©@p,)) = To

’

and the normalized Laplacian energy of Qp,, is

opt
En(Qp, )= =p— 11 by 1) |22
N(Qp,,) =@ —p-DIL+ (" +p )’2]),@_1
ko,
+M‘
9k — 1
= 9pF.

Next, we determine the Seidel energy of Qp, .

Theorem 3.4. Let Qp,, be the prime coprime graph on
Dy, where n = p* and integer k > 2. Then the Seidel energy
of Qp,, is

Es(Qp,,) = 2" — 2+ 2\/1 —p2 — 2pk + 2p2%,

Proof. The construction of Seidel matrix of Qp,, is as fol-
lows.

0 -1 -1 -1 -1 -1 -1
-1 0 1 - 1 -1 -1 -1
-1 1 0 - 1 -1 -1 -1
S@p,)=|-1 1 1 - 0 -1 -1 -1.
-1 -1 -1 -1 0 -1 -1
-1 -1 -1 -1 -1 0 -1
-1 -1 -1 -1 -1 -1 - 0

or in other words, we can write as the block matrices:

0 =i (pt-p) =i (phap-1)

(J =D pip)
=J(phap-1)x(pt—p)

S(Qp,,) =| —Jpt_pyxi

~Jptep-1)x1 I =D prap-1)

By Theorem 8.1 where

a=0, b=c=-1, d=0, e=1,

n =pk—p, ng =pt+p-1,

consequently

© 2026 The Authors.
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PS(QD%)(/I) = (/l + I)Pk—P—l(/l _ 1)]7}6+P—1

x[(/l + 5 +p 1A =20 +2 + 1)

~(' =) (1= 2)].
Eigenvalues of S(Qp, ) are
Ay =-1
of multiplicity p* — p — 1,
dg=1

of multiplicity p* + p — 1, and

/lgz—pi\/l—pQ—ka+2p2k

of each multiplicity 1.
The spectral radius of S(Qp,, ) is

P(S(Q,,)) = —p + 1 = p% = 2pk + 2%,
and the Seidel energy of Qp,, is
Es(Qp,) =@ —p-DI=1|+ @' +p-DI1|

—p+\/1—11)2—21)’%21)2’e

+

+

_P_\/I_PQ_QPk+2P2k

=2Pk—2+2\/1—p2—2pk+2p2’€.

We consider an example presented in (Romdhini et al.,
2025). Let Qp,, denote the prime coprime graph of the dihe-
dral group of order 2 - 22, as shown in Figure 1.

Example 3.5. The degree matrix of Qp,, is given below.

D(Qp,,) =

S o oo oOoO NV
S o oo o oo o
oSO o oo ooo o
S o oo NoOo o
SO OoONOoO oo o
SO NoOoooo o
OSONo oo oo o
NOoO oo oo oo

The adjacency matrix of Qp,, is given by
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Figure 1. PRime Coprime Graph of Dgyg

0O 1 1 1 1 1 1 1
1 0 01 1 1 1 1
1 0 01 1 1 1 1
1 11 0 1 1 1 1
AR =11 11101 1 1
1 1 1 1 1 0 1 1
1 1 1 1 1 1 0 1
1 1 1 1 1 1 1 0
Recall that the Laplacian matrix is defined by
L(@n,,) = D(Q,,) ~ A@p,).
Hence, the Laplacian matrix of Qp,, is given by
7 -1 -1 -1 -1 -1 -1 -1
-1 6 0 -1 -1 -1 -1 -1
-1 0 6 -1 -1 -1 -1 -1
-1 -1 -1 7 -1 -1 -1 -1
L@p =1y 4 21 21 7 21 a1 2
-1 -1 -1 -1 -1 7 -1 -1
-1 -1 -1 -1 -1 -1 7 -1
-1 -1 -1 -1 -1 -1 -1 7

The normalized matrix of Qp,, has the following form:

© 2026 The Authors.

; -t .t 1 1 1 1 1
Vi3 Va2 707 7T
1y 0 v r
Va2 V42 VA2 V42 VA2 V42
1 1 1 1 1 1
- 0 1 o o
Va2 VA2 V12 V42 V12 V42
1 1 L S
|7 Va2 12 7 7 7 7
Med=l 1 0 0 1 1 1
7 /o) ) 7 7 7 7
L S S S 1 L1
7 12 12 7 7 7 7
11 1 1
7 ViZ  vio 7 7 7 7
L SRR SRR SRR SRR SR 1
7 Vi  vio 7 7 7 7

The Seidel matrix of Qp,, can be written as follows.

0 -1 -1 -1 -1 -1 -1 -1
100 1 -1 -1 -1 -1 -1
1010 -1 -1 -1 -1 -1
11 -1 0 -1 -1 -1 -1
S@p)=|_1 _; 1 1 0 -1 -1 -1}
121 -1 -1 -1 0 -1 -1
1 -1 -1 -1 -1 -1 0 -1
1 -1 -1 -1 -1 -1 -1 0

The eigenvalues of the Laplacian matrix L(Qp,, ) are

A1 =0, A9 =6, Ag=---=1g =8.

The energy of the Laplacian matrix is
E(L(Qp,,)) = 54.

Meanwhile, the eigenvalues of the normalized Laplacian
matrix N(QD22) are

9
7’

Hence, the energy of the normalized Laplacian matrix is

8
A1=0, Ag=1, 3= dy=-=dg =

E(N(Qp,)) = 8.

On the other hand, the eigenvalues of the Seidel matrix
S (QD22 ) are

1 =-2-V21, g = -2+ V21,
dg=-1, A4=A53=Ag=A7;=2Ag=1.

Consequently, the energy of the Seidel matrix S(Qp,, ) is

E(S(Qp,,)) = 6+2V21.

Furthermore, the result on the adjacency energy of Qp,
from (Romdhini et al., 2025) was
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Ea(@y) = 5+ 0= 1+ (o +p— 12 +4pt(ph — 1),

Meanwhile, the following result on the signless Laplacian
energy of Qp, was obtained by (Adhikari and Banerjee, 2022).

Eo(Qp,,) = (" +p = 1|20 + (" —p - D)|p* +p]

2pk+p—1+\/2p2k—pk—p+l

+

+ 2pk+p—1—\/2p2k—pk—p+1

= +p)@Bpt-p-1)
= E(Qp,,).

An interesting observation is that the Laplacian energy ob-
tained in this paper always coincides with the signless Laplacian
energy previously reported by Adhikari and Banerjee (2022).
Although the Laplacian and signless Laplacian matrices have
different spectral structures, the absolute deviations of their
eigenvalues involved in the corresponding energy calculations
reduce to the same closed-form expression,

@ +p) @Bt —p - 1.
Thus, the equality

EL(QDQ,,) = EQ (QDQ,,)

reflects an equality of the aggregate spectral energies rather
than an equality of the two spectra.

For comparison purposes, Figure 2 shows the behavior of
the adjacency, Laplacian, normalized Laplacian, and Seidel
energies of Qp, with respect to pk. As p* increases, the energy
values also increase, indicating a positive relationship between
p* and the corresponding energies.

As shown in Figure 2, the Laplacian and signless Laplacian
energies of Qp, are greater than the adjacency, normalized
Laplacian energy, and the Seidel energy. In addition, the adja-
cency, normalized Laplacian and Seidel energies show compa-
rable trends, with values that are relatively close. This indicates
that different matrix representations of the same graph may
produce substantially different energy scales, reflecting the dis-
tinct structural information encoded by each matrix.

Another distinctive property occurs for the adjacency ma-
trix, whose energy is consistently equal to twice its spectral
radius (Romdhini et al., 2025). In contrast, this relationship
does not hold for the Laplacian, signless Laplacian, normal-
ized Laplacian, or Seidel matrices. This difference further
illustrates that spectral energy depends strongly on the matrix
representation used to describe the graph.

© 2026 The Authors.
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T T
—  Bi(9p,,) = Eq(p,,) = (0" +p)3p* —p— 1)
1,000 Ex(@p,,) = 20"
—_— Es(Qp,,) = 2p* — 2+ 2/1— p? — 2p* + 2p%*
Ea(@p,,) =p* +p—1+/(p* +p - 1)? +4p7(p* - 1)
800
&
g 600
=
400 + =
200 - 5
() e ; : :
4 6 8 10 12 14 16 18 20

Figure 2. Comparison of the Adjacency, Laplacian, Signless
Laplacian, Normalized, and Seidel Energies of Qp, .

Moreover, the Laplacian, signless Laplacian and normalized
Laplacian energies of Qp, are always an even integer. Mean-
while, the adjacency and Seidel energies of Qp, are never an
odd integer. These results are consistent with those reported in
previous studies (Bapat and Pati, 2004; Pirzada and Gutman,
2008).

4. CONCLUSIONS

This study highlights that the prime coprime graph of a dihe-
dral group exhibits regular spectral behavior that can be inter-
preted through several degree- and 12 structure-based matrices.
The derived spectral results broaden the understanding of how
algebraic structure influences graph spectra and provide a use-
ful framework for investigating related graph classes arising
from finite groups. However, the present analysis is limited to
prime coprime graphs associated with dihedral groups and to
the matrix representations considered in this study. For future
research, this work can be extended to prime coprime graphs
of other finite groups, such as cyclic groups, quaternion groups,
symmetric groups, and generalized dihedral groups. Further
studies may also investigate other spectral descriptor.
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