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It is well known that the fractional Fourier transform (FrFT) is a non-trivial generalization of the classical Fourier transform. This
transform has been extensively utilized in signal analysis and image processing. The uncertainty principle is one of the fundamental
results related to the FrFT. In the present paper, we first propose the different method in proving a variant of Heisenberg uncertainty
principles associated with the FrFT. This method combines the Heisenberg-type uncertainty principle pertaining to the FrFT and the
additive property of the FrFT. We then provide an alternative proof of the logarithmic inequality for the FRFT and find that this result
differs slightly that in the literature. Finally, we explicitly expand the variant of Heisenberg uncertainty principle to a more general
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1. INTRODUCTION

Just like the classical Fourier transform, which is an eflicient
method for solving partial differential equations, the fractional
Fourier transform (FrFT) has been used to solve generalized
partial differential equations (Mahor et al., 2021; Sulasteri et al.,
2028). Currently, this transformation is the subject of the active
ongoing research, which has attracted significant attention from
a number of researchers due to its valuable application in vari-
ous fields including signal processing, optics, quantum mechan-
ics, telecommunications and image processing (see (Almeida,
1994; Ozaktas et al., 2001; Sharma and Josh, 2006; Zayed,
2018; Guanlei et al., 2009; Shah et al., 2021)).

On the flip side, the study on the uncertainty principle
is one of the important problems in the Fourier transform
(F'D). In signal processing, an uncertainty principle relates a
signal and its Fourier transform, which asserts that the signal
cannot be localized in spatial and frequency domains. It means
that the narrower a signal in the spatial domain, the wider
signal is in the frequency domain and vice versa. In quantum
physics, the uncertainty principle provides information about
one cannot obtain simultaneously and precisely the values of
position and momentum of a quantum article. Based on the
brief facts, some researchers have attempted to formulate the
uncertainty principle in various setting. For instance, in the
study of many authors (see (Bahri, 2026; Bahri and Karim,

2023; Chen et al., 2025; Aloui and Brahim, 2023)), they delved
into the uncertainty principles associated with the FrFT like
Heisenberg’s uncertainty principle, and logarithmic uncertainty
principle. This paper further investigates the such uncertainty
principles. Our contribution as shown Figure 1 is to provide
an alternative proof of the uncertainty principles. We also
propose a natural extension of the uncertainty principle to a
more general case.

The highlights of the work are the followings:

» To propose a concise proof of a variant of Heisenberg
uncertainty principle for the FrF'T, compared with those
found in the literature.

e To formulate and provide a new proof of logarithmic
inequality associated with the considered FrFT.

 To extend the variant of Heisenberg uncertainty principle
to a more general case and discuss some consequences
of this principle.

The remainder of the present article is organized as follows.
We present a brief review of the FrFT in Section 2 along with
the relevant properties. The basic relation between the FrkT
and the FT is also presented in this section. The formulation
of various uncertainty principles for the FrFT are examined in
detail in Section 8. This section also provides some examples
to demonstrate the influence of the orders 8 and ¢ on the
uncertainty principles for the FrFT, followed by the conclusion
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in Section 4.

2. PRELIMINARIES

We take a quick look at the definition of the fractional Fourier
transform (FrFT) and properties. It will be convenient to intro-
duce a few notations, which will be important in this research.

We take a quick look at the definition of the fractional
Fourier transform (FrFT) and properties. It will be convenient
to introduce a few notations, which will be important in this
research.

We denote by L?(R). The space of all complex-valued
functions defined on R such that

1
o ?
I e m) = (/ lf (I dt) <o, 1<p <o, (1)
and the space L2(R) is a Hilbert space with the inner product
doo= [ rwzoa,

when g(t) is the complex conjugation of g(¢).
Next, we recall the definition and inverse of the FT and the

FrFT as below.

Definition 1. Let the function f in L' (R), the Fourier transform
(FT) for { is defined by (see (Debnath and Shah, 2015; Grichenig,
2001; Bracewell, 2000))

FA ) =/ ()
= /_ f(@e ™ dr, 2)

for all ¢ € R. If the function f and its FT f belongs to
L'(R), the FT can be inverted using the formula

10 =5"w =g [ Faeran ner @

Definition 2. For every f € L*(R), we define the FrF'T for signal
[ with order ¢ as

FASY) = f¢(n) = / JOK?(t,n)dt. 4)
Here, the kernel K¢(z, n7) is
Bwei(12+n2)(‘;¢—iln csc peR \ nn
K¢(t,n) =436t -n) ¢ =2nn (%)
6(t+n) po=02nxm,

with n € Z and

i 1-1icot
B, = (2rising) 2e: =ﬂﬂ. (6)
2n

The original signal f in terms of the FrFT defined by Equation
(4) is evaluated using the following formula.

Do~
rels
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Definition 8. For every signal f € L'(R) and its FrFT f¢ €
LY(R), the inversion formula of the FrFT is expressed by

0= [ FwReama @)
Here,
K#(1,m) = Bye /() St wimesce, (8)
and
B, = (~2mising) te ¥ 9)

It should be observed that when ¢ = &, the FrF'T definition
described by (4) coincides with the FT definition in Equation
(2), that is,

FEY ) = ——F(} () (10)

Vor

By virtue of Definition 2, one can obtain the natural con-
nection between the FrFT and FT in the form

FASYM) = Boe™ T F{hy} ( csc g), (11)

where

it2 cot @

ho(1) = [ (D)™ 5.

(12)

Equations (11) and (12) are very helpful in obtaining some
uncertainty inequalities related to the FrFT. With the help of
identity (11) above, one also can derive Parseval’s formula for
the FrFT (see (Bahri and Karim, 2023; Li and Xu, 2012)), that
is,

(> 8) = (FH/L FHeh, (13)

where f, g € L?(R). In particular,

112 = / T di = / CIFE Y )P dy = IFL L.
(14)

An useful property of the FrFT is the additive rule, namely,

FF{H =F ), Vf e LX(R). (15)

3. RESULTS AND DISCUSSIONS

This study explores three uncertainty principles related to the
FrFT. First, we establish a variant of Heisenberg uncertainty
principle whose proof combines the Heisenberg inequality and
the additive property associated with the FrFT. Second, we pro-
vide the alternative proof of the logarithmic inequality. Third,
we extend the variant of Heisenberg uncertainty inequality to
a more general case.
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Figure 1. Research Flowchart for Fractional Fourier Transform

i

Figure 2. Parameters S, ¢ in FrF'T Domain

3.1 Uncertainty Principles for FrFT

One of the most important results of the harmonic analysis is
the uncertainty principle. It has played an important role in
image processing and signal analysis. In this part, we provide
an alternative proof of the uncertainty inequality for the FrFT
by leveraging Heisenberg-type inequality pertaining to this
transformation.

Theorem 1. For all orders a, ¢ such that the function f € L*(R)

© 2026 The Authors.

and F¢*{f} € L2(R), then the following inequality holds right:

/_ R2F ) R dn / 2T (Y )] do

(9] (o)

. 9 00 2
> Lol ( / ) If(t)lzdt)

If we set @ + ¢ = B (see Figure 2), Equation (16) above
changes to

(16)

[ 21 (Y )| dn / PIF () (0)]? do

o) 00

. oo 2
> M (/ |f(t)|2dz)

1 (17)

This result is the same as that in Guanlei et al. (2009).

Proof. In view of the uncertainty principle for the FrFT (see
(Shi et al., 2012)), we have

[ 2l di / n21F Y () [ d

. 92 o 2
> |§1rzl-<;0| ('/_.oo |f(t)|2 d[)

Since f € L%(R) and F{f} € L%(R), then we may replace

(18)
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Figure 3. (a) The FrFT of Example 1 for ¢ =

[ (@) by F*{f}(n) on both sides of Equation (18) to get

/ /

|F (/Y ()| dn

(e8]

n*1F () |* dn o*|FHF [} (0)|* do
|/ |
With the aid of relations (14) and (15), the above expression
may be rewritten in the form

ZOOUQI‘?“{f}(n)Ian[
. 0 2
> |Slrl (;D|2 (/ |f(t)|2dt) .

4
Thus Equation (17) follows.

Some observations regarding Theorem 1 are summarized
in the following remark.
Remark 1.

e Guanlei et al. (2009) obtained the uncertainty inequality
of Theorem 1 by exploiting the basic relation between
the FT and the FrFT.

The proof of Theorem 1 above is carried out by leverag-
ing the Heisenberg-type uncertainty principle pertaining
to the FrF'T and the additive rule property of the FrFT,
whereas in the literature its proof uses the basic con-
nection between the FT and the FRFT. Our technique
is simpler than the method proposed by Guanlei et al.
(2009).

* It should be noticed that for @ = § and g = 27, Equation

(17) corresponds to
> T ( /

: 2
S | sin ¢

1 (19)

0| FH{ (o) do

[oe]

(20)

I/ ()% dt

2
Z9\/. ) 1)

/_z2|f<t>|2dt/_ TS} ()12 dn

© 2026 The Authors.
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(b) The FrFT of Example 1 for ¢ = §

E
6

In Guanlei et al. (2009), the authors have proposed the loga-
rithmic uncertainty principle associated with the FrFT in the

following form:

/_ In 71154 ('} ()2 dn
—lnlsin(<p—ﬂ)|/ FORd (©2)

[o0]

::ln [ol1F# L} ()] do +
r (1)
r()

1
The alternative form of the uncertainty principle (22) and its
proof are presented in the next result.

Theorem 2. For every f € S(R) the following inequality holds

/

(o)

(o)

1

In [v]|F#{f}(v)|* dov + 27r/ In || |FA {f ()2 dn
(1)

(1)
In this case, S(R) is the Schwartz space on R and T'(-) is usual
gamma function.

InJese(B - ¢)| / F@O2de. 28)

1
1

Proof. Based on the logarithmic uncertainty principle for the

FT, we have
Rt
)

/
T [ vora.

n
Replacing f(t) by hy(t) defined by (12) and then taking n —
n csc ¢ in Equation (24), we conclude that

In[nl|F{/} ()| dn

(e8]

In|ellf (0)|% de +
1

)

(24)
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/ln|l||h¢(t)|2dt+/ ln|7]cscgoll%{/qp}(ncsccp)|2|csc‘p|dn

>F%iX[wmﬂnFu

ST

(25)

Therefore,
0 9 o0 1 _l'UQM P 9
Il O di+ [l ese gl e 5 E 1)
-0 -0 7]
r (1 o
) (4)/ o (012 di
1 ¢ ’
-
This equation is the same as

[ mifwe s

© 1 . 9co 2
+/ In|n csc<p|—|‘e_l”2#(5¢{f}(77) | esc pldn
— o0 @

B
)

>y Lo

Simplifying Equation (27) will lead to

(26)

X |esco|dn >

2
dt + 2r|sin x|

2
dt. (27)

[1n|z||f(z>|2dz+2n[ (In]ese ] +In 7)) F9 /) (7) [ dn

.- (4 [rwra

(28)
r(4)
This equation implies that
/ I Jt]1/ (0)[2 de + 2 / I [p 1594/} ()2 dny
U)o
> — / O dr
T -
~9x / In | esc gl [T/} ()2 dy (29)
The use of Plancherel’s identity (14) results in
/ In Je]Lf (0)[2 dt + 27 / In ]| (£} () 2 dny
r (%) o )
> —1—2ﬂ1n|csc¢|/ I/ (&) di (30)
r() -

Now, from Equation (30), we find that
/ In [ol|F (/) (0)|? do + 2 / In 7] [T+ /1 () 2 dy
(4
(e

()

© 2026 The Authors.

— 97 In|esc ol /mm{f}(v)ﬁdv (381)
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This equation simplifies to

/_ In ol (/) (0)[2 do + 2 / In 715+ (£} () i

0 o

()

By putting @ + ¢ = B in Equation (32), we arrive at

—2ﬂln|csc<p|/ If (0)|2 dt (82)

[ In [ol|F {/}(0)|? dv + 2 / In [l /Y () [2 diy
(1 oo
(4)—27TIHICSC(B—0)|/ If ()| dt,

r(4) :
as desired.

We formulate a new generalization of Theorem 1, which
is the main result of this present work. We will see that the
uncertainty principle in Equation (16) is a special case of this
generalized principle.

\

Theorem 3. Under the same situations as in Theorem 1, it holds:

(/ vQ*‘lg*ﬂ{f}(vn””)w (/ nIFE L2 dn)

My
H+

in(B — )2\ ¥
. (M) 112,

(33)

1

where L+ L =1, L4 L —Jand y,0v> 1.
o Y

1
Ty

Proof. By virtue of Hoélder’s inequality, we see that

/ T F ) 0) P do

)

- / PIF ) FF )2 do

)

< (/mv2 (1711 dv)L

1-
dv)

==

K

<[ (o)

1

- ( / mv“@w}(vn?dv)”

[oe]

0 1-1
x ( / W{f}(vn?dv)

(=5}
1

- ( / wvﬂﬂW{f}(v)de)“

(o]

0 1-1
x ( / If(t)lzdt) ,

(34)
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where in the last line we used Parseval’s formula for the FrFT
(14). Further, Equation (34) may be expressed in the form

o0 9o \
(/ v2ﬂ|g¢{f}(v)|2d ) foo |J‘P2{(j:}l()v)| dv @5)
- T

In a similar way, it is not difficult to verify that

= O
([ #n5 renzan) » LUy
- I/l 7

Combining relations (35) and (36) produces
1 - 1
( [t ( / n”w{f}(nn?dn)’

/i,i, P|FELY )2 do [T a2 FE {1 (m)I2 dn
||f||2,(T )

(36)

37)
By Equation (17), one gets

( / v2ﬂ|°w{f}<v>|2dv)“ ( / n27|°f'3{f}(n)l2d77)y
Tk

_m)

IIfIIQ( "

This equation may be simplified to

_ lsin(8 - o)l

(38)

1

( / v“W{f}(v)de)“ ( / n”lgﬁ{f}(n)lgdn)y

2 HEY
, L6 — ) ) (39)
Hence,
( / mv2”|9¢{f}(v)|2dv)m ( / mn%ﬁﬁ{f}(n)l?dn)m
in(8 — ¢)|? z(“#*y’) <
z(—'s (-9l ) 112

This is required result.

The uncertainty principles mentioned above are compared
to existing literature shown in Table 1.
Remark 2.

It should be membered that for g = ¥y = 1 in Equation
(33), we obtain

/_ 21 (Y ()2 dn / 2 1FE ()2 do

Lol ( [ |f(t)|2dt)

© 2026 The Authors.
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3.2 Illustrative Examples

In this part, we provide illustrative examples to demonstrate
the effect of orders 8 and ¢ on the FrFT uncertainty principles.
Example 1. Consider a Gaussian function defined over R:

a > 0. (40)

f(t) = e,

A direct computation shows that

(o]
9 9 9. 9ycole i
Fe " Y () =B¢/ e~ HT) Ty i ese gy
— 00

— B‘p‘/oo (a—fconp)t —in csc pt+i j coty 1y
(41)

Using the fact (see (Tao et al., 2010)).

«© 2. - T B2, o
/ e—Az +2Bt+C dt = —e7+(/,
—oo A

where 4, B, C € C with 4 # 0 and Re(A4) > 0.
Thus Equation (41) becomes

; 2 o2 2
. - 2e?e  n?
9:50{67(”2}( ) = 1 tcoty ﬂ e 4(1—2{(‘01¢+17(‘0tw
n 9 E
T a —gcoty

2 2 2
— n“esct e %
= ﬂ " da- Zz(‘o!cp+1 g coty
20/—zcot<p

The Graph of the FrEF'T of Gaussian function at various
angles is shown in Figure 3.

From Equation (43) we obtain

a) foro =%

(42)

43)

2.2 9
. Vi n< csc
l—lC0t§ 2ﬂ+1zcot2

%{ al }(T])— 2 - Em
a—zcot2

R N
B 2ae

Applying (10) to (44) yields

(44)

: 4 1 n2 2
Fle "} (n) = V2rF 5 {e"}(n) = Vorr| —e o = (| Ze e
a
(45)
b) Forp =
X 22T 9
P 1—-icoth T +i L= cot
5ot — 1 “TomartiTeof
FHe ™ 3 2a —icotf !
1— 92
%0 _llp 4i 5+ (46)

Equation (45) shows that the Gaussian function in the FT
domain is a special case of Gaussian function in the FrFT
domain.
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Table 1. A Comparison of Uncertainty Principles for FrkT
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Uncertainty Principles by Guanlei et al. (2009)

Uncertainty Principles in the Present Work

/_ :1n o l|F /) ()2 do + / : In 71198 {/} ()2 di
()

Zr(

In|sin(p - B)| / @2 di

) _

Al

o0

[ In[o]|F# (£} ()2 do
+9n / In (7|5 (£} () dn

(o)

—Infesc(B - @)

x / I di

( / v2|ofw{f}(v>|2dv) ( / 0?5 {f}(n)Ian)

( / m#ﬂ%’{f}@)ﬂdv)m

(o]

“
00 o ey
(8 — P ([ onan)
> (BEEE iy - o
[sin(B — ¢)]|*\ "
e L
Further, based on fact From Equations (49) and (50), it is obvious that
%) . . : (o) x 2 (o) . x 2
[Tt a=Yat, as, 7) [ w2t o[ @Fne]
3402
then we obtain - M
- 5 16a?
2 oy —at® - ox|2 2
[ vty o e
. 2 > o= ([P 1)
® 1—icoty _ _ale?  infeoryp
= ]72 _— ¢ 4(1—21coup+ 2 dn . . . . - .
- 9a —icolg This shows that uncertainty principle (17) holds right. Based
on Equation (51), equality of the principle (17) is achieved at
2 o o esc? on? 3 .
M 772‘?_ 12<y2+4 o ¢ dn Gaussian function, which the parameter « satisfies Lﬂ?l) =
4a? + cot? ¢ . 1602
T6a
B Vi (4a? sin? ¢ + cos? @) 48) ¢
B 2(2(1)% ’ Example 2. Suppose the Gabor filter is defined as:
Especially, when ¢ = § in Equation (48), we have A y
f@) =e™e™ ™ a>0. 52)
® gl e 2 na
/ n* ‘92 {em' }(Tl)) dn = o (49)  Making use of (4) gives
and for ¢ = %’ g‘/’{eiu()te—aﬂ}(n)
o 9 9. 9yeolg .o
© i 9 4 9 +1 - B / piuot y=at ez(t +7 )T—zmcsupdt
[l tmf =l o) L
—o 4(2)2 _ B¢/ e—(a—z’""éw)thi(uo—n csco)t gy ei772 Lo (538)

© 2026 The Authors.
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Applying Equations (42) to (53) results in

—icoty T
_ scoty
271' 04 1—2

(uo 7 csc Lp)

oo ) =

9 coty

. COl “7 9
e () 7 (54)
Simplifying (54) yields
. 9 1—-1:cot _ (g-nescp)?  in2 oty
g:«ﬁ{ezuoze—m }(77) — m.e da—2icoly 2 (55)
Remark 3.
1. If ¢ = §, Equation (55) changes to
. g (up+n)?
F (e () = ([ ge
2a
2. If ¢ = 7 in (55), we have
2
2
, , — lw-Fn) e
F (el Y () = ! Z,g—( 4&92{) -7
20 —1i
Further, simple computation shows that
* . 9 2
[ e yan| an
9
*© 1 —1¢cot ¢, wo-nesep)? i cotg
= / n2 || ———¢ Taomey *T 2 | dp
o 2a —icot <p
1+cot? g _wneen? |2
- - e da-2icoty dn
da? + co2 ¢
1 +cot? ¢ _Salig-nesce)?
+ COtz l()'az+4c0l24> dn (56)

By the change of variable v = ug — 1 csc ¢, we easily get

® 2 F¢ itugy —at? 2 d
n= | FH 0™ ()| dn

9 _ —9av?
_ 1 + cot "2 ("l) u()) pda+coi p d_’l}

4a? + cot? ¢

9002
1+ cot? ¢ o —2av
= 5 2y (v - Qupv + ué)e“’z*““‘z ¢ dv
cscd ¢ \ 4a? + cot

Applying Equation (47) to above expression we get

csc @

© 2026 The Authors.
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© . . D)
/ n ’GJ“’{e”““e_‘” }(n)| dn

2 —9av?
— 1 + cot / v g4uz+(o11¢ dv
csc3 o \4a? +cot? ¢
1+cot? g 20
— 3 2 uove 1a2+col? o © dv
cscd ¢ \ 4a2 + cot
1 1 + cot? ® g st
+— . 7 upee?os dy
csc® o V4a2 +cot? ¢ J_o
1 1+ cot? ¢ \r
csc® ¢ \ 4a? + cot? 9 ( 9% )%

4a2+cot? ¢

9 2an
UG | T
4a? + cot? ¢
Vi (4a? + cot? @)
9 cse? p(2a)
9 2an

- , 57
102 o(4a? + cot? @) 67)

where we have used integral of an odd function equal to
zZero.

Substituting ¢ = % in (57) yields
¥ 9|k itug -t 2 [a7 9
[Wn )92{61 u[)g @ }(77)| dn— ?_ 0 (2 )‘3 ( )
For ¢ = Z, we have

00 . . 2 2 u?
/ ]72 ‘Q}-I{eztuoe—alz}(n)| dﬂ — (8a/ + 11\/; _ 20 ﬂ
o 8(2a)2 4a? +1 8

(69)

From Equations (58) and (59), it is obvious that

[ el a [ 2Fne] w

[ar 9 Ps (8a? + D)/r u(z] an
= —— u - —_— —
2 0 (2a)3 8(2&)% 4a? + 1 8
Fig

>
~ 16«
o2 9
sin «© 1
=| 42| (/ |f(t)|2dt), a>ﬁ (60)

4. CONCLUSIONS

In this study, we have recalled a definition of the FrFT and
collected its essential properties. We provided the alternative
proofs of the uncertainty principles related to this transforma-
tion, whose proofs are simpler than those found in the existing
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literature. We also established the general form of the uncer-
tainty principle related to the proposed FrFT. The uncertainty
principles formulated in this paper play a crucial role in the de-
velopment of harmonic analysis as well as in understanding the
behaviour of signals related to integral transforms. In the future
work, we shell extend these uncertainty principles in the context
of the coupled fractional Fourier transform (Shah et al., 2021;
Kamalakkannan et al., 2021) and multidimensional fractional
Fourier transform (Kamalakkannan and Roopkumar, 2019).
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